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A general view of the history of nonequilibrium thermodynamics shows how two main lines of
development have recently fused into a single branch of science. The field theoretical formulation
of thermodynamics (leading to a balance equation for the entropy) constitutes the framework of a
theory in which the Onsager reciprocal relations form the piéce de 7ésistance, the fundamental impor-

tance of which is outlined in this paper.

I. INTRODUCTION

HIRTY one years ago, two articles appeared

in the Physical Review, in which Lars Onsager,
then of Brown University, derived the celebrated
reciprocal relations between irreversible processes,
which bear his name.' This work formed the culmi-
nation of a theoretical development started seventy
seven years before, when thermodynamic considera-
tions were first applied to the treatment of irrever-
sible phenomena. That was done by William
Thomson who gave an analysis. published in the
Proceedings of the Royal Society of Edinburgh,® of
the various thermoelectric effects. He established
two relations between them, of which the first
followed simply from the conservation of energy.
The second Thomson relation, which connects the
thermoelectric potential of a thermocouple to its
Peltier heat, was obtained from the two laws of
thermodynamics and an additional assumption
concerning the so-called reversible contributions to

* Paper read at the Conference on Irreversible Thermo-
dynamics and the Statistical Mechanics of Phase Transitions,
B(;own University, Providence, Rhode Island, 11-16 June
1962.

(19:9,L). Onsager, Phys. Rev. 37, 405 (1931); Ibid. 38, 2265
1).

2 W. Thomson (Lord Kelvin), Proc. Roy. Soc. Edinburgh
3, 225 (1854); Trans. Roy. Soc. Edinburgh part I 21, 123;
(1857); Math. Phys. Papers 1, 232 (1882).

the process. Later, Boltzmann® attempted to justify
the Thomson hypothesis, but he was unable to find
a basis for it. We now know that this hypothesis
cannot be justified. Thomson’s second relation was
finally proved correctly by Onsager who showed that
it was an example of his reciprocal relations, which
are themselves a consequence of mieroscopic
reversibility, i.e., ultimate invariance of the micro-
scopic equations of motion under time reversal.

II. THE ONSAGER RELATIONS

Since 1931, the Onsager relations have played an
essential role in all thermodynamic treatments of
coupled irreversible phenomena. Let us write, to
fix the ideas, the following linear laws for two
irreversible phenomena and their interference effects:

J = L11X1 + L12'X2; (1)
J, = L21X1 + L22X2; (2)

where J, and J, are called fluxes, such as, for ex-
ample, the heat flow and the electric current (in
Thomson’s thermoelectric case), and X, and X,
are called thermodynamic forces, such as the tem-
perature gradient and the electric field. The diagonal

3 L. Boltzmann, Sitzber. Math. Naturwiss. Akad. Wiss.
Wien II 96, 1258 (1887); Abh. 3, 321 (1909).
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coefficients L,, and L, are then related to the heat
and electric conductivities, and the off-diagonal
coefficients L,, and L, to the Peltier heat and the
thermoelectric power. Onsager proved quite generally
for an arbitrary set of two or more coupled ir-
reversible phenomena, that (with an appropriate
choice of fluxes and thermodynamic forces) the
scheme of coefficients L is symmetric, i.e., for the
example considered,

L12 = L21, (3)

which is Thomson’s second relation. These reciprocal
relations reflect, on the macroscopic level, the time-
reversal invariance of the microscopic equations of
motion. Onsager’s proof was based on two starting
points, (in addition to a few well-known concepts
of statistical mechanics), viz., (a), microscopic re-
versibility, and (b), linear laws of the type (1) and
(2). I would like to discuss both of these points in
a little more detail.

A. Microscopic Reversibility

The microscopic state of a system of N particles
without internal structure is deseribed in the classical
theory by a point 1y, r;, +-- , Iy, P1, Pz, ** , Pw
in phase space, where the r; are the position vectors
of the particles and p; their momenta. (For particles
with an internal structure more parameters are
needed, but the following reasoning is not essentially
changed.) The dynamics of an adiabatically in-
sulated system of this kind is given by a Hamiltonian
H(r, p) which depends on the coordinates and mo-
menta (written here symbolically as r, p), but not
explicitly on the time. The Hamiltonian of such a
system of molecules is invariant under time re-
versal, i.e., in the classical case, for the transforma-
tion p — —p,

H(T, P) = Hfr, —P) (4)

This property expresses the time-reversal invariance
of the mechanical equations of motion of the N-
particle system.

We assume that the behavior of the system can be
studied by means of classical statistical mechanics.
In particular, the time-dependent average value &(t)
of any dynamical quantity «(rp) is obtained by
multiplying a(rp) with a probability density o(rpt)
of a representative ensemble of systems, and inte-
grating over phase space. The time behavior of
p(rpt) follows from the knowledge of H by means of
the Liouville equation.

For the macroscopic description of the system,
one is not interested in the complete set of me-
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chanical variables describing its microscopic state,
but only in a much more restricted number of vari-
ables. One may choose for these variables, the ex-
tensive properties (such as the energies, masses,
electric charges) of macroscopically infinitesimal sub-
systems. These subsystems should still contain
enough particles so that the concepts of statistical
mechanics may be applied to them. Let us denote
this restricted set of variables by a;, @, -+« , a,
(or a, to abbreviate the notation), where n is much
smaller than N. We normalize these variables in
such a way that their mean values in equilibrium
[which is described by p = p,(rp), the micro-
canonical ensemble] is zero. We can introduce a
probability density f(a, t) which gives the proba-
bility of finding the system at time ¢ in a state for
which o = a. This quantity f(a) will be independent
of time in a stationary ensemble p,(rp). We can
also introduce a joint probability density f(a, ¢;
a/, t + 7) for finding the system in a state a« = a
at time ¢, and in a state @« = @' at time ¢ + 7. In
a stationary ensemble this quantity will be inde-
pendent of ¢, and will be denoted by f(a, a’, 7).
Finally, one can define a conditional probability
density

P(a'; ba',t+ T) = f(a) ta',t+ T)/f(a; t)) (5)

which in the stationary ensemble, can be written as
P(a) a,: 7') = .f(ay a,; T)/f(a')~ (6)

Let us suppose for the moment that the a variables
are even functions of the particle velocities. We can
then formulate the property of maicroscopic reversi-
bility which follows from time-reversal invariance (4)
by means of statistical mechanics as the equality

f(a’ a, 7) = f(ay a, _T)) (7

or alternatively, making use of the stationarity of
the system, as

f(a') a, T) = f(a/; a, T)’ 8

which expresses the property of detailed balance in
the a space of the macroscopic variables. It is usually
written, using (6), as

H(@)P(a, a’, 7) = f(a")P(a’, a, 7). (9)

In this form the property of detailed balance is
written for the stationary ensemble (equilibrium)
quantities. If, however, a system not in equilibrium
has been found by measurement to be in a specified
state a at a given initial time ¢,, then it can be shown
that its conditional probability density is equal to
the equilibrium quantity, i.e.,
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P(a, t,;a', t, + 7) = P(a, a’, 7). 10

This relation between a nonequilibrium and an
equilibrium quantity is only true for ¢ = ¢, and
not for all times.

A direct corollary of (8) or (9) can be obtained by
introducing the time-correlation matrix R, which
is defined as the expectation value of a;(t)ai(t + 7)
in the stationary ensemble. It can also be written as

By = ffa;a,’,f(a, a',7r)dadd (4,k=1,2,---,n),
(11)

where we have used the joint probability density
f(a, @', 7). Then it follows from detailed balancing
(8) that

R, = Ry (7/; k= 17 2: e )n)- (12)

Onsager used this equality as a starting point,
and called it the principle of microscopic reversibility.

The proof of the property of detailed balancing
(9) from time reversal invariance (4) was first given
by Wigner,* who used classical statistical mechanies.
It can also be obtained if the motion of the particles
is governed by quantum-mechanical laws.*®

Lot us now make a few additional remarks on
the preceding.

1. The property of time-reversal invariance of
the microscopic motion, i.e., the invariance of H
under the operation ¢ —» —t, was the fundamental
symmetry which lead to detailed balancing. One
might alternatively call this property “invariance
under reversal of the motion,” because it means,
classically, that if one were to reverse all velocities,
all particles would retrace their former paths; (a
similar statement could be made in quantum me-
chanics). In this way, the wording is such that one
could, at least in principle, perform the reversal
operation, which is not the case for t — —4.

2. In the wusual irreversible phenomena the
systems consist of particles which have ‘“molecular”
interaction, i.e., one must deal ultimately with a
system consisting of an electromagnetic field in
interaction with electrons and nuclei. The time-re-
versal invariance of the equations of motion for
such systems is well established. In recent years
much attention has been paid to time reversal, and
the other noncontinuous symmetry operations in
nuclear phenomena, especially in view of the non-

¢ E. P. Wigner, J. Chem. Phys. 22, 1912 (1954).

8§ N. G. van Kampen, Physica 20, 603 (1954); Fortschr.
Physik 4, 405 (1956).

¢ J. Vlieger, P. Mazur, and 8. R. de Groot, Physica 27,
353, 957, 974 (1961).
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conservation of parity in weak interaction. It seems
today that in both strong and weak interactions,
time-reversal invariance is valid. If nuclear forces
really influence irreversible phenomena, then it might
be reassuring to know that at least the foundation
of the Onsager relations, namely time-reversal in-
variance, is still valid in such cases.

3.If an external magnetic field Bacts on the system,
the Hamiltonian will only be invariant for time
reversal if one includes reversal of the magnetic
field B in this operation. (Similarly one must reverse
the angular velocity vector if the system is subjected
to Coriolis forces.) One derives then, along the same
lines as before,

f(a)P(a: a,r, B) = f(a,)P(a’) a,r, "'B))

instead of (9).

4. Casimir’ remarked in 1945 that it may occur
that one needs for the macroscopic description of the
system not only variables «, which are even functions
of the particle velocities, but also variables 8, which
are odd functions of the particle velocities (e.g.,
momentum densities). Then time-reversal invariance
leads to a form

f(a; b)P(ay b: a,) b” T)
= f(a’, ¥)P(a’, =¥, a, —=b,7)  (14)

for detailed balancing, where b and b’ indicate values
of B3, just as @ and a’ indicated values of a.

(13)

B. Linear Laws

In order to find the effect of microscopic reversi-
bility on the macroscopic properties of irreversible
phenomena, one must make a statement about the
time behavior of the “coarse-grained” variables a
and b introduced above. In particular, it is now
postulated that the conditional averages a(f) obey
linear first-order differential equations of the form

d-(t) = - Z Mikdk(t) (7' = 1: 2; e 1n); (15)
k
where the conditional averages are defined by

a() = [ aPas,a,0)da G=1,2 - ,m), (16
and M., is a matrix of phenomenological coefficients
(which are independent of time). The conditional
probability P{a,, a, t) refers to a nonstationary
ensemble, which corresponds to a system which at
time ¢ = 0, is in a specified state a,, as indicated by
measurement. This nonstationary probability den-

7 H. B. G. Casimir, Rev. Mod. Phys. 17, 343 (1945).
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sity is, according to (10), identical with the station-
ary probability density.

Before investigating the influence of microscopic
reversibility on the properties of the linear laws
(15), we must specify how these laws are related to
the phenomenological laws mentioned in the begin-
ning, and which were written as

Ji= 2 LaX, G=1,2,--,n. (7
k

This can be achieved in the following way: The

deviation of the value of the entropy S(a) =

k In f(a) + const. from its maximum value will be

a quadratic expression in the @, which can be

written as

AS = —3% ; Gin0ils, (18)
where the g, are certain equilibrium properties
(second derivatives of S with respect to the a.).
If we now define the fluxes J; as the time derivatives
of d,, and the forces X; as linear combinations of the
a; in the following fashion:

Ji=ﬂ-i.', X, =

- kz Gixli,

then the regression laws [Eq. (15)] take the form
of Eq. (17) with

L.‘k = ZM.-,-g',-,‘,.

(19)

(20)

In this way the connection of the linear laws with
thermodynamics is established, and a prescription
is given for finding the proper thermodynamic forces
X conjugate to the «; variables. One of the problems
of nonequilibrium thermodynamics is precisely to
arrive at a proper form of the linear laws (17) for
which the Onsager relations will be valid.

Now from (10), and (15)-(20), and statistical me-
chanies, it can be shown that the phenomenological
coefficients L, are directly related to the correla-
tion matrix R, (11) in the following way:
R,

—k" lim 2

La = o O

21
where k is Boltzmann’s constant. From detailed
balancing in the form R,, = R, (12) the Onsager
relations

Ly = Ly;

now follow immediately. A number of remarks on
this derivation can be made.

1. It is known empirically that linear laws of the
form (15) are valid for a large class of irreversible
phenomena, if the initial values a, lie in the macro-

(’i,k=1,2,---,n) (22)
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scopic region, i.e., far outside the region of average
equilibrium fluctuations. In the course of the deriva-
tion however the regression law (15) is assumed to
hold also for small values of a,, i.e., for values lying
in the region of equilibrium fluctuations, since the
main contributions to B;; are due to small values of
ao. This assumption is in agreement, for instance,
with Svedberg’s and Westgren’s experiments on
colloid statistics. Their results show that the
average behavior of density fluctuations is in perfect
agreement with the macroscopic law of diffusion.

2. The derivation of the Onsager relations is
based solely on microscopic reversibility and in the
assumption of the validity of linear regression laws.
The problem of establishing these linear laws from
first principles is not approached here, and the
existence of irreversible behavior is taken for
granted.

3. If an external magnetic field acts on the
system, we have the expression (13) for the property
of detailed balancing. This leads to Onsager rela-
tions of the form

Lik(B) = Lki(—B) (23)

instead of (22).

4. If odd variables 8 must be taken into account,
we have formula (14) for detailed balancing. We
then obtain reciprocal relations in Casimir’s form,
which show a minus sign on one side of the equality,
if an a-variable ¢ is coupled with a B-variable k.
For the coupling of two o variables or of two 8
variables, (22) or (23) remains valid.

5. Macroscopic equations describing irreversible
phenomena are often partial differential equations
containing derivatives of state variables with respect
to space coordinates. This is, in particular, the case
for vectorial phenomena such as heat conduction,
diffusion and electric conduction, and also for
tensorial phenomena such as viscous flow. The point
is namely that for such phenomena, the fluxes are
not direct time derivatives of state variables, as is
required in the proof of the Onsager relations.
Casimir’ was the first to show how one can cast
the macroscopic equations for these phenomena into
the form (15) or (17), in order to find the proper
Onsager relations. Subsequently one can then find
the effect of these Onsager relations on the properties
of the measurable phenomenological coefficients
which occur in the differential equations. It may be
stressed that this program has been worked out
for all irreversible processes. In particular formulas
of the type (15), (18), and (19) have been given
either explicitly (for instance for heat conduction,
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diffusion and electric conduction) or in such a form
that it is immediately clear how these expressions
are to be obtained.®

6. If independent state variables other than the
set a;, occurring in (18) are chosen, one can of course
derive Onsager relations in exactly the same way.
One method of obtaining a new set of independent-
state variables is to take linear combinations of the
original variables.

7. The phenomenological equations may be of a
more general type than (15) in still another way than
that discussed above in the fifth point. This is the
case in systems in which some properties (described
by the variables a;) respond to external driving
forces F;. We can now study the influence of micro-
scopic reversibility without making assumptions on
the mean regression of fluctuations. Let us assume
that the Hamiltonian is of the form

H(pt) = Holrp) — 20 aurp)F(0),

ke

(29)

where H, is the Hamiltonian of the system in the
absence of driving forces. If one supposes that at
t = — o the system was in equilibrium before the
forces F; were switched on, then one can derive
from (24) and statistical mechanics for the linear
response of a; to the forces

a(t) = f S k(DB — D dr,  (25)
where, for macroscopic systems,
Kl‘k(‘r) = 0 (T < 0)7 (26)
K1) = —(kT)_l oR;;/01 (r >20),

a matrix which fulfills a causality condition.

The microscopic reversibility property, [Eq. (12)]
leads here to the following symmetry property for
the Fourier transform #,.(w) of (7)), namely

Ra(w) = (), 27)

which constitutes a generalization® of the Onsager
relations for the laws (25). These laws are themselves
more general than the laws (15). (If magnetic fields
and odd variables play a role, then modifications
similar to those discussed before are necessary.)
One can also derive for this system a connection
between the equilibrium correlation matrix R;.(r)

8 Reference 7; Chap. VI, Sec. 4 of the first book of the
Bibliography and papers quoted therein.

9 H. B. Callen and R. F, Greene, Phys. Rev. 86, 702 (1952).
R. F. Greene and H. B. Callen, Phys. Rev. 88, 1387 (1952).
H. B. Callen, M. L. Barash, and J. L. Jackson, Phys. Rev.
(818(; 5183)82 (1952). R. Kubo, Lectures Boulder Summer School,

151

and the imaginary part #/}(w) of #;:
O

w

Rut) =L o [* cosar 8)

This formula represents the fluctuation dissipation
theorem, due to Callen and Greene, and discussed
also by Kubo.’ It connects the correlation function
matrix R, which characterizes the time behavior
of fluctuations in an equilibrium system, to the
imaginary part #/{(w) of the “susceptibility’’ matrix,
which is a measure for the dissipation of energy in
the system.

8. Finally we remark that linear laws of the type
(15) or (17) can only hold on a “macroscopic’”’ time
scale, i.e., for times larger than some characteristic
microscopic time 7, (but still small compared to the
relaxation time M '). Indeed, the limit in formula
(21), which for a single « variable is equal to the
microcanonical average of a&, would vanish due to
the stationarity of the microcanonical ensemble.
However for sufficiently long times, where the limit
discussed is to be considered as difference quotient
instead of a differential quotient, one obtains a
finite result for (21). Regression laws of the type
(15) or (17) can then hold.

III. THE CONSERVATION AND BALANCE EQUATIONS

A second main line in the development of non-
equilibrium thermodynamics is the “field theo-
retical’” formulation of the laws of thermodynamics.
Indeed in nonequilibrium situations, the state
variables are field quantities in the sense that they
are continuous functions of space coordinates and
of time. One must formulate the basic equations
of the theory in such a way that they contain quanti-
ties referring to a single point in space at one time,
i.e., in the form of local equations. This should be
done in the first place for the various conservation
laws of mass, momentum, angular momentum, and
energy. Then if one uses these results along with the
thermodynamic Gibbs relation—which connects the
rate of change of entropy in each mass element to
the rate of change of energy, the rate of change of
composition etc.—one can establish a balance equa-
tion for the entropy. This balance equation expresses
the fact that the entropy of a volume element
changes with time for two reasons. First it changes
because entropy flows into the volume element,
second because there is an entropy source due to
irreversible phenomena inside the volume element.
This is the local formulation of the second law of
thermodynamics. It is found that the entropy source
is a sum of products of fluxes and thermodynamic
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forces, the latter being related to the nonuniformity
of the system or to the deviations of some internal
state variable from its equilibrium value. The
entropy source strength can thus serve as a basis for
the systematic description of irreversible processes
ocecurring in a system.

While several authors, beginning with Clausius,
had attempted to obtain entropy balance equations,
a systematic treatment along the lines just mentioned
was completed in the early forties by Meixner'
and by Prigogine,"" whose work will be discussed
in the next section.

Just as was done for the Onsager relations in the
preceding section, one can discuss the microscopic
basis for the second law of thermodynamics outside
equilibrium. This discussion has mainly been per-
formed for two models, in both of which the ir-
reversibility itself is already contained in the funda-
mental equations, viz., the Gaussian Markoff process
and the kinetic theory of gases. Onsager and Mach-
lup* contributed to the study of the first model,
while Prigogine*® started to derive the thermody-
namic laws from the kinetic theory of gases. It is
possible to justify the use of the second law outside
equilibrium in both cases. In particular, it can be
proven that for macroscopic initial states, both the
Boltzmann and the Gibbs definitions of entropy
lead to the macroscopic entropy law

AS = —% ; G508 (29)
for the Gaussian Markoff process. Such a law, and
incidentally, also the Onsager relations, may be
derived from the kinetic theory of gases.

IV. THERMODYNAMICS OF IRREVERSIBLE
PROCESSES

A consistent phenomenological theory of irre-
versible processes incorporating both Onsager’s
reciprocity theorem and the explicit calculation of
the entropy source strength was set up first by
Meixner'® and by Prigogine.'’ Thus, by the system-
atic amalgamation of the two lines of develop-
ment treated in Secs. I and II, a new field of ‘“thermo-
dynamics of irreversible processes’” was created. The
set of conservation laws, together with the entropy
balance equation and the equations of state, must

10 J, Meixner, Ann. Physik 39, 333 (1941); 41 409 (1942);
43, 244 (1943); Z. Physik. Chem. (Frankfort) B 53, 235 (1943).

uY, Prigogine, Etude thermodynamique des phénoménes
trréversibles, (Dunod, Paris, and Desoer, Li¢ge, Belgium,
1947); see also Bibliography.

13 1,. Onsager and S. Machlup, Phys. Rev. 91, 1505 (1953).
S. Machlup and L. Onsager, Phys. Rev. 01, 1512 (1953).

13 1. Prigogine, Physica 15, 272 (1949).

S. R. DE GROOT

be supplemented by the linear laws which relate
the fluxes and thermodynamic forces appearing in
the entropy source strength. One then has at one’s
disposal, a complete set of partial differential equa-
tions for the state parameters of a system, which
may be solved with the proper initial and boundary
conditions.

It is one of the main aims of nonequilibrium ther-
modynamics to study the physical consequences
of the Onsager reciprocal relations in applications
of the theory to various physical situations. In
addition to the reciprocity theorem, possible spatial
symmetries of the system may further simplify the
scheme of phenomenological coefficients. This re-
duction of the number of independent coefficients,
which results from invariance under special ortho-
gonal transformations, goes under the name of the
Curie principle, but should more appropriately be
called Curie’s theorem. Pierre Curie'* devotes only
a few lines to his statement, which make apparent
however, that he clearly understood the basis of
his theorem. An explicit proof can be given by
performing the relevant orthogonal transformations,
as mentioned above. It is then possible to find out,
for systems with arbitrary symmetry elements, which
fluxes are coupled to which thermodynamie forces.

There are a few additional theorems of nonequilib-
rium thermodynamics which determine the trans-
formations of fluxes and thermodynamic forces
under which the Onsager relations remain valid,
and other theorems which determine the special
properties of the entropy source strength at me-
chanical equilibrium and in nonequilibrium station-
ary states.

The theory has found a great variety of applica-
tions in physics and chemistry, which can be clas-
sified according to their tensorial character. First,
one has scalar phenomena. These include chemical
reactions and structural relaxation phenomena. On-
sager relations are of help in this case, in solving the
set of ordinary differential equations which describe
the simultaneous relaxation of a great number of
variables. A second group of phenomens is formed
by vectorial processes, such as heat conduction,
diffusion and their cross effects (e.g., thermal dif-
fusion). (Recently, Onsager relations were found
experimentally for ternary diffusion in a very non-
ideal system.) Viscous phenomena (shear, bulk and
rotational viscosity) and the theory of sound ab-
sorption and dispersion have been consistently de-
veloped within the framework of nonequilibrium

14 P, Curie, Oeuvres (Gauthier-Villars, Paris, 1908) p. 129,
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thermodynamics.”” Completely new aspects arise
when an electromagnetic field acts on a material
system. Then the continuity laws for electromagnetic
energy and momentum must also be taken into
account. Applications include electric conduc-
tion, thermomagnetic and galvanomagnetic effects,
electro-kinetic processes, effects in polarized media
(e.g., the problem of ponderomotive forces). A great
number of membrane and similar effects have also
been studied.
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Electrical networks furnish an excellent example for the application of thermodynamies of irrevers-
ible processes. In particular, they provide one of the simplest cases where, besides Onsager coefficients,
one has Casimir coefficients in the phenomenological equations. Two thermodynamic formulations
of the network equations are given, which closely resemble the Lagrangian and the Hamiltonian
formalism, respectively, of classical mechanics. In the first formulation, only Onsager coefficients
occur, but the thermodynamic forces are of a peculiar type in that they are Lagrangian derivatives.
Incidentally, it is shown that Casimir reciprocal relations can generally be replaced by Onsager
reciprocal relations if the independent variables in the linear phenomenological relations are chosen
in a proper way. As a generalization of the network equations, Maxwell’s equations in continuous
matter with dielectric, magnetic, and Joulean heat losses are considered. Matter is assumed to be
isothermal, but not necessarily uniform nor isotropic. Under the influence of impressed electric fields,
current distributions are produced. The connection of these fields is expressed by a generalized
admittance function. A well-known reciprocity theorem for electromagnetic fields is seen to hold
even if all types of losses, as mentioned before, are present. This is due to the Onsager—Casimir
reciprocal relations for the dielectric tensor, the permeability tensor, and the resistivity tensor.
From the reciprocity theorem, a symmetry relation can be derived for the generalized admittance
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function. A generalized version is given in the presence of a static magnetic field.

1. INTRODUCTION

UR first objective is to give a simple example

in which Onsager and Casimir reciprocal rela-

tions (OCRR) occur in a natural way. This is

achieved by considering electrical networks as iso-

thermal thermodynamic systems. The OCRR are

here a simple consequence of well-known results in

network theory and there is no need to take recourse
to fluctuation theory for their derivation.

Electrical networks are then considered as special
cases of arbitrary electromagnetic fields with con-
tinuously distributed impressed electrical fields.
Besides the Joulean heat, we also admit dielectric
and magnetic losses.

It can be shown that the symmetry of the im-
pedance function is a consequence of a reciprocity
theorem of Maxwell’s theory which in turn, in the
general case considered here, is a consequence of

I3

il
|

F1a. 1. The electrical network.

¢

the OCRR. This gives a particular justification
for the word “reciprocal” in the OCRR.

2. A SIMPLE NETWORK

We consider, at first, a special electrical network
as depicted in Fig. 1. The various quantities are
readily read off from the figure. The system is
assumed to be isothermal at constant temperature 7.
Then the free energy is

f=3Q/C + 3@ — 9°/C. + 3Li*.  (2.1)
The quantities @ and ¢ are the integrals of the
respective currents ¢ and ¢. They may be normalized
to zero for t — — ». We think of the network as
enclosed in a “Dblack box.” Then @ is an external

variable, ¢ is an even and ¢ an odd internal variable.
The differential of the free energy is

df =udQ — Adq — Bdi, 2.2
where
u=Q/C, + @ — 9/C,,
A=@Q-9/C;, B=—Li. (2.3)

Obviously, the coefficients u, A, B are to be inter-
preted as the voltage applied to the network, as
the voltage across the capacitance C,, and as the
magnetic flux in the inductance L.

The energy dissipation 29D (7 times the rate of
entropy production) can be written in two ways.
From the energy law we obtain

29 = Qu — df/dt = Ag + Bi, (2.4)
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and by inspection of the figure results,
20 = Ri¢" + R(§ — 9’ (2.5)

The quantity 9 itself is called the dissipation
function.

In equilibrium, A and B are zero as well as ¢
and ¢. The energy dissipation (2.4) has, therefore,
the properties required in thermodynamics of ir-
reversible processes and we can set up linear phe-~
nomenological equations in the usual way. Since ¢
is even, z odd, the Casimir relations apply and we
obtain

4 = Cuq -+ 0123;
with

B = Cmg' -+ sz';:: (2'6)

Czl = "‘C1z~ (27)
Of course, these coefficients can be expressed in
terms of the elements of the network. One finds
Cu = Rl, 012 = L, Cz; = _L, 022 = Lz/Rz- (2.8)
Thus, the Casimir relation is directly verified in
this case. We remark that the dissipation function

can also be written in terms of rates of the internal
variables ¢ and 7; one obtains

2D = R¢* + (L*/R)?.

3. GENERAL THERMODYNAMICS OF
ELECTRICAL NETWORKS

2.9

We restrict ourselves again to the isothermal case
with the Joulean heat being removed immediately
as it is generated. The general network equations
for an electrical network with n independent meshes
will be formulated without proof. The total im-
pressed voltages in the meshes are denoted by
Ui, Uz, * * * Un, the respective currents by i, 2z, - - - 4,
their time integrals by ¢, ¢, - - ¢., normalized to
zero for { — - . The voltages are not applied
before some instant {, > — «. Then we have (see,
for instance, Guillemin')

u, () = k"; [T:u(®) + RixGi(t) + Liugi(t)] (3.1)

T';; is the reciprocal of the element C.; of the capaci-
tance matrix, K., is the resistance matrix, and L,,
the inductance matrix. The following symmetry
relations are inferred from network analysis

Iy = T, R, = Ry, Ly = Ly,. (3.2)
These matrices have non-negative quadratic forms.
We shall assume here, in particular, that det T';, # 0.
Then there exists an equilibrium with ¢, = 0 if
arbitrary constant voltages are applied.

1 E. A, Guillemin, Introductory Circuit Theory (John Wiley
& Sons, Inc., New York, 1953), pp. 368-371.
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First Thermodynamic Formulation
We introduce a Lagrangian function
£(g:, giyus) = '2_; ; Tixg:qr
+3 Z ; Lodsdn + E wge, (3.3)
and a dissipatlon function
D(g) = Z; ,,Z RixdiGi- (3.4)
Then Eqs. (3.1) can be rewritten as
31; - %3;% =3 =Lz ,m. 69
Following Machlup and Onsager,” we define thermo-

dynamic forces or affinities by

(3.6)

Then the energy dissipation can be expressed by
virtue of (3.4), (3.5), and (3 6) as

2D = Z gt Z q»Ai

il
It again has the form of a sum of products of thermo-
dynamic forces and rates of change of charges. Both
vanish in equilibrium and one expects phenomeno-
logical relations which express the A; as linear
functions of the ¢;. In fact, one obtains from (3.4),
(3.5), and (3.6),

A; = 20D/9¢; =

3.7

2 Rugi (3.8)
k=1

In this thermodynamic description, only Onsager
relations R;;, = R, prevail, no Casimir coefficients
being present. But it is to be said that the thermo-
dynamic forces (3.6) are of an unusual type. They
contain in general the second derivatives of the
variables ¢,.

Second Thermodynamic Formulation

One knows from Hamiltonian mechanies how one
can transform from variables ¢; and their de-
rivatives ¢; into two sets of independent variables
which are, in mechanics, the coordinates and the
canonically conjugate momenta. The same type of
Legendre transformation can be applied here. We
introduce the quantities

$; = §£/d¢; = g LGy, (3.9)

which are the magnetic fluxes through the inde-
pendent meshes and we assume that these equations

* 8. Machlup and L. Onsager, Phys. Rev. 91, 1512 (1953).
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can be solved for the ¢;
g = Z L%,
k=1

Then a Hamiltonian will be defined by

(3.10)

30(94; ¢s’; ui) = —£ + Z Q"d).-

i=1

= ';‘ E Z J AP0
=1 k=l
+ % }; ?: L% — 2 wigs,  (3.11)
= =1 §=1
with
dse = X (; Tag — u,-) dg;
gl -

-+ E (Z L* k) d¢i - Z; q; du;. (3.12)
§=i \kml -
We denote the coeflicients by

n

—B, = > L%,. (3.13)

k=1

—4; = E Tuge — U,

k=1
They are the thermodynamic forces conjugate to
the even variables ¢; and the odd variables &,
respectively. The rate of energy dissipation is again
expressible in two ways:

20 = }: wedls — (d/dt)(:‘fc + z; uiq,-)

= E (A-iq.i + B.“I.’i):

=1
29 = Z ERideQk-

i=1 k=1

Linear phenomenological relations can now be
written down. The coefficients connecting the A4,
with the ¢; and the B; with the ¢. are Onsager
coefficients; the coefficients connecting the A, with
the ¢; and the B; with the g, are Casimir coefficients.
In fact, one obtains explicitly, from (3.5), (3.4),
(3.10), and (3.11),

(3.14)

(3.15)

A, = —3%/dq; = ZRnaQ"tc + &, (3.16)
k=1
B.' = -—BJC/GqS. = —tj;. (3.17)

The original network equations (3.1) are regained
if one eliminates the affinities 4, and B; from Egs.
(3.13), (3.14), and (3.17) and makes use of (3.9).
It is remarkable that the energy dissipation comes
only from the rates of the even variables, no &;
terms being contained in (3.17).

We can summarize as follows: In the theory of
electrical networks with lumped elements, the
Onsager-Casimir reciprocal relations are an im-
mediate consequence of the symmetry of the
resistance matrix R, which can be verified, either

J. MEIXNER

directly or via the reciprocity theorem of Maxwell’s
theory.

One can also take the opposite point of view,
disregard the dissipation function (3.4) and derive
the symmetry of R; from the Onsager—-Casimir
reciprocal relations. This is done by applying the
method of thermodynamies of irreversible processes.

The thermodynamic properties of the network are
contained in the Lagrangian £ or the Hamiltonian
3¢ and in Egs. (3.6) or (3.13), respectively, which
are derived therefrom. We assume det I';, = 0.
Then there exists an equilibrium state for constant
values of the voltages. In this equilibrium state
the affinities are zero. In the vicinity of the equilib-
rium we are permitted to set up linear phenomeno-
logical laws which connect the rates of change of
the extensive variables ¢;, or ¢; and ®; linearly with
the affinities 4,, or 4 and B, respectively. We
elaborate only on the case of the Hamilton formalism.
Then the phenomenological laws can be written as

¢ = E (tdr + SuBy), (3.18)
&, = E (= 84y + raBy). (3.19)

k=1

Use is made here already of the Casimir reciprocal
relations by having written — S;; for the coefficient
of 4, in the second equation. The Onsager reciprocal
relations require

(3.20)

Now we take account of the special relations which
prevail in the network under consideration. They
are contained in (3.10) and in the second equation
of (3.13), or

ta = b, Tit = Tiie

q; = _B;. (3.21)
By combining this with (3.18), we obtain the identity

E [tads + (Su + 8B, =0 (3.22)

for arbitrary values of the A, and B,. From this

we derive

by = 0)

Sie= =8 (=0fori=k,=—1fori==%). (3.23
When we now eliminate the affinities 4, and B,

from (3.18), (3.19), and (3.13), we arrive at Eqs.

(3.1) with R, = r,. Thus the symmetry of R, is
a consequence of (3.20).

4. THE IMPEDANCE MATRIX

We turn back to the general network equations
(3.1) and assume that ¥,.; = Upys = -+ = 4, = 0.
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Then one can solve these equations for u,, %z, ** - %,
in terms of ¢;, g2, -+ , ¢ and their derivatives
only. The result can be formally written as

17 2: *

wl®) = > Pa@ab = L), (@)

where p denotes the operator

p = d/dt. 4.2)

If, in particular,

us(t) = ui exp (pt), 4.3)

with p = p, + ips, pr > 0, p. real, then one has
solutions

q:(t) = ¢; exp (p?), (4.4)

and p has the character of an ordinary quantity.
The matrix Z;.(p) is then called the impedance
matrix of the 2m-terminal network. It has some
general properties which have been known in net-
work theory for a long time.

First of all, it is symmetric. This can be directly
proved by network analysis and is traced back to
the symmetry of the resistance matrix R,,; hence,
the symmetry of the impedance matrix Z;(p) is
also a direct consequence of the Onsager reciprocal
relations. Secondly, let £ be any real numbers.
Then the function

{(p) = i nzzsk(p)&fk

t=1 k=1

(4.5)

has the following properties:

1. ¢(p) is a holomorphic function for Re p > 0;
2. t(p) is real for real positive p;
3. ¢(p) has positive real part for Re p > 0.

The proof uses only the inequality

f’ llz u:(8)g:(¢) dt = 0 (all values of 7), (4.6)

—® gl
which holds for any network which was originally
empty. If one inserts the u; from the general equa-
tions (3.1) with u,,4; = + -+, = %,= 0, one recognizes
that the condition (4.6) rests on two principles,
the thermodynamic stability of the electrical net-
work (i.e., T, and L, are matrices with a non-
negative quadratic form) and on the positive value
of the energy dissipation (i.e., the matrix R;; has a
non-negative quadratic form).

These results are not restricted to electrical net-
works. If we consider linear thermodynamic systems
with external variables X; and Y. which remain
close to their reference values X% and Y7 corre-
sponding to a state of complete thermodynamic
equilibrium and with even or odd variables or both,
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we can define an impedance matrix Z;,(p) such that

V() - ¥i=p 3 2.0 - Xil, @)

with the general properties as expressed before,
provided the variables Y; are of intensive character
while the thermodynamically conjugate variables
X, are of extensive character.®

Relaxation phenomena with small departures from
thermodynamic equilibrium can be thermodynami-
cally described in this way. Impedance matrices
with the above-named properties exist for the
external thermodynamically conjugated variables.
From this one concludes that the relaxation be-
havior can, to a large extent, be described by net-
work models. In the special case of one extensive
and one intensive external variable and of a finite
number of internal variables, there is possible,
according to the theorem of Bott and Duffin,* a
general mapping onto 2-terminal networks. This is,
in fact, the case of greatest interest.

We want to add a remark on the expression of
Casimir reciprocal relations by Onsager reciprocal
relations. It is true that, for the derivation of the
reciprocal relations, one has to consider the fluctua-
tions of extensive variables. Hence, the Casimir
relations are by no means trivial and dispensable.
But after they have been derived, one can express
them formally by Onsager reciprocal relations. This
is done in the following way. Denote by « the set
of a variables, by g the set of 8 variables, the first
ones being even, the others odd with respect to time
reversal. Let the thermodynamically conjugate
affinities be designated by 4 and B, respectively.
Then the rate equations are

de/dt = p,;A + p.1.B, (4.8)
dB/dt = puA + p,.B, 4.9)
with matrix coefficients p,, (7, k = 1, 2).
The Onsager reciprocal relations are
Pu = Pu, P2z = P22, (4.10)
while the Casimir reciprocal relations require
Piz2 = —Pai. (4.11)

The energy dissipation (apart from a factor 7, it is
equal to the rate of entropy production) is

2D = K.de/dt + B-dg/dt

= K-de/dt + dg/dt-B.  (4.12)

3J. Meixner and H. Reik, in Encyclopedia of Physics

(Julius Springer-Verlag, Berlin, 1959), Vol. III, Part 2 .
482-487. ’ ' P RS PP
* R. Bott and R. J. Duffin, J. Appl. Phys. 20, 816 (1949).
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Ordinarily, one writes the linear phenomenological
equations by setting the rate factors equal to linear
functions of the affinities. We observe that the
affinities A are even and the affinities B odd with
respect to time reversal. If now we write the rate
equations in the form that the factors of the indi-
vidual terms which are odd with respect to time-
reversal are expressed as linear functions of those
factors which are even with respect to time reversal,
we obtain

de/dt = quA + qi2 d@/dt;
B = qglA + Qa2 d@/dt-

It is clearly permissible to write the phenomeno-
logical equations in this way, provided the inverse
of the matrix ps, in (4.9) exists. In fact, one derives
from (4.8) and (4.9), Eqgs. (4.13) and (4.14) with the
following values of the coefficients

(4.13)
(4.14)

quu = pn — P12P_2;P21; Q22 = PE;?

(4.15)

qQiz = P12P_2;, Q21 = ‘_P;;Pn-
From (4.10) and (4.11) one now concludes im-

mediately that
qn = qu, Q2 = Qo Q22 = Gas- (4.16)

That is, all of the coefficients in (4.13) and (4.14) are
Onsager coefficients.

Theorem 1. If the entropy production is known
as a bilinear form in the thermodynamic forces and
fluxes (or rates), and if one writes the factors which
are even with respect to time reversal as linear
functions of the factors which are odd with respect
to time reversal, the entity of phenomenological
coefficients satisfy Onsager reciprocal relations.

5. MAXWELL'S EQUATIONS WITH
ARBITRARY EXCITATION

We consider an arbitrary continuous distribution
of matter. Any motion of matter is excluded. Fur-
thermore, it is assumed that the system is isothermal
and that the Joulean heat is somehow removed as
it is generated. Though this might seem to be a
serious restriction, it is not when we consider suffi-
ciently weak fields, because the development of
Joulean heat is a second-order effect.

Maxwell’s equations are in the usual notation

VXE=-B, VXH=D+4],
V-D=, V-B=0.

We assume the existence of linear constitutive
equations

(5.1)

J. MEIXNER

D-‘ = é.’kEk + )\ikHIu (52)
B.’ = vyl + P-ika; (5-3)
E, + E! = P.'ka- (5~4)

It is understood that a repeated suffix is a suffix of
summation from 1 to 3. E!(x,, x,, 23, t) is the im-
pressed electric-field strength. We admit that the
coefficients e;x, Ai, ete. depend on the frequency in
the harmonic case or on the operator p = d/dt
in the general case which is equivalent to after-effect
relations instead of (5.2), (5.3), and (5.4).°

Then we shall expect that the impressed field
determines the current distribution J. We express
this relation formally by

J = YE, (5.5)

where Y is a linear operator of nonlocal and of after-
effect type. This means that J(x, z, z: t) depends
on the values of E(z z} «} t’) at all points in space
and at all times ¢’ previous to £. Such operators can
be written in the form

T@;0 = [ ds [ Yol @;9B@s t ~ 9 dra, 6.0

with P = (2, 2, 23), Q = (a{ a} x}).
Let us now consider impressed fields of the form

EiQ,t) = ek(Q)e"' with p = p; + ip., p1 > 0. (5.7)

Then we obtain

Ji(P: D= J‘i(P)ep‘: (5-8)

with

i®) = [ YulP, @:00(@ e, (59)

where
mem=f1mammma (5.10)
. ‘ o

The matrix Y,.(P, @; p), which depends on a pair
P, Q of points in space, will be called the generalized
admittance.

~-We take now two impressed fields E/; and E?,,
of the type (5.7) with the same value of p. Then, from
Maxwell’s equations, one obtains

E:IJiII - E:‘IIJiI = JillpikaI - JiIPo‘kaII
-+ p[E;‘I-DiII - EiIIDiI + HiIB;II - HnIBiI]
+ v'(EI X Hn - EII X HI). (5.11)

If integrated over the whole space, the last term
gives a vanishing contribution, provided the im-
pressed fields are restricted to a finite portion of

§ H. Konig and J. Meixner, Math, Nachr. 19, 265 (1958).
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space. Upon insertion of (5.2) and (5.3), and inte-
gration over the whole space, we obtain

f [EfrJin - Efut]u] dr

= f [(Pilc — o) ind

+ pller — &)EnEin
+ \ix — ) EHer — B Hyy)
T+ (pox — pei)HiH ] dr. (5.12)
Hence, we have the following theorem.
Theorem 2. 1If
e(P) = e(D), Aa(®@) = vi(p),
pa(D) = mei(D), pi(®) = pui(p),
then
[ B — Bl dr = 0. (513)

This is one of the reciprocity theorems of Max-
well’s theory. Obviously, it is always satisfied if
all the materials are isotropic and if the constitutive
equations are not of nonlocal character.

By inserting (5.9) we obtain

[[ @) Y u, 0 9B

— Ein(P)Y (P, Q; DEL@)] drpdre = 0

for arbitrary impressed fields. We rewrite this
equation as

[[ Bx@Iva®, @;p - Y@, i)

X El’cII(Q) dTP dTQ = 0- (5-15)

Since E’; and E’;; are arbitrary, one has the next
theorem.

Theorem 3. If the reciprocity theorem (5.13) holds,
the generalized admittance has the symmetry

property

(5.14)

YulP,Q;p) = Yu(@,P;p). (5.16)

Now the symmetry properties expressed in
Theorem 2 can be proved from the thermodynamic
theory of relaxation phenomena, provided the
eventual dependence of the coefficients on a mag-
netic field can be neglected. They are a direct
consequence of the Onsager-Casimir reciprocal
relations.’ Hence, we have theorem 4.

Theorem 4. The symmetry property (5.16) of the

6 See reference 3.
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generalized admittance Y,;,(P, @, p), and hence the
reciprocity theorem (5.13), are consequences of the
Onsager—Casimir reciprocal relations, if the de-
pendence of the coefficients ¢, etc. on the magnetic
field can be neglected.

Incidentally, we remark that the symmetry of
the impedance and admittance matrices of a 2n-
terminal network is a special case of the symmetry
property of the generalized admittance.

Moreover, we should like to mention that the
representations (5.6) and (5.9) can be derived from
the inequality

[ a f TP, OE(P, ) dr 2 0, (all values of s)
- (5.17)

which expresses the fact that, under the given con-
ditions, no energy can be extracted from the system
if B{(P,t) = O0fort < t,, and J,(P, £) = O for
t < t, with some finite value of ¢,.”

There is also a generalization of the function ¢(p)
defined in (4.5).

Theorem 5. Let e;(P) be any real vector field
such that the following integral exists. Then the
function

2P) = [[ ePYulP, @; P drrdre (5.19)

is a positive real function, i.e., it shares with the
function ¢(p) in (4.5) the properties mentioned there.

The proof goes along the same lines as the proof
that is given for the analoguous property of the
admittance function Y (p) in network theory.

So far we have assumed that the magnetic field
is sufficiently weak in order that the coefficients
€. ete. can be considered as practically independent
of the magnetic field. If, in addition to the weak
electromagnetic field described by the Maxwell equa-
tions (5.1) there is a constant magnetic field H,, B,
present, then the generalized admittance depends
also on the field of the magnetic induction B,.
Due to the Onsager-Casimir reciprocal relations for
the e ete. in a magnetic field, one can derive the
generalized result

YulP, Q;p; By) = Y.i(Q, P;p; —B,). (5.19)

The proof goes along the same lines as before with
the modification that the current distribution J .,

now refers to the reversed constant magnetic
field —B,.

7 See reference 5 and also J. Batt and H. Konig, Arch.
Math. 10, 273 (1959).
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The limiting law for the square-root concentration dependence of the heat of transport of a simple
electrolyte is calculated by considering the Soret effect. The calculation is accomplished by relating
the intermolecular forces arising from the temperature gradient in the nonuniform Soret stationary
state to the equilibrium gradients of chemical potential required to maintain the same concentration
gradients. The contribution arising from ion-ion interactions is identical with that determined by
Helfand and Kirkwood from a consideration of heat flow accompanying diffusion. Hence, the present
work provides a verification of the heat-matter reciprocal relation without explicitly invoking time-

reversal invariance.

I. INTRODUCTION

F the numerous contributions of Lars Onsager
to theoretical chemistry, his discussions of ir-
reversible processes in dilute electrolytic solutions
and of the famous reciprocal relations are among
those which have had the greatest impact on the
scientific world. We therefore regard it as most
appropriate, in this volume of tribute, that we make
a contribution relating to both of these fields by
explicitly calculating the limiting law for the heat
of transport of dilute electrolytic solutions from the
Soret effect, and verifying the heat-matter reciprocal
relation.

The general equations of transport may be derived
readily from statistical mechanics, and transport
parameters written in terms of nonequilibrium dis-
tribution functions.! It is often convenient to split
a transport property into the sum of two terms,
the first of which is related to equilibrium distri-
bution functions and the second of which contains
nonequilibrium contributions. Ordinarily, the second
term is rather difficult to evaluate. However, in the
stationary state of thermal diffusion of a solution of
a binary electrolyte, a symmetry condition causes
the nonequilibrium contribution to the heat of
transport to vanish. In this case, the calculation of
the effect of interionic forces on the heat of trans-
port is a relatively simple matter. It is to this
computation that we turn our attention.

* The portion of this work carried out at the University
of Kansas was supported in part by a grant from the U. S.
Air Force. .

+ John Simon Guggenheim Memorial Foundation Fellow.

1 Present address: Veterans Administration, Little Rock
Hospital Division, Little Rock, Arkansas.

1R. J. Bearman and J. G. Kirkwood, J. Chem. Phys.
28, 136 (1958).

II. PHENOMENOLOGICAL THEORY

Suppose that we have a simple electrolyte which
dissociates completely into (+) positive ions and
(—) negative ions in the solvent, 1. Consider that
this electrochemical system is isobaric and is under-
going ordinary and thermal diffusion.

There are a number of forms in which the linear
laws relating the thermodynamic forces and fluxes
may be written. The one most convenient for our
theoretical discussion, as well as for experimental
investigations, of heat-matter cross effects is®*:

-V, = ;Ra,,j,, —QX-V Ty, (21
q= 2 Q4.+ \N(—=V InT),
a,f = 17 +;_; (22)

where q is the heat flux and j, is the particle dif-
fusion flux. The flux j, is expressed in terms of the
concentration of a, c,, in particles per ce, and in
terms of the average velocity relative to the center
of mass velocity, u, — u, by

ja = ca(ua - u)-

The isothermal gradient of total chemical potential
Vi, is defined by the relations

Vﬁa = V#a - Xa; (2‘3)
T 0
V' =V - VT(ﬁ)p . 2.4

where u, is the electrochemical potential per

? H. Holtan, Jr., P. Mazur and S. R. DeGroot, Physica
19, 1109 (1953).
¢ E. Helfand, J. Chem. Phys. 33, 319 (1960).
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particle, X, is any nonelectrical external force on «,*
and the partial temperature differentiation is per-
formed at constant pressure P and mole fractions z,.
An Onsager reciprocal relation has already been
employed, since the same symbol Q*—the heat of
transport of species a—is used to relate both tem-
perature gradient to chemical potential gradient and
heat flow to matter flow. The antisymmetry, rather
than symmetry, between these two phenomenological
coefficients is a result of using the j,’s, which are
antisymmetric in time, as independent variables.’

Under conditions of vanishing net current density

i=zcu, +zcu. =0, 2.5)

and electroneutrality

246, +2c.=0 (2.6)

the positive and negative species have the same
velocity;

u, =u_ = u,. 2.7

We then need speak only of the properties of the
solute, s, notably the concentration
2.8

where »,, is the number of moles of ion « per formula
weight of solute; the diffusion flux

c, =¢C.fv, =c_fv_,

j. = ¢.(u, - u); (29)

and the heat of transport
Q* = ».Q% + »_Q*. (2.10)

The electrochemical potential u, of the solute, in
the presence only of electrical forces, is equal to
the chemical potential, since the neutral salt ex-
periences no net force even with the electric field.

The heat of transport @* is then measured either
as the proportionality constant between heat flux
and diﬁ;usion flux in an isothermal diffusion experi-
ment,”’

q = =|:ja + ijl; (2.11)
ctQ": + le*; = 0)
ml]l + ma]- = O) (212)

m, = vem, +v_m_,
or as the proportionality constant between the tem-

¢« The electrochemical potential is equal to the sum of
the chemical and electrical potentials. For the purposes
of this paper we never find it necessary to separate these two
parts. Thus, for notational simplicity, we do not introduce
additional symbols, such as the prime, to distinguish between
the electrochemical potential and the chemical part. The
somewhat arbitrary distinction between electrical and other
forces is made here, for the sake of convenience later in the

aper.

PR H. B. G. Casimir, Rev. Mod. Phys. 17, 343 (1945).
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perature gradient and chemical potential gradient
when the Soret stationary state of zero diffusion
flux is achieved in the absence of nonelectrical ex-
ternal fields,

Vi, = —Q*V InT. (2.13)

Equations (2.11) and (2.12) were employed by
Helfand and Kirkwood® to derive the limiting law
for the concentration dependence of the heat of
transport of an electrolyte. In this paper, we shall
calculate the contribution of interionic forces to the
limiting law for Q* from arguments based on Eq.
(2.13), the other aspect of the reciprocal relation.

III. INTERIONIC FORCES

In the usual models of electrolytic solutions, the
solvent is viewed as a dielectric continuum with
dielectric constant €(T, P). The potential between
a pair of ions of types « and g is taken to be zazge®/er
where z, and z; represent signed charge numbers,
¢ is the magnitude of the charge on the electron,
and r is the distance separating the ions. In the Soret
stationary state, however, the dielectric constant
varies by virtue of the temperature gradient. One
must therefore return to fundamentals and calculate
the electrical potential at r, near a point charge z,e
at r, in a medium with dielectric constant e(r,) =
e(r,) + r-Ve where r = r, — r,. The Maxwell
equation appropriate to the problem is

Vi €@V, 0., 1) = —47z,080). (3.1)

In order to avoid difficulties arising from the
dielectric constant becoming infinite at large r, it is
best to confine the dielectric to a region surrounding
the charge, large compared to the distances r = x|
of interest, but small compared to distances over
which e changes significantly. The potential energy
between an ion « at r; and 8 at 1, is then, from the
solution of Eq. (3.1), to lowest order in Ve and the
reciprocal of the size of the box,

Vos = 200 = @'/l — -V In g, (3.2)
and the force 8 exerts on « is
Foo = =V, Vi = —(2a2"/er)r’)

X e, — 3r(e;e, + 1)-V In ¢], 3.3)

where e, is a unit vector in the r direction and 1
is the unit tensor.
Equation (3.2) may also be arrived at by a sym-

¢ E. Helfand and J. G. Kirkwood, J. Chem. Phys. 32
857 (1960); in this reference the more general prob}l’em of
mixed electrolytes is treated.
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metry argument. Since V.5 must be symmetric with
respect to interchange of the ions « and 8 (a conse-
quence of Newton’s third law), it has the form

Vs = 222" /[e(1)) + e(r2)lr + a term
symmetric in r, and r; and linear
in Ve + 0(V?) + 0(Ve)?. (3.4)

The only vector, other than Ve, out of which the
second term on the right-hand side may be com-
posed is r, so that this term must have the form
w(r)r-Ve which is odd in r, and r, unless w = 0.
Thus to lowest order in Ve, Eq. (3.4) is identical
with Eq. (3.2).

IV. AVERAGE INTERIONIC FORCES
IN THE SORET STATIONARY STATE

The limiting laws for the properties of strong
electrolytes are composed of an infinite dilution
term, containing the effect of ion-solvent interaction,
and a term proportional to the square root of the
concentration (or equivalently, proportional to «,
the inverse Debye length). Only the contributions
to the latter term arising from interionic forces will
be calculated here.

The principle behind the present derivation is
that the forces and differential stresses on an ion
must be balanced in the stationary state. The calcula-
tion begins with the partial hydrodynamic equation
of motion for ions of type a. This equation was first
derived by Bearman and Kirkwood' by multiplica-
tion of Liouville’s equation by the momentum of
one of the particles of «, followed by integration over
all momenta and over the positions of all the particles
except the one of interest. Their result is

A(mae1,)/8t = —V(ckT) + c.Fo + ¢ X,
= 0 in the stationary state.

(4.1)
4.2)

The time is ¢, the Boltzmann constant is k, the mass
of a is m,, and X, is the external force.

The average intermolecular force on a particle of
species a, F,, may be written as the sum of forces
due to each species present:

F.= 2 F,.+ F., (4.3)
Y=t,-
c.F, (1) = f F, ., 0el)(r,r) dr. (4.9
We write the pair concentration ¢¥) in the sym-
metrized form':
(2) — 1r.( (2)
CG‘Y(rl)r) = §[Ca7(l'1,l') + c"/a<r2: —1')], (45)
= %[ct(xz'x)r(rl) I') + cffi(r“ —1')]
+ %r'vf:)ca‘y(rl) _r)) (46)
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where V|7’ indicates a gradient taken with respect
to r; at constant r. Inserting the forces F,. found
in the previous section and changing the variable
of integration from r to —r when necessary, enables
us to write F,,, to first order in gradients, as the
sum of three terms:

CaFya = V+(6ya)v + c.F%, + ¢, Fr%. 4.7
Here,
-1 f 2246 o) 7
(d‘ya)V 2 e.e, E(I'1>7' Cya dr (4:8)

is a potential energy contribution to the partial
stress tensor. Note that in Eq. (4.1) one also has the
kinetic contribution to the partial stress tensor;
i.e., —c,kT1. In the absence of even tensorial per-
turbations, only the equilibrium part of the pair
concentration, to be defined below, can contribute
to dy. The nonequilibrium pair space distribution
makes its contribution in the term

cFr, = —1 [ ZRaf ¢
[ 2J 7 e’

X ledy@, D — oy, D] dr.  (4.9)

These first two terms are quite similar to those ob-
tained by Bearman’ and Bearman and Kirkwood®
in their study of nonelectrolytes. For electrolytes an
additional contribution, arising from the dielectric
approximation, discussed in the previous section, is

2
F:t = %fi‘ﬁ‘lic(m(rl’r) d3rv In e.

6(1'1)7' ay (4:10)

Again, only the equilibrium distribution contributes,
because this term is already linear in the gradients.
Together with the ¢y, F** makes what has been
termed® quasithermodynamic contributions to the
heat of transport, since only averages over equilib-
rium distributions are involved.

To clarify this division into quasi-equilibrium and
perturbation terms, it is necessary to analyze the
nature of the reference equilibrium state. Out of
this discussion will also emerge the connection be-
tween the previous hydrodynamical equations and
the phenomenological linear laws of Sec. II. Let us
take the system from its original state to the refer-
ence state by a two step process. First, bring the
system to a uniform temperature equal to that at ry,

?R. J. Bearman, J. Chem. Phys. 30, 835 (1950
notation of this refe’repce and footn);‘oe reference( 1 ha% b’g::
shg}uﬁy Jchﬁnged andng}lpii{flie](‘i in &he present paper.

. J. Bearman, J. G. Kirkwood, and M. Fi
Chem. Phys. 1, 1 (1958). ' Hman, Advan.
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leaving the local thermodynamic properties at r,
unchanged. This does not completely specify the
new local diffusive flow pattern which remains in-
determinate until two additional gradients are fixed.’
It might be supposed that we could simply assert
that all gradients except that of temperature are the
same as in the original system. That, however, would
violate the principle of local equilibrium in neigh-
boring regions. To clarify, consider the variables
pertinent to the present problem: temperature, pres-
sure, and the concentrations of solvent and solute.
By the assumption of local equilibrium, we may
write

BVT — B'VP + 5,Ve, + 5,Ve, = 0,  (4.11)

where B is the coefficient of thermal expansion, g’
is the coefficient of isothermal compressibility, and
7, is the partial molecular volume of species a.
Equation (4.11) holds both in the original state
and in the new isothermal state. In the latter case,
it takes the form

—B'VP + »,Ve¢, + ,Ve, = 0.

It follows from Egs. (4.11) and (4.12) that only two
of the three gradients in Eq. (4.12) can be the same
as in the original state. In the present instance, we
shall find it convenient to specify that the two
gradients of concentration are the same and thus
that the gradient of pressure differs. This may be
indicated by writing V ¢, =Ve¢, and V'’ P= VP,
where the superscript O signifies that the system is
in the reference state, and the right-hand sides of
these equations are gradients in the Soret stationary
state.

It remains for us to bring the system to a state
of complete equilibrium. This is accomplished in the
second stage of the production of the reference state:
the invoking of hypothetical forces which act
selectively on the constituents.'® These forces, X'*,
are adjusted to balance the gradients of chemical
potential, so that the gradients of total potential
vanish,

(4.12)

_V(O)ﬁa = —V(O)Ha + X;O) = O‘

What is the relation of the gradient ¥V "u,, which
enters into the linear laws, [Eq. (2.1)] to the gradient
V “u.? Both are isothermal, but, whereas the
former is under conditions of specified pressure and

(4.13)

% R, J. Bearman, J. Chem. Phys. 28, 662 (1958).

10 The use of such forces in the present connection dates
back at least as far as J. W. Gibbs, Collected Works (Yale
University Press, New Haven, 1948), Vol. 1, p. 429.
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mole-fraction gradients [cf. Eq. (2.4)], the latter
is under conditions of specified concentration
gradients. Thus they are related by

Vm)ﬂa = Vl"a - (a/"a/aT)Chc.VTJ
= V. — @.8/8)VT.

Next, we specialize the hydrodynamic equation,
[Eq. (4.1)], to this equilibrium state, inserting Eq.
(4.13) for the external force:

_"kTVca + caF-‘fv:O) + cavTﬂa
— (0.8/8")VT =0,

where F{* is the average intermolecular force on an
ion of species @ under the reference conditions.

Subtracting Eq. (4.16) from Eq. (4.2) yields the
required statistical mechanical form of the phe-
nomenological linear law [Eq. (2.13)),

FY — VET + 3.8/8))VT,
Fa _ F(O).

(4.14)
(4.15)

(4.16)

Ve =

R
FO =

4.17)
(4.18)

Some of the terms of F involve the difference
of gradients in the Soret stationary state and the
reference state. This difference is equivalent to
[c.f. Eq. (4.14)]:

V =~ V9 = vT1(8/8T).,.... (4.19)

The single-star part of F{, defined by Eq. (4.9),
may be simplified by formally writing the pair
concentration in the form

)

Car(T1, I) = co(ty)c, (T, + 0)g,, (@, 1), (4.20)

and dividing the pair correlation function g,, into
a reference equilibrium part and a perturbation
implicitly proportional to the gradient of 7,

Gar(®, 0) = gh@, D + g@, 0. (4.21)

It remains only to perform the necessary inte-
grals to complete the derivation of the heat of
transport.

V. THE HEAT OF TRANSPORT

In order to find the heat of transport of a simple
electrolyte, one must write all of the terms in Eq.
(4.17) for

Z VaVTlla)

a=+,-

V(=

in a form proportional to ¥V In 7. Using Egs.
(4.19-21) and the definition of ¢, we have
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Z (Va/ca)[a(dc'y)v/a In T]n.c.'V In?7

a, Y™+,

Vi, =

+3 0 vy f (2az,€"/ )9y d'r

@, Y=+, ~

X@nednTD),,. VT
+ X vBTR/8)V InT

Q@=t

- > v kTVInT
+% E VaCy
X, Y=t -

X [ Gard/erte Loty — 9521

+ 3 n B =@tV G.1)

a=+,=
Similar to most properties of dilute electrolytes,
the heat of transport is given by its infinite dilution
value plus & term proportional to the inverse Debye
length, «, that is, proportional to ¢}. Thus we may
write
Q¥ + s(@x,

Qi = (5.2)

where
.20
2 2 Yrfry. .
In order to calculate the limiting slope §(Q*) let us
examine the lowest-order « dependence of each of
the terms on the right-hand side of Eq. (5.1).
In the first term, the stresses due to ion—ion

interaction, (8.,)v, may be evaluated using !:he
Debye—Hiickel linearized radial distribution function

Gay = 1 — (2a2,€"/kT)e™™ /7). 5.9

One obtains

v‘,zf,ex]
12¢

1st term = --[

dln e) ]
X [1 + 3(0 nT/.... VinT. {(5.5)

In evaluating this term, the “1” on the right band
side of Eq. (5.4) gives rise to the integral [5 r dr,
but this divergent term is multiplied by Doy Cy2y
which vanishes by electroneutrality.

In like fashion, the second term, arising from the
greater dielectric shielding on the cold, rather than
hot side of an ion equals

%oc](3 In
2nd term = o Z [vazsex](a 111 ;>c ca‘

The partial molecular volume entering into the

(5.6

HELFAND, BEARMAN AND VAIDHYANATHAN

third term, which arose from the difference between
the gradient of chemical potential in the standard
state and in the Soret stationary state, may be
evaluated from the Debye-Hiickel equilibrium

theory:
5§ o= = (_?_‘i{)
Z« Vola =00 = (ap e,
My = :“‘S(Tr P) + vkT In Z.f.,
v= 2 v
T Inf, = — 3 vazie's/2e,

22
5 o= 30 Valof K
b=t (za: 4e )

dlne ,
X [3( P )T -8 ]

The fourth term, which enters through the kinetic
portion of the partial stress, contributes only to the
infinite-dilution part of the heat of transport.

The integral in the fifth term, representing the
forces due to the asymmetry of the ion atmospheres,
can be calculated, in general, only by a more de-
tailed theory, which is now under investigation.
However, in the case of the calculation of this
paper, namely, the heat of transport of a simple
electrolyte, the term vanishes by a simple sym-
metry argument. Since ¢, = »,c,, the summand
is obviously antisymmetric with respect to inter-
change of « and v, and the sum over both « and ¥
vanishes."

The final term, representing the contribution of
ion-solvent forces other than those accounted for
by the dielectric approximation, is the most difficult
to discuss. Helfand and Kirkwood® estimated the
term by an argument in the spirit of the calculation
of the electrophoretic contribution to the equivalent
conductance, but the derivation had certain un-
satisfactory features. They found, however, that the
term vanishes if the ionic mobilities are identical
and appears to make only negligible contributions
to the limiting slope of many 1:1 electrolytes. For
the purposes of this article, we will attempt no

(6.7

11 It may be noted that in the caleulation of Helfand
and Kirkwood,® the comparable term which they ealculated
explicitly for a single ion, also vanishes trivislly for the total
heat of transport of a simple electrolyte. This follows from
the fact that the perturbations in the ion atmosphere, g.,®,
must in their case be proportional to the difference of velocity,
U, — u,. For the calculation of the total heat of transport
of a simple electrolyte, it is sufficient to consider conditions
of zero current, in which case the difference in velocity between
the two ions must vanish to maintain electroneutrality.
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calculation of the order « contribution arising from
this source, but only note that it may be present.

In combining the terms contributing to the limit-
ing slope of the heat of transport, Egs. (5.5-7),
one must use the thermodynamic identity

&)....~ Go,..+ ()..(7)
aT €1,Ce B aT P.xs aP T,z aT c;.c..

The result is'®

Q*:=Q:*°+(E”—“z§"—2)

1 3(dIn e 1

X [(ﬁ) t1 (a In T)P + ‘BT]"’ (5.9)
plus an ion-solvent term. This formula is identical
with that obtained by Helfand and Kirkwood by a
procedure which bears no outward resemblance to
the present calculation. It thus represents an ex-
plicit verification of the heat~matter reciprocal rela-
tion without directly invoking time-reversal in-
variance.

(5.8)

VI. DISCUSSION

The heat-of-transport calculation in this paper is
based on the relationship of the intermolecular
forces arising from the temperature gradient in the
nonuniform Soret stationary state to the equilib-

12 In units of keal per mole, the limiting law for the heat
of transport of a simple electrolyte in aqueous solution
at 25°C 1s given by

Q* = Q% — 2.56 |3z.z_v[im}

where m is molality in moles of solvent per kg of solvent.
(The coefficient 2.57 in Helfand and Kirkwood is off by
rounding errors.)

1656

rium gradient of chemical potential required to main-
tain the same concentration gradients. Most of these
forces have been studied previously,"” but in an
electrolytic solution there are also forces arising
from the fact that the solvent’s dielectric shielding
of the ion—ion interaction is lower on the hot than
on the cold side. Furthermore, for electrolytes, by
employing Debye-Hiickel theory, one may ex-
plicitly evaluate most of the terms which contribute
to the limiting slope of the heat of transport versus
square root of concentration.

The only other attempt to calculate the limiting
law for the heat of transport of an electrolyte is that
of Agar."” It is based on the argument that the heat
of transport is due to the ion leaving behind it, the
solvent polarization entropy as it diffuses. Agar’s
arguments are closer to those of Helfand and Kirk-
wood® than to the present paper. It is even difficult
to draw the parallel between those two theories be-
cause of the qualitative nature of the Agar deriva-
tion and especially the manner in which he intro-
duces concentration effects. Agar finds that the
limiting slope of the heat of transport is proportional
only to (8 In ¢/d In T). Perhaps this is indicative
of the fact that he has not accounted for all of the
heat (or entropy) transport mechanisms. For ex-
ample, one might inquire whether the jon leaves
behind the ion atmosphere and its associated en-
tropy. It would be interesting to attempt to put
Agar’s ideas into more precise terms, and also see
if his arguments have an analog from the point of
view of the Soret effect.

13 J, N. Agar Structure of Electrolytic Solutions, edited by
W. J. Hamer (John Wiley and Sons, New York, 1959), p. 200.
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It is shown that in all cases where the finite duration of the collision may be neglected, there is a
complete equivalence between the 3-particle scattering operator obtained by Prigogine and his
co-workers and the corresponding expression derived by Choh and Uhlenbeck using Bogolubov’s
method. Great emphasis is put on the “irreducible character’” of the three-body collision: Only
situations in which the three particles are stmultaneously interacting play a role in both theories.

1. INTRODUCTION

URING the last few years, Prigogine and his
co-workers have developed a general theory

of irreversible processes in classical gases." The
formalism is based on a systematic analysis of the
perturbation solution of the Liouville equation; no
extra mechanical assumptions are involved in the
study of the dynamics of the system and irreversi-
bility appears as an intrinsic property of those large
systems which are such that, at the initial time, no
correlations exist between particles that will collide
in a sufficiently far off future. In particular, it was
recently shown® that for a spatially homogeneous
system, the kinetics of the approach to equilibrium
is essentially determined by a non-Markoffian col-
lision operator. The Laplace transform of this
operator, ¢*(z), has only singularities in the lower
half-plane of the complex variable z; this analytical
property expresses the fact that a collision process
has a finite duration, which cannot generally be
neglected. However, the long-time behavior of the
system ({ — o) is entirely determined by the value
of ¥"(2) at the point z = 0; the physical meaning
of this result is that, in the study of the asympiotic
time dependence of the distribution functions (H
theorem), one is justified in neglecting completely
the noninstantaneous character of the collision.’
Similarly, the operator ¥ *(0) also plays an important
role, although by no means unigue, in the computation
of transport coefficients, as was shown by Balescu.*
On the other hand, various other methods have
been developed for studying irreversible processes

* Chargé de Recherches au Fonds National de la Recherche
Scientifique de Belgique.

1]. Prigogine, on-Equilibrium  Statistical Mechanics
(Interscience Publishers, Inc., New York, 1962). This paper
will hereafter be referred to as I.

# I. Prigogine and P. Résibois, Physica 27, 629 (1961).
This F]gager will hereafter be referred to as II.

3 ¥. Henin, P. Résibois, and F. Andrews, J. Math. Phys.
2, 68 (1961).

¢ R. Balescu, Physica 27, 693 (1961).

in classical gases. We cite the work of Bogolubov,’
Kirkwood and his co-workers,” and Green.” The
equivalence of these approaches is now rather well
established® and we do not intend to discuss them
here in detail. It is however, very important to
realize that they all make the assumption, explicitly
or implicitly, that the duration of the collision
is negligible. As was pointed out in I (see also the
paper of Van Hove® for the quantum case), they
can thus correctly describe no nonequilibrium
process in which the finite duration of the collision
must be taken into account.

From what has been said before, it is expected
that the operator ¥*(0) (which corresponds to the
instantaneous collision approximation in Prigogine’s
theory) is identical to the corresponding scattering
operator in the other group of approaches. However,
the proof of the identity between these two expres-
sions is far from trivial. Indeed, in the latter methods
all the calculations are performed in ordinary phase
space, and constant use is made of formal exact
n-particle propagators describing the motion of a
subgroup of n particles interacting only with each
other. On the contrary, the former technique is
developed in the Fourier space associated with the
configurational coordinates and is based on a per-
turbation expansion in power of the coupling
constant between the molecules.

In a previous paper,’’ we have shown that the
collision operator #* “’(0) describing two-particle
collisions could, indeed, be brought to the usual
form of the Boltzmann operator. The aim of the
present work is to extend this result to triple col-

§ N. N. Bogolubov, Problems of a Dynamical Theory in
Statistical Physics (in Russian) Moscow (1947).

¢ See, for instance, S. Rice and H. Frisch, Ann. Rev.
Phys. Chem. 11, 187 (1960).

7M. Green, National Bureau of Standards Rept. 3327,
(August 1955).

8 B, Cohen, Physica 27, 163 (1961).

? L. Van Hove, Physica 23, 441 (1957).

10 P, Résibois, Physica 25, 725 (1959).
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lisions and to show that the corresponding operator
W' (0) is identical with the scattering operator
Q®(p) obtained by Uhlenbeck and Choh using
Bogolubov’s method' in a form derived by M.
Green"’:

9(3)(99) = fdxz dxaom[s(};(xlxzxs)

— 82 (2, x5) ST (w,15) ~— S‘_zq’,(xlxz)s(_zi(xzxs)

+ SE (@) leu(p)es (Pa)es (ps) (L.1)

In this formula, we have used the notation of I,
but we shall write it more explicitly in the following.
The same result was also obtained by Rice, Kirk-
wood, and Harris."”

In Sec. IT of this paper, we recall the explicit form
of the operator ¥ ®’(0) and show that it describes
an ‘“‘irreducible” collision, in the sense that it con-
tains only contributions of the three-body motion
in which these particles are stmultaneously interacting
with each other.

In order to save notations, it is very convenient
to employ the diagramatic representation of triple
collisions used previously by J. Brocas and the
author'*'*® in similar problems. This technique allows
a very direct analysis of the mathematical implica-
tions of this condition of irreducibility. The identity
between ' ®’(0) and Q® is explicitly proved
in Sec. IIL. It appears very clear that the con-
dition of irreducibility which is automatically im-
plied in the definition of 4 (0), is in fact equivalent
to the substraction of produects of two-particle
propagators S in formula (I-1). Both exclude
the successive two-body processes which appear in
the description of the three-body motion.

Finally, we remark about the practical use of
these two formally identical expressions as starting
points for explicit approximate calculations. We
also comment on generalizations of the present
work to more involved problems.

II. THE STRUCTURE OF THE OPERATOR y¢*(0)

In I, it was shown that if the duration of the col-
lision is neglected, the generalized master equation
takes the following form [see formula I(4-6) which

1 §. Choh and G. Uhlenbeck, The Kinetic Theory of Dense
Gases (University of Michigan, Ann Arbor, Michigan, 1958);
E. Cohen, Fundamentals Problems in Stlatistical Mechanics
(North-Holland Publishing Company, Amsterdam, 1962),
p- 110.

12 M. Green, Physica 24, 393 (1958).

( 91; S) Rice, J. Kirkwood, and R. Harris, Physica 26, 717
1961).

14 P, Résibois, Physica 27, 33 (1961).

18 J. Brocas and P. Résibois, Bull. Classe. Sci. Acad. Roy.
Belg. 47, 226 (1961).
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gives, in fact, the long time behavior of the velocity
distribution function and includes an operator
©70(0) which takes into account the long-time effect
of the finite collision duration. As we are interested
in the instantaneous collision approximation, we may
replace this operator “’Q by unity. Moreover, we
notice here that this formula is lacking a factor i}:

dpo({v}, 1)/8t = ¥ (O)po({v}, #).  (IL1)

As was mentioned previously, we do not want to
discuss here the range of validity of this equation;
we shall limit ourselves to prove the identity of
Eq. (I1.1) with the evolution equation obtained
using Bogolubov’s and other methods cited above.

We first integrate (II.1) over all particles except
particle 1, and we take into account the factoriza-
tion of the velocity-distribution functions. Moreover
we limit ourselves to the contribution of triple col-
lisions; indeed, we have already shown how the two-
particle contribution is identical with the Boltz-
mann collision operator,'® and the consideration of
higher-order processes (quadruple, ete.) would bring
no new mathematical feature into the analysis.

We then obtain

(301(V1, £)/8)srinte cont.
3
= iN? f f v, dvoy* @) Il euv,, 9),  (11.2)
=1

with the following expression for the collision opera-
tor (in Fourier space):

7:¢+(3)(O) — Zn(:’ 0 (—i&L(m)

1 . "
|t oan)]

0> (11.3)
ik1#0;

where

8L = Y 8L,

i>17

E1,2,3.

In this expression, particle 3 must appear at least
once in the interactions.

The explicit formulas for the matrix elements
involved in (I1.3) are

({k} [—inoL™[ {&'})

= —i\Q leki—ko"l(k" - k:)(gv_‘ - Bv,-)

X 6Kr(k" + kj ol k: - k;)&K'(k; - k;),
i%ji%1E1,2,3

- vi(a o)
= —AQ fff dr. dr, dr, or;; \av,  dv;

(I1.4)
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(I1.4a)

X exp [—i i &, — k:)r,]

s=1

({k} |—(Lo — 40)7'| {K'})

= —i(g kv, — i0>_l fI 8% (k, — k) (IL.5)

s=1

o [ 1] dr, aet 6, — 1), (v.})

X exp —i(kr, — k'r}). (II.5a)

In this latter expression, we have introduced the
three-particle propagator in ordinary space (see
reference 10):

G(fr, — 17}; {v.})

L) 3
= f dr [] o, — 1, — v.7) exp —er.  (I1.6)
0
«—0

=1

Although the transport equation (II.3) is valid
only in the limit of an infinite system (N — =,
Q— o, N/Q = C = finite), we have (formally)
written all the expressions in the case of a discrete
Fourier space. This will simplify somewhat the
mathematical discussion, but there is no essential
difficulty in going to the continuous case in any ex-
pression written in the following discussion.

The main feature of formula (II.3) is that it
represents an trreducible diagonal fragment, i.e., all
intermediate states must have nonvanishing k; wave
vectors. We return later to the physical meaning
of this condition. However, from a purely mathe-
matical point of view, we can see immediately that
this requirement of irreducibility forbids us to
perform a Fourier inversion of the operator ¢* ®’(0)
and to express it directly in configurational space.
Consider the following simple example; suppose A (r)
and B(r) to be two real functions, the Fourier coeffi-
cients of which are A, and By, respectively; then by
the Parseval formula,'® we have

2 X 4B, = [ ar 4086

However, if in the left-hand side of (I1.7) we ex-
plicitly exclude the point k = 0, either of two cases
can oceur:

(I1.7)

(1) The coefficients A, and B, are non singular;
their contribution in the limit of a large volume
becomes negligible and formula (I1.7) is still valid, or

(2) the coefficients A, and B, are singular in the

16D, Morse and H. Feschbach, Methods of Theoretical
Physics (McGraw-Hill Book Company, Inc.,, New York,
1953).
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limit of a large volume; then formula (I1.7) can no
longer be applied and we must substract explicitly
the contributions coming from this single point.
This remark is in fact the keynote to the present
calculation; we must analyze carefully the be-
havior of the points k = 0 in the matrix elements
of (I1.3); if they give a negligible contribution in
the limit of a large system, we are allowed to in-
clude them in the expression for ¢*®’(0), and the
Fourier transformation may be performed. However
we see that certain contributions do indeed behave
singularly and these terms need special considera-
tions before we can transform them back in con-
figurational space.

We follow the following procedure: we first ex-
tend the definition of the collision operator ¢*®’(0)
by neglecting provisionally the condition of ir-
reducibility, i.e.,

)

Wt (0)
(I1.8)

= fj <0 l(—zML””’)[;-([m—l_‘@ (—a\aL):I”

n=0

(here again, particle 3 must appear at least once
in the interaction). We study (II.8) and, in par-
ticular, seek the terms which are reducible and
which, at the same time, give a finite contribution
to the transport equation (II.2). These reducible
terms are spurious and must thus be substracted
from (I1.8). In formula, we set

W P(0) = i)

— (reducible contributions of order 27%). (II1.9)

As the matrix elements appearing in (II.3) are of
a rather complicated structure, we shall describe
each contribution of ¢*!¥(0) by means of suitable
diagrams. However we want to be able to draw
diagrams for both irreducible and reducible contri-
butions. Since the latter are automatically excluded
in Prigogine—Balescu notation (or, more properly,
they are treated in a different way from irreducible
ones), we must use a different technique; the graphs
introduced by J. Brocas and the author'*'*® are very
convenient for the present purpose.

We draw an horizontal line to describe the
complete history of each particle (1, 2, 3); a vertical
line between particles 7 and j (4, j &€ 1, 2, 3) repre-
sents an interaction 8L‘‘ between this pair of
molecules and these vertical lines are ordered ac-
cording to their succession in the corresponding
contribution of Eq. (IL.8). Moreover, the wave
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vectors of each particle are explicitly indicated for
each intermediate state.
As an example, the term

<o

X

(—ré8L INSLYY)

(12)) (L 0) (_

1
'i(Lo - 'lO) O>
is represented by Fig. 1(a). Using Eqs. (II.4) and
(IL.5) we get for this term, in the limit of an infinite
system Oox = (9/87°) [ dk),

@ ) | dkdk'kV&(_ - 53;)#6-&%)

_Asra® 1 - (12
(=INL) s (—iNaL

7 _a_. — _a__ 4 —_— —_— £\
x k Vgr<avl av2)‘n'§_{(k 'i‘ k )Vl kVQ k V3]

A a

LR (kvu)kV,k(g - ﬁ)
(I1.11)

This is irreducible because the contributions coming
from the points k, k' = 0 are of order ° (one
point in a finite integral) and may thus be neglected
in the transport equation (II.4). On the contrary,
the diagram of Fig. 1(b) is a typical example of a
reducible term; indeed we obtain

S )v2 ‘.‘:’f:f f d“dk’k"k(:a“;;-s‘;;)
)
av,

X wo_(Ivy) (K" —~ l)Vlk’—ll(é% - a_%a)

X k’V,c,(ai

Vi

X wa. (kvl2)k V—k(av

X 16 (K, K V_. (—-—~ - —-"-)

av. 3y (I1.12)

where, in order to give a meaning to the propagator
{0} of one of the intermediate states, we have used
a limiting procedure which gives a unique answer
ag is shown, in the next section. This term con-
tributes a finite amount to the transport equation,
although one of its intermediate states has vanishing
wave vectors, and it is thus an example of terms
which must be substracted from ¢%%(0) in order
to obtain the correct collision operator. However,
here we may also neglect the special situations
where k, k' = 0 because, as in the previous example,
they correspond to one point in a finite integral.

Let us now consider the general nth-order term
in Eq. (I1.8). We have 3(n — 1) summations over
the wave vectors (one wave vector for each particle
at each intermediate state). Each 3L introduces two
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Fie. 1. (a) An irreducible contribution. (b} A reducible

contribution.

conservation conditions [see (II.4)], one of which
(at the last vertex) is automatically satisfied. We
are thus left, for an arbitrary nth-order term, with
n — 2 independent summations. As each inter-
action 8L also introduces a factor @77, it is obvious
that any diagram describing one possible sequence
of interactions will be of the order @ °. In the
transport equation (IL.2), for every diagram
we obtain a contribution of order (N/Q)* = C°
This could be expected on a physical basis and
is simply a restatement in this particular case, of
the general rules given by Prigogine and Balescu."”
However, we can now proceed much further and
observe these n» — 2 independent summations. In
fact, we are able to choose arbitrarily the exchange
of wave vector between the pair of interacting
particles (¢, j) at each vertex, except:

(1) for the last interaction, in which particles
1 and 2 necessarily return to the state of zero wave
vector (see Fig. 1). This latter limitation is trivial
because, whatever the reducible or irreducible
character of the diagram, the final state must be {0};

(2) for the last vertex where particle 3 interacts;
here again the wave vectors must be choosen such
that the wave vector for particle 3 vanishes [see
Fig. 1(a) and 1(b)].

This last condition is the central point in the dis-
tinction between reducible and irreducible diagrams.
If, as in the example of Fig. 1(b), the condition that
k; = 0 at the last vertex involving particle 3 auto-
matically implies that the two other wave vectors
k, and k, are also vanishing, we get a reducible
contribution which must be substracted according
to (I1.9). However, in the general case, a typical
example of which is given in Fig. 1(a), k, and
k, = —k; will be nonvanishing and the diagram is
irreducible.

From this argument, we see that all non-negligible
reducible contributions will be obtained by collecting
all terms in which the intermediate state following
the last interaction involving particle 3 has iden-
tically vanishing wave vectors.

17 T, Prigogine and R. Baleseu, Physica 25, 281 {1959).
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F16. 2. The most general reducible diagrams.

This class of terms is very easy to obtain: it is
given by all diagrams such that there is first an
arbitrary number of interactions 1-3 (or alternatively
an arbitrary number of interactions 2-3) followed
by an arbitrary number of interactions 1-2. The
most general graphs of this type are shown in
Fig. 2(a) and 2(b).

The proof of this property is done in two steps:

1) It is clear from what we have said previously
that all these diagrams are non-neglibible reducible
contributions.

(2) they are unique. Indeed, taking any other
diagram, there exists, before the last interaction
involving particle 3, one or a series of intermediate
states in which the three particles simultaneously
have nonvanishing wave vectors k,, k,, k; #= 0.
Now, by the conservation of wave vectors as im-
plied by Eq. (II.4), this has for a consequence
the fact that after the last interaction involving 3,
(denoted by an asterisk on the diagrams in Fig. 3),
particle 1 and 2 have, in general, k, = —k, = 0.
The only exception occurs if we cause these wave
vectors to vanish, which in turn implies restrictions
on one or more of the free summations we have at
our disposal. This however gives a vanishingly small
contribution to the transport equation as we have
seen in detail in the (I1.11).

There exists a last restriction on ¢*®’(0) and on

¢13(0) which we wish to eliminate. The definition
of these two operators implies that particle 3 must
appear at least once in the sequence of interactions
8L*. As we shall see in the next section, it is much
simpler to suppress this condition in the definition
of the three-body collision operator and to sub-
stract the contributions explicitly where only
particles 1 and 2 collide with each other, i.e., the
term ¢* *(0).

Defining a new operator ¢*2> by Eq. (I1.8), but

1_0 2 o 1.0 4 0

201 1.3 l\ 0 2.0 ALF I\ 0

3.0 0 [ orr ' 0
Xx) x>

F1a. 3. Examples of irreducible diagrams.
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without the condition mentioned after this equation,
we may thus write finally [see Eq. (IL.9)]:

W 0) = gL 0) — iy (0)

— ¢ (contributions of the diagrams in Fig. 2) (II.13)
With this last expression, we are now ready to ob-
tain the equation for the 3-particle collision operator

in configurational space; this is accomplished in the
next section.

III. THE COLLISION OPERATOR IN
CONFIGURATIONAL SPACE

The operator ¢%%(0) can be Fourier-inverted

because it is defined in a way such that no condition
appears on any intermediate state. Substituting
(I1.4a) and (II.5a) into Eq. (I1.8), we obtain

- o 2o [ dle) die) -+ aie)
X 6L(12)({r})G(3)({r rl}; {v})aL({r'})
. G(a)({rn"l —-1'}; {v})aL({r"})

In this formula, we have introduced the following
compact notation:

fr} =
sL({r}) =

« T+(3)
2 ext.

(I1L.1)

{r,, 12, 15} {vi = {v, v, vs}, (I1L2)

Z 6L(u)(
S 1 4 ( ") (I11.3)
ar,; av,;/’ )

>3

G%(fr — r'}; {v])

=G, — ;1 —rf, 1, —1f; {v}). (IIL.49)
It is surprising at first sight that there is a factor
Q7® before this integral, even though we have pre-
viously shown that all the contributions to ¢%% (0)
were proportional to Q. However one should
realize that the integrand in (III.1) is invariant
with respect to a translation of the mass center
of the system, and this gives a supplementary volume
factor.

Using the generalization of the two-body scattering
theory previously developed by the author,” it is a
simple matter to write (III.1) in a more compact
form.

For the sake of simplicity, let us first operate with

¢*2(0) on an initial state of the form

II 8(v; — vi) =

i=1

s(fv —v'}), (IIL5)

and let us consider the following expression:
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SO ) | 1) = S [ dir) - i)

X G®({r — r'}; {v})eL({r'})
CEOUrT = 1) vhe({v — v']). (IIL.6)

This series is the Neumann expansion of the follow-
ing integral equation:

SV (v} | 9] = o((v = v')
+ [ a6t - v); L)
X V(v | (7)): (11L7)

Noting that G*’({r — r'}; {v}) is Green’s function
of the unperturbed Liouville equation

Zv

we may easﬂy verify that this integral equation is
identical to the Liouville equation

G‘”( —r'}; {v}) = &({r —1'}), (IIL.8)

(}j v, 5% + )\6L)S‘3’({r}{v} [{v) =0 (IIL9)

with the limiting condition that for A — 0, S
reduces to (IIL1.5).

In this form, the physical meaning of the function
S® is ascertained. It represents the stationary dis-
tribution realized when homogeneous flows of par-
ticles with respective velocities v{, v} and v} come
from infinity and scatter each other. Taking into
account that the characteristics of Eq. (IIL.9) are
the trajectories of the three particles, one readily
sees that this function is identical to Bogolubov’s
streaming operator S®) acting on the initial dis-
tribution (IIL.5) [see references 5 and 11].

Thus we have finally:

WOy — v'})

= 07 | dfr}sL"({r})) 8 ({r} {v} | {v'}). (IT1.10)

We now consider the class of reducible contri-
butions described by Fig. 2(a) [the other class 2(b)
is treated similarly]. Keeping in mind the limiting
procedure introduced in (I1.12), we obtain:

Reducible class 2(a)

® ©

= lim @™* ) E[fdrldrz...drfdrg

r'}; {v))

- r"}{V})sL“z’({r"})]

X 6L(12)({r})G(1 ,2)({1.

X ... G(1.2)({rn—1
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X [f drydry -+ - dryt dryt! exp —il(r; — 1y)
X G(l.3)({r r/}; {V})BL(M’)({I"})
. G(l,a)({rm _ rm+1}{v})
X BL“'“({r’"“}):la({v —v'}]. (III.11)

In this form, it is clear that the limiting procedure
I — 0 gives a perfectly well defined value to this
expression. Moreover, we have used an obvious
notation for the two partlcle free propagators G
and G"'¥. Here again the 7* dependence is apparent
only because each bracketed integrand is a trans-
lational invariant and results in an extra volume
factor.

Using the same procedure as for (II1.6), we may
write the second bracket of (ITI.8) in a compact
form as:

f dr, dr, |:S(2)(rlr3, v,Vv; | V], vi)é(v, — vi)

- ({v — v’}):|, (II1.12)

where the function S’ is defined exactly as S’
[see Eq. (II1.7)], but for the pair of particles (1, 3)
only.

As this expression (IT1.12) does not depend on
the coordinates of any of the three particles, the
same procedure can be applied once more to the
first bracket and we obtain:

Reducible class 2(a)

= Q™ f dr, dr, dv!’ dv}’ dvi’ SL"®(r,,)

X S®(rx,v,v, | vi/vy)8(vs — i) f dr} dr;
I:S‘z’(rlravl vy | vive)é(vy’ — i)

(II1.13)

- fI o(vi’ — VZ):I-

1=1

A similar formula is obtained for the reducible
class 2(b), and the body collision operator is given
ble

W PO ({v — v'})
- g f dr, dr, 5L (r,5)

X S (v, v, | Vivh)é(vs — V). (II1.14)
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All the contributions to ¥* ®’(0) are now expressed
in configurational space. We substitute (III1.10),
(I11.13), and (II1.14) into (I1.13) and introduce this
result into (I1.2). Taking into account explicitly
that the S functions depend only on the relative
coordinates, we obtain

@p1/00)c.0. = C° [ dvy dv, [ dria 5Le)

x [ atv) o {5 ) )

- f dvy’ 8P (rx,v v, | viv)SP (r.r,vh'v, | viv)
- f dv]’ 8P mrv,v, | v{'v5) S (rirsvi’v, | Vivh)

3
+ 8P (r,v,v, | vivh)é(vs — v;)} T, 0. (111.15)
i=1

This is, in full notation, the expression (I.1) of Choh
and Uhlenbeck"! for the 3-particle collision operator.

1IV. DISCUSSION

We are now in a position allowing us to discuss
in detail the significance of irreducibility. Indeed,
we have seen that the operator ¢%{(0), where the
condition of irreducibility was dropped, results in
the term (I11.10), involving the whole three-body
motion S®. In this latter operator, some contri-
butions arise from separate two-body collisions in
which, for instance, particles 1 and 3 collide first
in a binary interaction, particle 1 then interacting
with particle 2. However such a sequence of two-
body collisions has already been taken into account
in the usual two-particle Boltzmann operator and
must thus be eliminated. This is achieved by the
“reducible part” [see Eq. (II1.13)] which indeed
involves products of S operators. The contribution
to S resulting from a simple two-body interaction
in which particle 3 completely ignores the other
two must also be substracted, and this results in
the term (II1.14). In the final result, the only ef-
fective part thus corresponds to irreducible collisions
in which the three particles simultaneously interact
with one another.

How this condition of irreducibility is auto-
matically satisfied in the definition of the operator
" (0)—as given by (I1.3)—appears very clear if we
remember the relationship between space variables
and their corresponding wave vectors:

kr~1. (IvV.1)

P. RESIBOIS

The condition that {k} 7 zero at every intermediate
state, eliminates all physical situations for which
the three particles would be temporarily infinitely
separated from one another in some of these in-
termediate states.

Keeping these remarks in mind, one realizes that
although it appears compact, Eq. (II1.15) is very
difficult to handle for any practical calculations.
Indeed the integrals appearing in this formula are,
strictly speaking, defined for an infinite system.
However in this limit, when taken separately, each
of these integrals diverges! This will be best il-
lustrated if we consider the binary correlation fune-
tion defined from (II1.15)" by

(a¢l/at)t.e. = C2 f dVQ dV3

X fdru SL(r)f Pt vy, va3 ). (IV.2)

If we evaluate this expression for the only case where
the calculations can be done directly (i.e., for an
equilibrium velocity distribution function!), and
dropping unimportant normalization and velocity
dependent factors we obtain from (II1.15):

[ @23 Vi, ¥2) « exp [—BV(f12)]
x [ dr, {exp [~B(Viru] + ViraD)

~ exp [—8V(rs)] — exp [—B8V(r)] + 1}, (IV.3)

where each of the factors is in a one to one corre-
spondance with a term of Eq. (I11.15). We thus see
that expression (IV.2) involves the nonequilibrium
equivalent of the binary correlation function as
expressed in terms of Boltzmann faciors, each of which
diverges for a large system. That the total result
is finite and gives the correct equilibrium distri-
bution, is readily verified by reorganizing Eq. (IV.3)
in terms of Mayer’s factor f;; = exp [—8V.; — 1],
which gives the well-known result

F@n; %, 9« exp [—8VE) [ drofuialfulean).

Such a difficulty is completely avoided in the
formulation (IL.3); as was previously shown by
F. Henin, F. Andrews, and the author,®*® the cor-
responding expression for the binary correlation
function is directly expressed in terms of érreducible
(and finite) quantities.

18 F. Andrews, Physica 27, 1054 (1961).
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The advantage of the formulation in Fourier space
could be of great help in an approximate evaluation
of the three body cross sections, an exact calculation
of which remains beyond the power of our present
mathematical techniques. Indeed, if one begins from
(I11.14), the greatest care should be taken at each
step to ensure that the approximations are made
in a consistent way, such that the improper integrals
in this equation always give a total final result.
Moreover, it scems somewhat difficult to introduce
the characteristic features (if any!) of the three-
body collision in Green’s function S®’ because this
function also involves spurious two-body motion
contributions.

If, however, no such problem arises in the for-
malism of Prigogine’s group, it should be recognized
that the whole theory is based upon the use of in-
finite perturbation expansions in the coupling
constant, and some partial resummation procedure
is needed for treating realistic hard-core forces.

Finally, we should mention that the generaliza-
tion of the present calculation to higher order col-
lisions (quadruple, ete.) offers no difficulty. Along
the same line, it is possible to prove—to any order in
the concentration—that the operator #*(0) is
identical with the corresponding collision operator
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derived independently by E. Cohen' and H. Green®
[see also reference 13] in recent work. We shall give
this general proof in a separate publication.

In conclusion we may say that the present work
establishes the bridge between Prigogine and his
co-workers’ theory and what we may call the
Bogolubov-Kirkwood types of approach. This link
was already indicated briefly in a previous publi-
cation’ where it was stressed that the equivalence
was valid only whenever the duration of the col-
lision could be completely neglected. The validity
of this latter condition must be analyzed carefully
for each particular problem studied. However, one
can say that in general this is not the case and that
the complete diagonal operator ¢*(2) is needed for
all values of 2. The second group of theory is then
incorrect and the more general approach is neces-
sary, as developed in references 1, 2, and 4.
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When a dynamical system has a perturbation which is considered as a stochastic process, the
Liouville equation for the system in the phase space or the space of quantum-mechanical density
operators is a sort of stochastic equation. The ensemble average of its formal integral defines the
relaxation operator &(¢) of the system. By the definition ®(¢) = exp K(i), the cumulant function K(¢)
may be introduced. Some general properties are first discussed for a simple example of an oscillator
with random frequency medulation and then, concepts of slow and fast modulation are considered.
These concepts can be generalized to more general types of stochastic Liouville equations. It is shown
that by various possibilities of defining generalized exponential functions, this approach may be useful
to understand some essential features of the problem from an unified point of view.

1. INTRODUCTION

ONE of the most fundamental problems in
statistical mechanics is the logical foundation
of transport equations. Great efforts have been made
in recent years to derive such equations from basie
dynamical equations, making a minimum number of
assumptions, using various refined, mathematical
tools.”

The present paper deals essentially with the same
kind of problem but uses a less refined tool and
takes slightly different standpoints from those taken
in the previous theories. The author only wishes to
throw a light on certain general features of the
problem, of which many investigators may have
been aware, but do not seem to have been dis-
cussed very clearly.

Take a very simple example of an oscillator whose
natural frequency « is modulated randomly by a
certain disturbance.*”® Its equation of motion may
be written as

(1.1)

where w(f) is regarded as a stochastic process. Now,
an ensemble of such oscillators are irradiated by
electromagnetic waves and the absorption spectrum
is observed. The question is how the line shape is
related to the modulation w(t). This is the sort of

t M. Bogoloubov, J. Phys. (USSR) 10, 265 (1946); L. Van
Hove, Physica 21, 517, 901 (1955); 22, 342 (1956); 23, 441
(1957); 1. Prigogine and P. Resibois, thid. 27, 629 (1961).

? R. Kubo, “Some Aspects of the Statistical-Mechanical
Theory of Irreversible Processes,” in Lectures in Theoretical
Physics 1., edited by W. E. Brittin and L. G. Dunham
(Interscience Publishers, Inc., New York, 1959).

3 R. Kubo, “A Stochastic Theory of Line-Shape and
Relaxation,” A lecture at the Scottish Universities Summer
School at Newbattle Abbey, 1961 [to be published as Fluctu-~
ation, Relaxation and Resonance in Magnetic Systems, edited
by ter Haar, (Oliver and Boyd, Edinburgh, 1962)].

T = w(f)z,

problem one meets in magnetic resonance phenomena
and also in some communication technology. It
turns out that the spectrum depends on the relative
magnitude of the amplitude of the modulation and
on the speed of the modulation. If the modulation
is slow, the coherence of perturbation remains and
the line shape directly reflects the distribution of
modulated frequencies. If the modulation is fast,
the coherence is lost and the spectral line is narrowed.
This narrowing and incoherence may be, in a sense,
compared with the irreversibility which is realized
in transport phenomena.

2. THE RELAXATION FUNCTION OF A
RANDOMLY MODULATED OSCILLATOR

Equation (1.1) is integrated to

2(8) = exp {mz T [ ) dt’}, @.1)

where w, is the unperturbed frequency and »(t) is
the frequency modulation

v(#) = o) — wo, (2.2)
which is averaged to zero:
@) = 0. 2.3

We assume the process »(f) is stationary and ergodie,
so that an ensemble average denoted by bracket may
be considered as a long-time average. The function

a() = <exp ; fo ) dt’>

will be called the relazation function, which may be
generalized to a functional of £(t),

a(t, [¢]) = <exp {z [ k) dt'}>. 2.5)

(2.4)
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Thus, we may write
(1) = @, [1)).

The functional ®(¢, [£]) is the characteristic functional
for the process »(f). By the fluctuation-dissipation
theorem the spectral distribution F(w — «,) of an
ensemble of these oscillators is given by

I — w) = 217[ BT AL (2.6)

Let us now introduce the cumulant function K(t)
by
®(2) = exp K(2). 2.7

By a theorem which has been previously discussed
by the author,* this may be expressed as

K() = <exp (1 fo ) dt’) ~ 1>c

=i [ an o)+ ¢ [ an [ an e,

4+ ... +z”'f dtlf dt;,---fmdt,.
0 0 0

(2.82)

X @ltw(ts) -+ - v(t)). + - - (2.8b)
= = [ [ an otamey

+ 7 fo d, [o ", fo " dty L),

SH (2.8¢)

where the brackets with the suffix ¢ are the “cumu-
lant averages” defined, for example, by

(Xy1)e = (Xu),
(X1 Xo). = (XuXs) — (XX Xo),
(X1 X.X5). = (X1 X, X,) — (XXX, X,)
- (X2>(X1X3> - <X3><X1X2>
+ XN XXNX). (2.9)

The cumulant averages are generally defined by

(om (L))

wﬂzn%mw-m}@m

One sees easily that a cumulant average vanishes
identically if any of the variables in it is statistically
independent from the others.*

¢ R. Kubo, J. Phys. Soc. Japan, 17, 1100 (1962).
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This property of cumulant averages has an im-
portant consequence on the convergence of the
series (2.8). We shall not go into any mathematical
discussion of this convergence here, but shall content
ourselves with less rigorous qualitative arguments.
Suppose that the process »(t) has a finite correlation
time 7, which may be defined by

o= " O a7, @.11)

where

A = ) (2.12)

measures the amplitude of modulation. Now let
us consider the short-time and long-time behavior
of ®(f) or K(2).

For a small (< 7.), the temporal change of »(f)
may be ignored so that (2.4) will be approximated by

B(t) ~ (exp ivl) = f &PE) A = w(l),  (2.19)

where P(v') is the probability density of the fre-
quency modulation », and so ®,(f) is nothing but
the characteristic function of P(»’). Higher approxi-
mations to $(f) may be obtained similarly by taking
account of the distributions of » » and so on.

For a long-time > 7,), K(t) will be shown to
have the asymptotic form

K) ~ —(@at+ b =—(y—idht —b, (2.19
which is equivalent to
fE) = f () di
R N L RCRE)
= 82 s S . .

Then the relaxation function ®(f) will behave as
®(f) ~ exp {—at — b} = &.(F) (2.16)

(t > .) and it may be described asymptotically by
the differential equation

dd/dt = —ad (1> 7). (2.17)

By the nature of cumulant averages, the nth
term in (2.8) may be estimated as

t 129 tan—a
[an [Tan o [T an 6w s
0 0 0o
~ t0(A"777Y) + 0(A™7Y),
if £ 3> n 7.. Therefore, for a sufficiently large ¢, in
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(2.14), a and b have such structures as
a = 0(A%r,) + 0(A%F) + ---
b= 0’7 + 0(a°F) + --- . (2.18)

A simple example may be useful for illustration. If
we assume that

@v(t) -+ - ¥(8).

= An'ﬁ(tl - tz)‘ﬁ(tz - ts) e ﬂ(’(tml - t,,)

G >t> > t,n>2), (2.19)
we find

et (zA) g
®= f K(f) dt = g 220
where
00 = [ erwwar = 1o

For example, if ¢ in Eq. (2.19) is simply assumed
to be

¢(t) = €xp ('—' T/TG)! (221)
then Eq. (2.20) becomes
g = A 1 (2.22)

s 1 —1Ar, + s7,’

which, in fact, is in accordance with (2.15). The
cumulant function K(¢) is then found to be

2 2 2
A'r, AT,

1 —iAr. . (1 — iAr,)?

X [1 - exp{—(l — iAr) Ti}] 2.23)

3. SLOW OR FAST MODULATION.
NARROWING CONDITIONS

K@) = —

We have obtained two limiting approximations
for ®(t), one for short time and the other for long

}- ta
. Relaxation function &(¢) in slow modulation case.
<I>(t), @o(t), and ®y(¢) are calculated by Eqgs. (4. lb), (4.3),

d (4.4), respectively, y(f) being assumed as y(f) = exp
(—t/‘r,,). 7.A is taken as 2.0.
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N
0-4
1 1 1 \\ﬂ 1 1
T4 1 2 3 4 5 tA

Fig. 2. Relaxation function &(?) in fast modulation case.
The curves a,re calculated in the same way as in Fig. 1.
7cA is taken as 0.4.

time. Which of these is better? The question can be
answered by the following criterion®:
Case a. Slow modulation

&y(r,) K1 or &.(r.) K1, 3.1)
Case b. Fast modulation
®y(r,) ~ 1. or ®,(r,)~1, (3.2)
or
ar. + b K 1. 3.3)

In the case a, the relaxation function &(f) looks
like Fig. 1. It is essentially represented by ®,(t)
because it becomes very small in the region ¢ > =,
where the short-time approximation fails. This means
persistence of coherence over the period which is
practically important. The spectral distribution
(2.6) is then identical with the distribution of
modulated frequency, namely,

I{w — wo) = Plw — wy). (3.4)

The condition for this slow modulation may be
also roughly expressed by

A 1 (3.5)

which means that the speed of modulation (measured
by 1/r.) is slow compared with the modulation
amplitude A.

In case b, on the other hand, ®.(f) represents
®(f) quite well except in the neighborhood of
t ~0(t < r,) where ®,(t) definitely deviates from
&(t). (See Fig. 2). The graph of &(¢) must be hori-
zontal at ¢ = 0 as is easily proved by the stationary
property of »(f). ®.(¢) does not satisfy this condition,
but this region is only a small part of the whole
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domain of ¢ where ®(f) has significant values. The
line shape (2.6) is obtained as

1 e’

Hw — wp) = ;Re a—w——+ EA—
_1 yRee™®
Tw—w — 8 ++°
lw—w,— 8 Ime™
ta @—w— 8"+ (8.62)
1 Y

~ et MDD, (3.6b)

which is essentially a Lorentzian form but with a
slight skewness represented by the second term of
(3.6a). The width v,

3.7

is smaller than A. Therefore, the spectrum is nar-
rowed. If, further, the condition

¥ = Rea,

A KL1 3.8

is satisfied, the width v is approximately given by
(3.9

Thus the condition (3.3) may be called the nar-
rowing condition and the condition (3.9) the strong
narrowing condition since it is more stringent than
(3.3).

When the narrowing condition is satisfied, the
coherence of modulation is essentially lost and the
modulation simply appears as #ncoherent interruption
of oscillations. Correspondingly, the relaxation fune-
tion ®(t) shows a simple exponential decay.

The Lorentzian form (3.6) does not preseisely
describe the spectral form at far wings. If &)
is analytic in ¢t at ¢ = 0, the moments should be
convergent in every order. Therefore, the intensity
distribution should decrease at wings much faster
than the Lorentzian curve. But this discrepancy is
not very significant since the intensity there is
very weak if the narrowing has occurred.

At this point it may be worth pointing out the
following. It is true that the relaxation function
®(f) follows Eq. (2.17) quite generally at large
t(>> 7.). This may be regarded as the characteristic
of an irreversible process. The physical significance
of this statement depends, however, on what we
are observing. This may be significant if we are just
concerned with such long-time behavior of ®(3).
But if the spectrum I(w — w,) itself is really what
matters, then this statement is meaningful only
when the narrowing condition is satisfied.

¥ = 7¢A2.
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4. GAUSSIAN AND POISSON MODULATIONS

A simple example is provided by a Gaussian
modulation (). In this case the cumulants terminate
at the second, so that the relaxation function becomes

®(f) = exp{-— f ’ f "t AT — tﬁ)} (4.13)

= exp{«-A2 f; (t — DY) df}, (4.1b)

where
W) = @t + He(8))/07)

is the correlation function of the modulation »{t),
for which

(4.2

@) =0

is assumed. For ¢ < 7, (4.1) is approximated by
B(t) ~ Bo(f) = exp (—34°0), 4.3)

which reflects the Gaussian nature of modulation,
and for ¢ > 7,

B(f) ~ B.(f) = exp {—A’r.t+ b}, (4.4

where
r = fm W dt, b= A f“ L) dt.

The narrowing condition in this case is exaectly
given by (3.8). This has been discussed by Anderson
and Weiss® as a model of exchange narrowing in
paramagnetic resonance.

Another instructive example is a Poisson modula-~
tion. Suppose the modulation »(#) consists of random
pulses with an average duration 7, the average
interval r,(>> 7.), and the average height »,. Then
for ¢ > 7, the relaxation function is easily found
to be®

®(t) = exp {(#/r){'" — 1)} (4.5)
where « is the phase shift during a pulse, ie.,
a= [ vl d. (4.6)
The narrowing condition here is
(ra/7)(1 — {cos o)) K 1 4.7

which is less stringent then wry << 1 or even than
74 K 7;. The Poisson modulation represents a model
of spectral broadening in dilute gases. It also cor-

8 P. W. Anderson and P. J. Weiss, Rev. Mod. Phys. 25,
269 (1953).
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responds to kinetic models of rarefied gases or
nearly free electrons.

Generally speaking, the narrowing condition can
be regarded as a condition for a perturbational
treatment. If the strong narrowing condition (3.8)
is satisfied, the perturbation »(f) is weak (compared
with 1/7.). The Gaussian modulation is a limiting
case where the crudest (Born) approximation be-
comes correct, because it really occurs when a
number of very weak perturbations are present. If
a non-Gaussian modulation »(f) satisfies (3.8), aand b
in Eq. (2.14) can be calculated by perturbational
series (2.18).

A Poisson process, on the other hand, represents
the situation where local interactions are present.
Such a local perturbation may be so strong that
each perturbation has to be taken into full account.
Still the locality allows the narrowing condition (4.7).
In dilute particle systems, each collision has to be
calculated by an exact scattering matrix, but with
this in mind the whole process can be treated in a
perturbational way.

5. STOCHASTIC LIOUVILLE EQUATION.
RELAXATION OPERATOR

We consider a dynamical system, the Hamiltonian
of which has the form

H=H, + V(), (5.1)
4y (%Iqi% _ %a%)f = [Lo + L], (6.2

L, and L, being Liouville operators corresponding
to Hy, and V. In the interaction representation

g() = e 'f(t),  ¢(0) = f0), (5.3)
Equation (5.2) becomes
dg/at = e *'Li(he™'g = Qb)g. (5.4)

This equation is formally integrated with the use
of an ordered exponential to

o0 = e, ([ 2 ar)s0

- [1 + f Lt o) + f dt, f " dn L)L)

+ .- +f dtlfldtz...‘/‘n_xdtn
) 0 o

X At)Qt) -+ QL) + '”]f(O)- (5.5)

Now, we may look at Eq. (5.4) as a stochastic
equation similar to (1.1). If V(¢), (5.1), is in fact a
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random perturbation from outside, this corre-
spondence is obvious. Then the expression (5.5) is
averaged over the ensemble of the stochastic process
V (1), to give

(9(0) = 2(1)g(0)
= <exp., j;t Q) dt’>g(0), (5.6)

and so we have

() = ¢ “'2(D1(0). (5.7)

®({) defined by Eq. (5.6) may be called the relazation
operator for the process Q(f).

If the initial distribution f(0) is a delta function
in the phase space,

10) = 3(p — po)d(q — q0),

the expression (5.7) gives the transition probability
from (po, ¢o) to (p, q) in the time interval . This
may be written as the matrix element of the operator
exp (Logt)®(t) in (5.7), namely,

fpat | pogs0) = (pg le**'®(®)] Pogo)
B ff (pg ™| p'q) dp’ dq’ (0'¢’ |2()] pos), (5.8)

where the matrix element of ®(¢) is the transition
probability in the coordinate system moving in the
unperturbed motion.

In some cases, the perturbation V is a constant
interaction within the system, but we may take
the interaction representation as before, while
transferring ourselves to the moving system defined
by H, Then the equation of motion becomes (5.4)
again, and is integrated to (5.5). The perturbation
Q(¢) may be regarded as stochastic if our observation
is restricted to a certain subspace of the original
phase space. Let us assume that

fO) = 1P, Q | 0)folp, 9. (5.9)

and

Lofo(p, 9 = 0, or eLntfo(p) 9 = folp, 9, (5.10)

where (P, Q) represents the variables in the sub-
space I'; under observation and (p, ¢) those in T,
which are dropped out from observation. The distri-
bution fo(p, ¢) is invariant with respect to the un-
perturbed motion of the system by the assumption
(5.10) and is normalized to

[aram o= 1. (5.11)

The expression (5.5) is integrated in T, to give



STOCHASTIC LIOUVILLE EQUATIONS

aP,Q|t) = fd Ty exp, {fo Q) dt'}
X Hi(P, Q | Ofo(p, @
= <expo fo t Q) dt>f1(P, Q10), (5.12)

where the average ( ) is defined by this equation.
The assumption (5.10) assures

(Ut + 5 -+ Q. + 0) = () -+ Q).

The process Q(¢') in (5.12) may now be regarded as
a stationary stochastic process. Therefore its relaxa-
tion operator ®(f) is defined in the same way as
before, by (5.6), and the matrix elements in (5.8)
give the transition probabilities.

The above can be immediately extended to
quantum-mechanical cases. Instead of Eq. (5.2),
we have the equation of motion for the density
matrix

ap/dt = (1/ik)[H, p] = (Lo + L)p.  (5.13)
In the interaction representation,
o= "p = Mt FpgT R, (5.14)
Equation (5.13) is transformed into
da/ot = Qf)o
= (1/ih)[e" et o]
= (1/in)[V®), o, (5.15)
and is integrated to
o(t) = expy { [ "aw) dt’}p(O) (5.16)

as before. If the perturbation V(f) is a random
process, (5.16) is averaged over the ensemble of the
stochastic process. If V is originally an interaction
inside the system and some dynamical variables are
now dropped out from observation, we assume that

P = PiPo (5.17)

and take trace over the part p,. If p, is invariant
under transformation by H,, this will define

t
<expo [ aw) dt'>p,
)
= Tr, expo {f Q) dt,}PlPO} (5.18)
o
by which Q(t') is now considered as a stationary

stochastic process. The arguments are parallel to
the classical arguments.
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6. RELAXATION OPERATOR AND GENERALIZED
CUMULANT FUNCTION

Similarly to (2.7), the cumulant function K(¢) can
be introduced by the definition

<expo f "o dt’>

t+ | " dn, (28

+ +f dt,f‘dtz--- [ a,
0 0 o0

X () - Q) + -

(1)

It

I

eXpp {ft dt, (@)«

+f ", [ " dt (200) 28).

+ --~+f0ldt, -~-f0l"‘dtn

X QL) -+ Qb)) + }

= expp K(f). (6.1)
Since Q(f)’s are operators which are not generally
commutable, the cumulant K is a complex operator.
The cumulants involve products of Q(t)’s, and the
expansion of expp K(?) in series is a fairly com-
plicated matter. The suffix P specifies a prescription
for the ordering of @’s and cumulants.

As is discussed in more detail by the author in
a previous paper,” it is possible to generalize the
concept of moments and cumulants to noncummut-
ing ¢g-number variables and to generalized expo-
nentials. The important point is that a cumulant
Q@) --- 2t,)). in (6.1) can be expressed by a sum
of certain products of lower moments or cumulants
and the moment of the same order and so every
cumulant can be successively defined. The concept
that the operators are ‘“connected” to give non-
vanishing cumulants depends on the definition of
average and the prescription of ordering. Any
cumulant will vanish if any one of the operators in it
is unconnected with the others in the proper meaning
of the word ‘“‘connected.” To give a few examples,
the lower-order cumulants in (6.1) may be explicitly
written as

Q@). = (@)
(Q(tl)ﬂ(t2)>c = (Q(tl)g(l2)> - P<Q(t1)>(9(t2)>
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(96 Q(t) Ate)). = ((t) A2) A2s))
— P{{Q()X Q%) Qta)).
+ (Q(t2) X (8) Q(E:)).
+ ()X Q(E) Q(t)). )
= P(t)Xt)AUL)),  (6.2)

where P is a certain prescription for the product of
lower-order cumulants. Such preseription may be
chosen in various ways. Let us give here a few
important examples.

a. The chronological ordering 0 in (5.5) is followed
for the ordering P. For instance, if the moments
have the form

<Q(tl) e Q(tn» = A(tl) e A(tn)‘p(tl) e tn)
E>h> - >unz2, (63

where A(t,) - -+ A(t,) are ¢ numbers and ¢(¢, - - - )
is a c-number function, the relaxation operator ®
is written as

B(0) = expo { f Can f " dts AW ALY, )
+ .. .|_ftd¢1 f’”—ldtnA(tl) ce A(L)

X ‘Pc(tl tn) + - } (6.4)

The ordering 0 means chronological ordering of A (t)’s
and ¢.(, --- t.) is the nth cumulant constructed
from the moments (¢, --- i,) (m < n).

b. A generalized exponential with different order-
ing F may be defined by

dd(t)/dt = F()®(2), (6.5)

or

a(l) = expr f Py dv

= exps fot i’ {F\() + F(¥') + ---}, (6.6)

which means the chronological ordering in F’s. The
third cumulant, for instance, becomes

fot Fo(t) dt’ = fo dt, fohdtz fo"dta

X [(Q(2) Q1) Q(ts))

= () [{Q(8) Q(t:)) — (1IN A1)}
= {2t) Q%) — (X)) (AL))
— (@) Q%) — (X))} (A(2)

— (BN ALK Q] (6.7)
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¢. We assume that

%—Q - fo 6w, 1) v a(),

(6.8)
and integrate this as

w) =1+ i, [ ar e, e

I

b -/: ah j:, at; G(h, 1) + -+

t ty ty’
+---+fdt1f dt{f dt,
0 0 1]
szdté-uf " dtuf"dt;
() 0 0

G(tly ti)G(tzy té) et G(im tr’») "I' A
— expe { fo dt, fo a6, z;)}. (6.9)

This defines another kind of exponential with the
prescription (, which means time ordering and
elimination of those terms in the expansion which
have overlapped intervals (¢;, t/)’s. If

Q@) = 0

is assumed, one sees easily that the equation

<exp0 fo ") dt’>

= expo [ fo dt, fo " (G, 1)
+ Ga(4, 1) + }:| (6.10)

defines the cumulants G’s successively. For instance,
(Q8) At) Qt))e = (Q8) U2,) 22a))
(1) Q) t) AL0)). = (At) Q£2) Q(8s) Q(24))
— Q) ALK AL Q). (6.11)

The cumulants are obtained by applying the prin-
ciple seen in the example (6.2). They always vanish
if the variables in them are uncorrelated.

Equation (6.8) takes a simple form if we have the
condition

G(t, 1) = Gt — v), (6.12)

which is fulfilled if the process Q(t) is stationary.
Then the Laplace transformation of this equation
gives

1

fom e ' ®(h) dt = ;_:-—(&j@’ (6.13)
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where
o0 = [ 6 a
= §'R(s), (6.14)
f(s) being the cumulant function defined by Eq.
(6.10).

If the relaxation operator ®(f) is obtained in
such a form as (6.6), its long-time behavior is de-
scribed by

dd/dt ~ F(=)®(1), (6.15)

or
®(f) ~ exp [tF()], (6.16)

which corresponds to (2.14) for the relaxation of a
modulated oscillator. The operator F( ) determines
the long-time relaxation process.

If &(¢) is obtained in the form (6.9), with the
cumulant kernel G(t, — t!), Eq. (6.13) immediately
gives the important admittance function

T i 1
[ e i = oG o
In particular, the static admittance is determined
by ®&(0), which is generally different from F(x).
Only when some condition similar to the narrowing
condition is satisfied, do they coincide with each
other. This is in accordance with the results obtained
by Prigogine and Résibois’ and Balescu.’

An operator process 2(f) may be called Gaussian
if the relaxation function ®(¢) has the form

(6.17)

®(t) = exps {ft dt, ()

+ [ “an, f "t <sz(tl)sz<t2)>¢}, (6.18)

namely, if the cumulant terminates at the second.
The definition of cumulants depends on the ordering
prescription P, so does the concept of a Gaussian
process in this generalized sense. For instance, if
Q(¢) has the form

o) = A@Dw(d), (6.19)

where w(f) is simply a c-number Gaussian process,
$(t) as defined by (6.4) becomes, in fact,

®(t) = exp { [ ‘at, | " dty A A Wi, t»}. (6.20)

The ordering 0 prescribes full chronological ordering
of A(t)’s if they are not commutable. This ordering

¢ R. Balescu, Physica 27, 693 (1961).
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can be changed into other kinds of ordering such as
(6.6) or (6.9). Then the transformed cumulants are
no longer so simple.

When a certain system A, a system of electrons
for instance, is in contact with harmonic oscillators,
the interaction ¥V may be of the form

V= 2. (Add, + A%b¥%), (6.21)

where the b,’s and b*’s are the annihilation and
creation operators of oscillators and A, and A* are
variables for the system A representing its coupling
to the oscillator ¢. If the oscillator system is assumed
to be in thermal equilibrium, (6.21) gives a stochastic
perturbation V(f) to the system A. Because of
harmonicity of the oscillators this provides an
example of a Gaussian process.

A Poisson process Q(f) may be defined in the
same way as (4.5). Its relaxation function can be
written as

®(1) = exp {(¢/7 )™ — 1)}, (6.22)
where A is defined by
¢ = expo { f_w ) dl}. (6.23)

Such examples are provided by scattering process
of a particle by short-range scatterers which are
distributed randomly in space. The master equation
for a dilute gas system can also be considered in
this way. It is, of course, possible to extend the
Poisson limit (6.22) to include higher-order cor-
rections by a sort of cluster or virial expansion as
used in the Mayer theory of imperfect gases. At the
same time, it becomes necessary to take account
of finite duration of each collision.

If a strong narrowing condition is fulfilled, the
cumulant expansion in (6.1) may be terminated
at the second, and furthermore, the long-time ap-
proximation of ®(f) gives a good approximation.
This means that the random perturbation is weak
and effectively incoherent. Then Eq. (5.7) can be
transformed into

(@d/an{f®) = {Lo + TKf(®),  (6.29)

where
r=f (La(De™ = L) ™"y dr. (6.25)
0

This can be seen either by (6.6) or (6.10). T' here
naturally coincides with the familiar result of the
perturbational calculation in the second order. It
contains the transition probability in this approxi-
mation and the self-energy part. It also has other
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parts which often are just ignored but may become
important under certain circumstances. Thus, (6.23)
gives, in particular, the well-known transport equa-
tion of electrons in metals, the Bloch equation of
magnetic spins’ and many other kinetic equations
commonly used.

7. SIMPLE EXAMPLES

A few simple examples may be added just for
the purpose of illustration.

a. If the velocity u(f) is regarded as a stochastic
process, the equation

af/at = —u(8)(a/9x)f (7.1)

is a stochastic Liouville equation. Thus the relaxa-
tion function is given by

a(1) = <exp{— f ") %}> (7.2)

If, for simplicity, u(f) is assumed to be Gaussian,
(7.2) becomes

3 2
Mo=m%%wfddwwwﬂ%} (7.3)
0 or
where ¥(7) is the correlation function of w(t). If
the narrowing condition
WHr, < oz (7.4)

is satisfied, (7.3) is equivalent to the diffusion
equation

a(f)/at = D(3°/ox"){)

with the diffusion constant

(7.5)

- @) [ wa) ar. (7.6)
0

In (7.4) 6z is the precision in observing the position
of the Brownian particle. One sees easily that the
frequency modulation problem (1.1) can be treated
also by (7.1), in which z is replaced by the phase
angle 6(f) and u by w(t).

b. When a Brownian particle is interacting with
a system of scatterers, which is assumed for sim-
plicity to consist of free particles, the Liouville
equation is written as

of _ (P39
Y {M xt Lo ax
av 8 av 3
T 90X 9P 4 ox, ap,}f @7

7 F. Bloch, Phys. Rev. 102, 104 (1056).
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In the interaction representation we have the time-
dependent Liouville operator,

> f dq é(q)

i=1

X exp{iq-(X-i— %t - X — %t)}

(o
th'(ap ap;)’

where ¢(q) is the Fourier component of the inter-
action potential for the wavenumber q. If the
scatterers are assumed to be in thermal equilibrium
at the temperature T = 1/k8, Q(f) in (7.8) is re-
garded as a stationary stochastic process. For
simplicity we consider here only the Brownian
motion of the particle in the momentum space. If
the scattering potential is assumed to be weak
enough, the narrowing-limit equation (6.23) can be
easily calculated. Obviously it becomes a Fokker-

Planck equation
P
B8 M)}(f)-

Q@ =

(7.8

20 = 2{o(% +

The calculation is rather straightforward and so is
omitted here. The condition to allow (7.9) is

(P/a’)¢* < (kT /m)(8P)’,

where ¢ is the scattering potential, [ the force range,
and o the average distance between the scatterers.

¢. The magnetization vector M of a spin system
follows an equation of motion of the form®

dM./dt = —wM, + F,,
dM,/dt = oM, + F,,

(7.9

(7.10)

(7.11)

where M, and M, are the components in the z-y
plane, which is perpendicular to the direction of a
constant magnetic field. Its Larmor frequency

We = 'YH 0
is modulated to
w=uw + ), W) =vH ()

by a fluctuating field H’. The Liouville equation is
o _ ( d_ _ _L)
at [“’ voar, ~ M- oM,

3
F”aM F”EAT]’

If w(t) and (F.(¢), F,(t)) are regarded as stochastic

(7.12)

(7.13)
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processes, Eq. (7.13) can be treated along the general
line discussed in Sec. 5. The simplest case is where
certain narrowing conditions are satisfied, when we
obtain

2 4y _ L
7= [woL, + AL, +B(aM: + % :I(f) (7.19)
as the diffusion equation in the (M,—M,) plane. Here,

L.=M,a/M, — M. a/oM, = 3/36

is the “angular momentum” operator in the
(M_-M,) plane. The diffusion constants A and B
are given by

A= D = fo " OW) dt,
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B= f " (FO)F.(0) cos web-di
0
- f " (FAOF.) coswot-dt.  (7.15)
1]
Equation (7.14) may be approximated by
d 3 B\ &’
o= [“’0%7” (4+8) 27
B 3 P
+ M M W]<f> (7.16)

The “adiabatic modulation” »(t) gives rise only to
diffusional motion in 6, whereas the ‘“nonadiabatic”
perturbation (F,, F,) obviously induces additional
diffusion in 6 and variation in the amplitude M.
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is discussed.

1. INTRODUCTION

Asystematic statistical mechanieal theory of dense
gases has already been developed by Bogo-
lubov, Uhlenbeck and Choh.! They consider special
solutions of the B-B-G-K-Y hierarchy where the
second- and all higher-order distribution functions
are functionals of the first distribution function as
far as their time dependence is concerned. By ex-

I N. N. Bogolubov, J. Phys. U.S.S.R. 10, 265 (1946);.

Studies in Statistical Mechanics 1, (North-Holland Publishing
Company, Amsterdam 1962, G. E. Uhlenbeck, Higgins
Lectures, Princeton University (1954); S. T. Choh, and
G. E. Ublenbeck, ‘“The kinetic theory of dense gases,” Uni-
vergity of Michigan (1958); E. G. D. Cohen, Fundamental
Problems in Statistical Mechanics (North-Holland Publishing
Company, Amsterdam, 1962), p. 110.

panding in powers of the density, these functionals
can be determined in successive approximation. Due
to the rapidly increasing complexity of the coeffi-
cients belonging to increasing powers of the density,
the general structure of these coefficients is not clear.
The theory is based on two assumptions: (1) For a
large class of initial conditions after a time con-
sidered long when compared with the duration of a
collision 7,, the second- and higher-order distribution
functions become functionals of the first distribution
function as far as their time dependence is concerned;
(2) an asymptotic or boundary condition is postu-
lated for the form of the above-mentioned func-
tionals. ‘
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In this paper we present a different derivation of
a density expansion of the pair distribution function
for a gas not in equilibrium, this derivation employ-
ing the same cluster expansions that are used for a
gas in equilibrium. Under a number of conditions
that are given below, this procedure leads, in a
straightforward and simple fashion, to a density
expansion of the pair distribution function for a gas
not in equilibrium. The first three terms of such an
expansion are derived explicitly, while the generaliza-
tion to the general term is indicated. The first two
terms of the expansion, in the spatially homogeneous
case, have already been derived by Green® using
cluster expansions in a different way.

In Sec. III, the correlation with the results of
Bogolubov, Uhlenbeck and Choh as well as with
those obtained by Lewis® on the basis of the hier-
archy, is discussed. In Sec. IV, some remarks about
the derivation and generalization of a master equa-
tion are made.

II. EXPANSION OF THE PAIR DISTRIBUTION
FUNCTION

We first introduce the basic D functions in terms
of which we want to expand the first as well as the
second, (or pair) distribution function. These func-

tions are defined as solutions of the Liouville
equations,
Wt il (o, 2, Dy s D),
or
aDs(xl e xa; t)
ol
+ gcs(xl Tet xa)Da(xl s x:; t) = 0;
(3=1’2:"'aN)y (1)
and can be written in the form
D2, - a8 = S, -+ 2)D,(x, -+ - x,;0) (2)
for a given initial condition D,(x, - - - z,; 0).
Here the Hamilton functions H,(x, --- z,) are
defined as
3 2 8
Hw --2) = 2024 3600, @
i=1 1<f

1

Where z; = (q; P (’L = 1, 2, e
ton operators” 3¢,(z, - -+ z,) as

, 8) and the “Hamil-

* M. 8. Green, J. Chem. Phys. 25, 836 (1956); Physica
24, 393 (1958).
3 R. J. Lewis, J. Math. Phys. 2, 222 (1961).
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R s p" 6 s
gt -+ x,) = e 7 _ 8., 4
(2 x,) Z m'aq Z’f'z (4a)
where
_ a¢(rii) i ad’(rn') __a_

b = 4q. 9p; + dq; dp;’ (4b)

and the streaming operators by
Sy -+ ) = exp [t @, --- 2,)].  (5)
The solutions of Eq. (1) are normalized such that
f - f DN—s(xl cer Ty, t) dxl e d$,v_, = %—s ,
(6)

where V is the volume of the system. The D functions
take the place of the Boltzmann factors in equilib-
rium. They are, however, normalized in a different
way. To the D functions, we introduce U functions
in the same way as in equilibrium through the
relations

Do - x;t) = 2 Il Ui -~ 250, (@
so that
Us(xl e xs;t)
= dZ (—'l)k_l(k - 1! III Dz, - z;; 8. (8

In Eq. (7), the D functions are written as a sum
of products of U functions by dividing the group
of molecules in all possible ways into subgroups
and by taking the corresponding product of U-
functions for each division. In Eq. (8) the same rule
applies; a coefficient (—1)*"'(k 1)! must be
added, however, to every division into & groups.

After the introduction of the basic D and U
functions for isolated groups of particles, we now
define the distribution (F) functions, for groups of
particles in the system of N particles:

Fx, - z,;0)

= V’f ~--‘/‘DN(37:l coe Ty ) dxyyy - - day. (9)

To the F functions we introduce G functions through
the relations

Fyz, -z t) = 2 [ Guey --- 258, (10
so that
Gz, -+ x5 B)
= 2 (=D""k - D I] Fule, - 23 ). (1D)

div
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We now derive an expansion of the F functions in
terms of the D functions, and in order to do this,
we first expand the G functions in terms of the U
functions. This leads, for an infinite system (N,
V— @,n = N/V = constant), to*

WGy ez ) = 2 b -z, (12)
le=g

where

1

bi(z, =9

.-.x};t):

=f...fdx,“ o day Uy -+ 203 0), (13)

so that in particular we have for s = 1,

nFy (x5 1) = nGi(z:; 1) = Uy(zy; Hn

+ f dzs Uy(yzs; D07

+-21-!fdx2 f dzry Us(zzxs; O0° + -+« ,  (14)
and for s = 2,
0'G(2,7; 1) = Uiy O’
+ f dry Us(x,z.zs; On® + <+ . 15)

These expansions are analogous to the activity
expansions in the equilibrium case.

We now want to derive from these expansions,
in terms of D, functions (s 1, 2, ---), an ex-
pansion for the first and second distribution func-
tion in terms of D, functions alone. In order to do
this, we first transform the U functions occurring
in Eqgs. (14) and (15) from time ¢ to time ¢ = 0.
Then we make a statistical assumption about the
D functions at { = 0. This assumption, together
with two others, enables us to express F, and F,
in terms of D, functions. Elimination of the D,
functions between F, and F, will lead ultimately
to an expansion of the pair distribution function
F; at time ¢ in terms of the first distribution function
F, at time ¢.

Transforming then, with Eqgs. (8) and (2), the
U functions occurring in the right-hand side of
Eq. (14) and (15) to ¢ = 0, one obtains

Ulz;; 0 = S(:i(xl}Dl(xl; 0);
Uy(,2,; 1) = S2(z125) Dy(2,7,; 0)
- S(_li(xl)s(:z(ZQ)Dl(xl; O)-Dl(x2; 0);

* E. G. D. Cohen, Physica 28, 1025, 1045, 1060 (1962).
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Us(@,2st3; 1) = SC(@:2525) Ds(2:22%55 0)
- S(—zi(mxxz)sgi(xa)Dz(xxsz; 0)D,(x3; 0)
— S®(,25) S V(@) Dy(m15 5 0) Dy (2 ; 0)
— 8 (@:x5) S Li(x:) Dy(222a; 0) Dy (45 0)
+ 28N (2) S Vi) 8L ()

X Dy(zy; 0)Dy(xo; 0) Dy (z4; 0). (16)
Assuming:
(1) Repulsive intermolecular potential of finite
range o;

(2) At t = 0, the D,(z, -+ z,; 0)’s show & product
property whenever the group of molecules
1 --- s can be divided into two or more groups
such that the distance between at least two of
them is larger than a correlation length of the
order of o;

(3) Distribution functions are considered in a
coarse-grained sense;

then for ¢ >> 7,, (the duration of a collision), one

can replace Eq. (16) by

Uiz:; 8) = S%(z) Difx; 0),
Uo(xia; ) = [S®zixs) — SDy) STix2)]
X Dy(z:; 0)Dy(z,; 0),
Uy, 25735 5 = [SEUximazs) — SE(2:22)S C)(s)
— 8%mxs) SU(xs) — SPUwazs) SN (xy)
+ 28%() 8N (@) 8L i(z)]
X Dy(z,; 0)Di(z,; 0)Dy(zs; 0). @17

Substituting Eq. (17) in Eqs. (14) and (15), and
transforming back again from ¢ = 0 to ¢, one obtains
the following expansions for F; and G, in terms of
D, (h):

nFi(z; ) = Ui(x,; Hn + f dz, Uy(z,20; 07

+ %f dz, f drs Us(tars; O0° + -+,  (18)
n202(x1x2; ) = Uz(xlxz; n?

+ f dzs Uymmezs; O0° + -+, (19)
where
Ui(z:5 ) = Us(z; &) = Du(zy; 1),
Oazize;5 8) = [8:7(x125) — 1]1Dy(2:;8) Di(2;8), (20)
Us(izs2s; B = [8:7 (1az225) — 817 (2122)
- 8 (@1xs) — 87 (za25) + 2]

X Dy(z,; ) Di(x,; ) Dy (zs; B,
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with

55.)(371 ceex,) = S(—‘t)(xl s ) II Sgl)(x-’)~ 21

In order to obtain an expansion of F, in terms
of F,, we convert the D, expansion (19) of G, into
an F, expansion by eliminating D,(z; t) between
Egs. (18) and (19). This elimination procedure cor-
responds to the elimination of the activity z between
the z expansions of the corresponding equations in
equilibrium viz. the 2 expansions of the density n
and the pair correlation function G.(r) = ¢g(r) in
equilibrium which results in a density expansion of
g(r). For the first few terms, this can be done by
solving Eq. (18) for D,(x;; f) in successive approxi-
mation, leading to

Diw; ) = Fula; ) = n [ da,

X [352)(7"1332) — 1F(2; OF (25 8) + ---, (22)
so that for G., one obtains the expansion

n2G2(x1x2; t) = n2[8§2)(x1x2) = 1F.(z,; DF (225 1)

+ n® f dz; [553)(1131?32‘733) - 552)(151132)'552)(331373)

Uo(21225 ) = Vo115 1);
—e o—o

COHEN

— 8P (z1x2) - 87 (xo70) + 8.7 (12)]

X Fy(@; OF (xz; OF (x5 8) + -+ . (23)

Clearly the parameter n is used throughout for
ordering. This implies that in addition to the
assumptions listed above, it is always assumed that
the density is sufficiently low so that the evolution
of the system proceeds in first approximation through
binary collisions!

The general term in the F, expansion of G, can
be obtained in the following way. We see that the
U functions can be written in the form of an operator
U, (x, -+ @ t) operating on a product of D; func-
tions:

20 11 Dia:; 0. @4)

i=1

Uiz, -+ 25 8) = Wz, - -+

We remark that the U operators are related to the
8 operators in the same way as the U functions are
related to the D functions.

We now introduce to the Al operators a new set
of operators, U operators that are related to the
U operators in the same way as the Husimi func-
tions are related to the U functions in the theory
of gases in equilibrium:

(25)

U(2:1 22233 1) = Va(X12223; £) + Va(1e; V(1255 1) + 'Uz(x,xg; DUAx225; £) + Vo125 £)Va(20235 8).

o ] o]
AN do d—o

In (25) we have represented the various U and
U operators by graphs; the U operators by graphs
consisting of lines connecting closed points, the U
operators by graphs consisting of lines connecting
open points. The V-operator expansion can best be
defined in terms of its graphical representation. The
U operators are defined then by writing the U
operators as a sum of products of U operators,
which when the U, operator is represented by I
points, then by econnecting these ! points in all
possible ways by lines, triangles, etc., a connected
graph results.

A difference with the equilibrium case should be
noted in that unlike the Husimi functions, the ©
operators do not commute. Therefore, a standard
order should always be kept in which the U operator

\

o—o0 (- 2.

containing the lowest-labeled molecule precedes those
with higher-labeled molecules. For a discussion of
these U operators, the reader is refered elsewhere.*
Introduction of the U operators with (25) and (24)
into the expansion (18) and (19), leads to an ex-
pansion of F, and G, with U operators, the various
terms of which can be represented by the same
graphs as used in (25). The elimination of the D;
functions between (18) and (19) can now be effected
by restricting oneself in the U expansion of G, to
a subset of all graphs (viz. the 1, 2-irreducible ©
graphs®) and then by replacing the D, functions,
on which the corresponding U operators act, by
F, functions. Then using (10), the following ex-
pansion is obtained for the pair distribution function
in terms of the first distribution function:
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ﬂng(Iﬂz; H = n2G2($x$2; H+ nsz(xx; 3)G1(xz; 5= *n?{'U,(x,xg; H+ 11F (x5 DF (225 8)

A
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b o
+ n® f dz, ['Ua(mxxzxs; t) + 'Uz(xxxz; t)'oz(xzxs; t)]Fl(xl; t)Fx(xz; t)Fl(xs; 1)
X
X
(26)

4
+ g", f dz; f dz, (V4@ 2223245 D) + Vs(ma2as; 1) [‘Uz(x;afi 0 4 Vuzozy; 8))

X=X
x|

\ o~y
X )‘( X

+ Vs(xszata; ¥) [‘Uz(x’ﬁ?; 1) + Vs(azs; ] + Vomizs; t)'Oz(xm;x DV(2324; 1)

N

RI™K

+ 'Uz(xxi’ﬁ’ D223 D0(x374; O} Fi(m1; OF W(&e; OF (s OF(za; 1) + - - .

Here the 1, 2-irreducible graphs are written under-
neath the various terms. The crosses indicate that
they act on F, functions instead of on D, functions.
If one now makes the additional assumption that
the interaction potential is such that repeated col-
lisions between the same particles can be neglected,
if t > «, then the 8{”’ operators can be replaced by
the time-independent 8’ operators:

§z, v z) = lim $7 (@, - 2), @0

t—o
and the U operators occurring in (26) become inde-
pendent of the time ¢ Then the whole time de-
pendence of F, is through F, alone, and F, has
become a functional Fy(z,2, | Fi(; 1)) of F, as far
as time dependence is concerned.

(2)
F (.1,

Using Eqs. (27), (26), (25), (24), and (20), the
following expansion is obtained for the functional
Fy(z,x: | F5(; £)) in powers of the density:

Fo(x,zo [ F) = ém(zzxz l F)
-+ nngl)(xxxz | Fy) + nzpéﬂ(xﬂz , F)y+ ---, (28)

where*

Fém(xxxz ! F) = 5(2)(:2311'2)1”1(:::1; HF (25 1);
Fél)(xlxz f Fl) = fdxs [3(3)(331552-’53)

- 8(2)(x1$2)8(2)(x1x3) - 8(2)(231232)8(2)(132:&3)

+ 8% (2,2)Fi(21; OF (25 DF (a3 ); (29)

! Fy) = Ii}'}fdxa f dz, (5(4)(%152373334) - 8(3)(x1x2x3)[8(2’(x1x4) -+ 8(2)(:!:3.’2:4) -+ 8(2)(.’1132:4) + 2]

- 5(3)(551:52554){5(2)(%33) + 512)(552933) + 8(2)(373%) + 2] - 8(2)(2:1:32){[5(3)(;61233:84) - 5(2)(37@3)5(2)@1554)

5(2)(‘@1173)5(2)(-”3554)] + [5(3)(332553374) - 5(2)(552%)5(2)(3323?4) - 5(2)(3:2563)8(2)(1731:4)] - 8(2)(x,x3)8‘2’(:c1x4)

— 8P (1,25) 8P (2a1,) — 87 (@o20) 8 (wos) — P (2,28 (1375) ~ 8P (2,2) 8 (2520)
— 8P(2,7)8 (mazs) + {28F (ma25) + 28 (xa5) + 28 (1,7) + 28D (22
+ 5(2)(953174)} + 25(2)(-’5112))1?1(5”1; HF (z:; t)Fl(xai HF\(z; 1),

This expansion for F,( | F;) when introduced for
Fy(z:z,; t) into the right-hand side of the first hier-
archy equation for F,(x,; ), leads to the following
equation for F,:
AF (x5 1) + &'apl(%; £

at m dq,

= N f dxg 012[F;0)(x1x2 I Fl)

-+ nFé”(zlxz ’ F]) + nzpéz)(xlxz ] Fl) +-- ] (30)

This equation, with (29), constitutes a generalization
of the Boltzmann equation to general order in the
density, where the contributions of n particle collisions
are giwen by the FJ > (x.xs | F,), which is charac-
terized by all 1,2-irreducible graphs of n points.

III. DISCUSSION

In the preceding section, an expansion (26) for
the pair distribution was derived which ‘can be
established under the following conditions: (a)
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TaBLE I
Equilibrium Nonequilibrium
g t
H‘(Il e xs) 59;(1’1 PP x.)
exp [—BH (x1 *+* z,)] S_e Oz -+ )
exp [—B2,(q - -+ ¢.)] SNz -+ x,)
n nFy(z1; t)

density low enough so that the time development

of the system proceeds in first approximation

through binary collisions; (b) ¢ >> 7o; (¢) infinite
system; (d) statistical assumption at ¢ = 0; (e) some
conditions on the intermolecular potential a.o. re-
pulsive; (f) coarse-grained distribution functions.

We would now like to discuss the relation of the
expansions (26) and (29) with the results obtained
in a different manner by Bogolubov, Uhlenbeck
and Choh' and by Lewis.?

Bogolubov, Uhlenbeck and Choh also obtain an
expansion of the pair distribution as a functional
of the first distribution function from a solution of
the B-B-G-K-Y hierarchy. It can be shown that
their expansion is identical with our expansion (29).
This can be demonstrated explicitly for the first
few terms of the expansions by transforming their
expressions for F{”(zx, | F,), Fi'(xzs | F.),
F® (x\z, | F,) into those presented here. A proof
of the identity of the general terms in the expansions
cannot be given in this way because the general term
in the expansion for F,(z,x, | F,) cannot be written
explicitly. Therefore one must proceed in a different
fashion for which we refer the reader elsewhere.*

Lewis has obtained from the B—B-G-K-Y hier-
archy, a density expansion of the fine-grained
distribution functions F, at time ¢ in terms of their
values at time ¢ = 0.

Under the same conditions as listed above, espe-
cially with condition (d), these expansions, and in
particular those of the first and second distribution
functions, can be expressed in terms of the F,(z,; 0).
Elimination of F,(x,; 0) between the expansions of
Fi(zy; t) and F,(x,2.; £) in terms of F.(z,; 0) leads
again to our expansion (26).

We would like to make a final remark concerning
the close correspondence between the cluster ex-
pansions used in Sec. IT for a gas not in equilibrium

TasLE IT
Equilibrium Nonequilibrium
2t exp [—B%(q ** qs)] n°Dy(z1 " %45 1)
z nDy(xy; t)

E. G. D. COHEN

and those well known from the theory of gases in
equilibrium. In fact, one can write down the basic
nonequilibrium expansion (26) for F, immediately
from the known expansion of the g(r) function in
equilibrium:

n2g(7,12) — e—ﬂ%(qm,)nz

+ qua [e—ﬂ‘i’:(quth) _ e—B[d’.(qm,H@,(qma)l

_ e—ﬂ[@a(quH@.(qm.)} + e—ﬂ%(q;q:)]]na + e (31)
where

‘I’s(lh%%) = ¢(r1z) + ¢(ris) + B(r23), (32a)

and

®:(q:92) = (1), (32b)

if Table I is used.* Similarly the nonequilibrium ex-
pansions (18) and (19) for nF,(z,; t) and n°F,(z,x,; t)
in terms of D, functions, reduce to the activity ex-
pansions for n and n’¢(r) in equilibrium respectively
by using the Table II.

IV. MASTER EQUATION IN SPATIALLY
HOMOGENEOUS CASE

Several attempts have been made’® to derive
and generalize the Boltzmann equation from a
Master equation. The central problem is to derive
a Master equation from the Liouville equation in
a systematic way, taking into account, successively,
the effect of collisions between groups of an increas-
ing number of molecules; binary collisions, ternary
collisions, ete. Brout® has obtained a Master equation
including only the effect of binary collisions, partly
by using the classical analogue of the techniques
which Van Hove employed in a derivation of a
master equation for a quantum mechanical system.’
By using similar cluster expansions as in Sec. II,
one can obtain a generalization of the master equa-
tion derived by Brout, to general order in the
density:

WPy -« py; 1)/0t = QWr(p, -+ pu; B).

Here,

(33)

Wu(p,---pu; 8) = fd‘h "‘fdQNDN(Zl‘“xN;t)

is the over-all, coordinates-integrated N-particle dis-
tribution function. The operator Qy is given by

Qy = (§ 2:(p1p2) + (1223) Q(ppeps) + -+, (39)

5 M. Kac, Lectures in Applied Mathematics 1 (Interscience
Publishers, Inc., New York, 1959), p. 109.

¢ R. Brout, Physica 22, 509 (1956 ).

7 L. Van Hove, Physica 21, 517 (1955).
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where the summations are carried out over all pairs
of molecules (1 2), all triples of molecules (1 2 3),
ete. Furthermore,

Q(p -+ P
d _
= ff I:avz(xl"'xt;t):l dq.- - -dq,/V'™,
oo
(35)
so that
Qz(lhpz) = ‘117 f dq. 9128(—2;(1715”2) (36a)

contains the contribution of binary collisions, and

1
Q:(p.p:ps) = V2 f dq, f dq;

X [(612 + 015 + 020) SEo(@7225)

— 0:28%(x,22) S (21 75)

— S (2,7) 8,38 (15)

— 0,,82) (1,2,) S (wy5)

— SZ(x:122) 02582 (x,5)

— 0,382 (,23) S (w55)

— S8E)(x,15) 0238C0 2275)

+ 0,82 (213s) + 61388 (%12s)

+ 038 (o)) (362)

contains the contributions of triple collisions, ete.

Conditions under which the Eq. (33) can be
established are: (a) density low enough that the
time development of the gas proceeds in first ap-
proximation through binary collisions, (b) ¢ > r,;
(¢) a very large system; (d) a strong assumption
of spatial homogeneity; (¢) some conditions on the
intermolecular potential; (f) coarse-grained distri-
bution function.

By integrating Eq. (33) over all momenta but
one, the generalized Boltzmann equation (30) for
the special case of a spatially homogeneous system
can be obtained if, in addition to the above men-
tioned assumptions, a factorization of all distri-
bution functions into single-particle distribution
functions is assumed.
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A Master equation of the form (33) does not seem
to exist for a spatially inhomogeneous system.

It is interesting to note that the approach sketched
in this section corresponds to a well-known procedure
followed in equilibrium statistical mechanics: the
expansion of the configurational partition function
in powers of the density. Using Table I and the
correspondence of Qy(8) and Wy(p, --- pw; t), one
has, for the equation corresponding to (33), in the
case of equilibrium [one must replace S} by $!*
in (33), and drop t — « in (35)],

9Qx(8)/38 = —En(B)Q~(B), @7
where the thermodynamic energy En(8) can be
written in the form

Ev®) = X E,(12;8) +

(12)

(23) Ey(123;8) + ---,

with
E(12--- 1;B)
d -
=ff [d—ﬂ Vz(ql---qz;B):I dq,- - -dq,/ V'™,
where V,(q, -+ q;) is the Husimi function for [
particles.

It is interesting to note that the close analogy
between equilibrium and nonequilibrium theories
which has been established here on the basis of
cluster expansions, can also be discussed on the
basis of the B-B—G-K-Y hierarchy. One must use
in equilibrium, however, a 8 hierarchy that is derived
from the Bloch equation, instead of the usual equilib-
rium hierarchy derived from the Liouville equation.

This close analogy between equilibrium and non-
equilibrium theories is ultimately attributable to
(1) the analogy between the Bloch equation in
equilibrium and the Liouville equation in non-
equilibrium, and (2) to the fact that at infinite
temperature (8 = 0) in equilibrium and at the initial
instant of time (¢! = 0) in nonequilibrium, the
distribution functions have, in both cases, a product
property’; the physical quantities that characterize
the system in equilibrium as well as the nonequi-
librium system, are the same viz. the range of the
intermolecular forces and the average distance be-
tween the molecules.
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The simple physical assumptions on which the familiar linear fluctuation theory is based do not
carry over to the nonlinear case. In order to treat this case, one has to start from the master equation,
and expand it in reciprocal powers of a suitable parameter (roughly speaking, the size of the system).
The successive powers yield first the phenomenological law, next the linear fluctuation theory, and
subsequently the influence of nonlinearity in successive approximations. The coefficients in the
expansion are connected with each other by relations of the same type as the fluctuation-dissipation
theorem in the linear theory. Whether or not these relations are sufficient to uniquely determine the
coefficients from phenomenological data is not known at present.

1. FORMULATION OF THE PROBLEM

ONSIDER the simple electric circuit' of Fig. 1.
The Ohmic resistance R is in contact with a
heat bath 7. The macroscopic, phenomenological
law for the potential difference V is, of course,

dv/dt = —V/RC. 1)

Since this phenomenological equation is linear, we
shall call this the linear case. Fluctuations are not
taken into account by the phenomenological law; the
symbol V has meaning only if fluctuations are
neglected or averaged out.

In order to describe the fluctuations about this
average behavior, one adds a ‘“random electro-
motive force” «(t),

dv/dt = ~V/RC + «(2). (2)

(Langevin equation). «(f) is due to the thermal
fluctuations in the resistor and is pictured as a
very rapidly and irregularly varying function of
time. Such functions can only be described by their
stochastic properties. For «x(f) one assumes the
properties

«®) =0 and (k) =c ot — #). (3)

Here ( ) denotes the average over a time interval
that is long compared to the fluctuations in «(f)
but short compared to the macroscopic RC time
of the circuit. More conveniently one may think
of it as the average over an ensemble of circuits.
¢ is a constant, independent of ¢ or V. The delta
function is actually a peaked function, whose width
is the auto-correlation time of «(f).

From Egs. (2) and (3) follows immediately for

(@/dt)(V) = —(1/RCXV),
1 First studied in connection with nonlinear fluctuations

by D. K. C. MacDonald, Phil. Mag. 45, 63 (1954). See also
D. Polder, Phil. Mag. 45, 69 (1954) and reference 3.

_—
-

—t

Fia. 1.

-Ij:tEli 0

the average value of V, which is identified with the
phenomenological equation (1). The solution is,
of course,

(V). = (V)e /"€,

One also finds from Egs. (2) and (3), by means of the
usual calculation of Uhlenbeck and Ornstein,”

(V) = (Ve 22 4 LeRC(1 — ¢2*/79),

Since the equilibrium value of (V?) is known to be
kET/C one must have

¢ = 2kT/RC". 4)

The fact that the coefficient ¢ (which only shows up
in the fluctuations) is fully determined by the
macroscopic properties of the system, is the founda-
tion of the Einstein relation for Brownian move-
ment, the Nyquist relation, and the fluctuation-
dissipation theorem (see Sec. III).

Now suppose the linear resistance is replaced by a
device with a nonlinear I — V characteristic. Then
the phenomenological law has the form

av/dt = 1/C)g(V). (5)

*G. E. Uhlenbeck and L. 8. Ornstein, Phys. Rev. 36,
823 (1930). [Selected Papers on Notse and Stochastic Processes,
(legggi] by N. Wax, (Dover Publications, Inc., New York,
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The function g(V) characterizes the properties of
the resistor and will be called the response function.
Suppose one now tries again to take fluctuations
into account by adding a random emf,

av/dt = —(1/C)g(V) + «(), (6)

where «(f) has again the properties (3). One then
finds on averaging

d/diXV) = —(@1/C)g(V)). @)
This can not be identified with Eq. (5), because
(7)) #= g((V)).

One might try to adjust this by using a slightly
different g in (7) than is used in (5), but it is easily
seen that this does not work. For, one derives from
Eq. (7):

@/dtxVy = —(1/C) g V)
+ 3V = (P V) + -,

whach shows that, unless g ts a linear function, the
rate of change of (V) depends not only on (V) itself,
but also on the variance (V) — (V)* and on higher
moments. The physical explanation is that the
fluctuations take V to different points along the
characteristic, each of which corresponds to a
slightly different resistance (Fig. 2).

An analogous situation prevails if one tries to
use the Fokker—Planck equation as a starting point
for the generalization from the linear to the non-
linear case. In the linear case the fluctuations may
also be described by the linear Fokker-Planck
equation

PV, 5 _ 1 9 coP

8  RCIV 29V’
which is mathematically equivalent with the Lange-
vin equation (2) together with Eq. (3). Here P(V, t)
is the probability distribution of V at time . The
correct value, Eq. (4) for ¢ is again found a posteriort,
by demanding that the known equilibrium distri-
bution

P(V) = (2xCkT)™"* exp [—CV?/2kT]

be a solution of Eq. (8).
Once again one finds from Eq. (8) immediately,

®

)

d _ oP ., _ 1

This suggests that one should describe the non-

linear process [Eq. (5)] by a nonlinear Fokker—

Planck equation
PV, ty 8

b L amp+L Limp. ao)
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However, it is again true that from this equation,
follows Eq. (7), which is not identical with (5).
[In fact (10) is mathematically equivalent to Eq.
(6) together with

k@®) =0 and &@Ok(t)) = (V) 8¢t — 1),
and is therefore equally unsatisfactory. Moreover,
if one determines f(V) from the condition that P°°

must be a solution, it becomes too complicated to
be reliable.’]

Summary

In the linear case it was possible to include
fluctuations by a simple and plausible guess con-
cerning the stochastic properties of the random emf.
There is no simple and straightforward manner in
which to make a similar guess for nonlinear systems.

Various guesses have been made by several au-
thors.®* It appeared that the result does depend
on the specific guess made, whereas there was no
theoretical basis for preferring one guess to the other,
nor is there experimental evidence. Consequently
one has to search for a firmer and more fundamental
starting point. This was found to be the well-known
“master equation”. At first it was used to compute
the fluctuations in a number of specific models, but
it now seems possible to give a general method.

Of course, the master equation cannot be mathe-
matically derived from first principles, but this
problem is of quite a different nature than the
problem of finding the correct description of non-
linear fluctuations. In fact, there are models (viz. the
diode’ and the Rayleigh particle® for which the
master equation is clearly obeyed, and yet the

3 D. K. C. MacDonald, Phys. Rev. 108, 540 (1957).

¢ N. G. van Kampen, Phys. Rev. 110, 319 (1958); R. O.
Davies, Physica 24, 1055 (1958); M. Lax, Rev. Mod. Phys.
32, 25 (1960).

8C. T. J. Alkemade, Physica 24, 1029 (1958); N. G.
van Kampen, Physica 26, 585 (1960), and J. Math. Phys.
2, 592 (1961).

$ Lord Rayleigh, Phil. Mag. 32, 424 (1891) [Scientific
Papers 3, Cambridge University Press, New York, 1902)]
473; F. Zernike, 3, Handbuch der Physik, edited by S. Fligge
(Springer-Verlag, Berlin, Germany, 1929) 419; A. Siegel,
J. Math. Phys. 1, 378 (1960).
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treatment of their fluctuations has been the subject
of controversy. This controversy has now been
resolved.

1I. EXPANSION OF THE MASTER EQUATION?
The master equation, from which we start, is

aP(V, 1)

= [ ww vper, g

— WV | VBV, D} dV’.  (11)

Clearly this integro-differential equation for P(V, t)
is a much more elaborate description of the process
than the simple differential equation for V [Eq. (5)].
The first question is: How is it possible for an
equation describing the behavior of the probability
distribution P(V, t) to give rise to a phenomeno-
logical law for V itself? The next question is how to
extract useful information from Eq. (11) concerning
the fluctuations. We shall answer these questions
by giving a sysltematic approximation method for
solving Eq. (11), which ytelds to lowest order, the
phenomenological law (the mext order gives the linear
fluctuation theory), while the higher orders describe
the influence of the nonlinearity on the fluctuations in
successive approximations.

There exists a well-known expansion of the
master equation (11), namely the Kramers—Moyal
expansion®

aP(V 5 _

(52 tacropv, 3,

where the a,(V) are the successive moments of the
magnitude of the jump (‘“‘derivate moments’’)

E( n”

2 (12)

(V) = [V~ vyw | vy ave.

If the jumps are small, ie., if W(V’ | V) decreases
rapidly with increasing |V — V’|, the successive
a,(V) will decrease in size, so that Eq. (12) looks
reasonable as an expansion. Yet it is not a systematic
expansion, because it is not a power series in param-
eter. Our task is, therefore, to find a suitable ex-
pansion parameter.

Consider the electric circuit of Fig. 1. The irregular
motion of the electrons in the resistor gives rise to
random fluctuations of the charge Q on the con-
denser, and hence also of the potential V. The
magnitude of these fluctuations may be estimated
from their known equilibrium values:

7 N. G. van Kampen, Can. J. Phys. 39, 551 (1961).

8 H. A. Kramers, Physica 7, 284 (1940) [Collected Scien-
tific Papers, p. 754 (Amsterdam 1956)); J. E. Moyal, J. Roy.
Stat. Soc. B 11, 150 (1949).
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((AQ)*)* = CkT,  {(AV)*)* = kT/C.

This suggests that if C is large, the probability
distribution P(V, t) is sharply peaked, so that it
is possible to ascribe a pretty well defined unique
value to V. Consequently, it is reasonable to use
1/C as our expansion parameter. The result will
show that this actually leads to a systematic power
series expansion.

A similar parameter can be found in other cases.
One always has an intensive and an extensive
variable, and the ratio between the two is something
like the size of system (in this case, the size of the
condenser). If this size is large, the fluctuations in
the intensive parameters are small. Hence the
reciprocal of this ratio is the appropriate expansion
parameter. In the case of the Rayleigh particle,
the particle velocity is the intensive parameter, its
momentum is the extensive parameter, the ex-
pansion parameter is their ratio, i.e., the reciprocal
of the mass.

Next we have to find how the various quantities
in (11) depend on C. As the individual jumps
in @ will be of the order of an electron charge
e, the jumps in V are of the order ¢/C. Hence
WV’ | V) will fall off rapidly for |V — V'| > ¢/C,
so that one has o, (V) ~ (¢/C)". Accordingly we write

a,(V) = C7"8.(V).

Furthermore, the equilibrium distribution, Eq. (9),
shows that when dealing with equilibrium fluctua-
tions, one has to treat V as a quantity of order C*.
It is therefore convenient to introduce a normalized
variable

z = C"*V. (13)

On the other hand, in nonequilibrium situations,
V consists of a macroscopic value ®, plus fluctua-
tions; accordingly we write

V=2o+C"%. (14)

@ will presently be chosen as a suitable function of
time. Finally, in order to allow for the increase of
the RC time of the system, we increase the time
scale by writing

t = Cr. (15)

This finishes our task of making the dependence
on C explicit.

Inserting all this in the Kramers-Moyal equation,
(12), and collecting the successive powers of C' one
obtains an equation for the probability distribution
P(z, 7) of z, viz.,
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P(z, 7)
ar

+3

m=2

12 % P
-C dr oz

C—' (m=2)/2 m

" 5 (hiiof -2 o

n=1

Here ﬂf,”“"’ (<I>) denotes the (m — m)th derivative of
B.(V) taken at the value V = &.

1t is now possible to study the behavior for large C.
First one must have

d®/dr = —B:(®), 1

which determines ® as a function of time. To show
that this equation has exactly the form that one
would expect for the phenomenological law, it is
sufficient to note that from Eq. (12) follows

@/dt(V) = —(a(V)),

which for negligible fluctuations is identical with
Eq. (17). Thus 6:(V) is to be identified with the
phenomenological response function ¢g(¥V) in (5),

Bi(V) = g(V). (18)

The remaining terms of Eq. (16) describe the
fluctuations of V about the value ®. We shall here
only consider the fluctuations in the equilibrium
state, so that we may take & = 0. The first two
terms of (16) are

P

1/2 oP

—5; = —— [Bl 10"1/2 1”.’.62]1)
+ 12 s+ P
1 58 -1/2 )
— 33 [C8IP + 0C™). (19)
The 8, 8’, B, are the values of the functions 8,(V)

and their derivatives at V = 0. The lowest-order
terms in (19) reproduce the linear Fokker-Planck
equation (8); they constitute the familiar linear
theory of fluctuations. Indeed, 8] is nothing but the
coeflicient of the linear term in the phenomenological
response function, see (18).
The next order takes into account the coefficient
/. which describes the curvature of the I — V
characteristic. However, at the same time the third-
order derivative of P entersinto the equations. Hence
it s inconsistent to use a monlinear Fokker—Planck
equation (10) for describing the equilibrium fluctua-
tions.

Summary

The nonlinear case can be treated by expanding
the master equation in powers of a suitable param-
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eter (in the present case 1/0C). For large C, one
finds first the phenomenological law, then the linear
theory of fluctuations, and subsequently the in-
fluence of nonlinearity in successive orders.

Ii. THE CONNECTION BETWEEN FLUCTUATIONS
AND DISSIPATION

Equation (19) is not of much use if the coefficients
B are not known. The coefficients on the first line,
8, B!, B!, -~ , are the expansion coefficients of
the phenomenological response function g, and may
therefore be determined by macroscopic measure-
ments. But the coefficients, 8,, 85, 8: etc., are not
directly connected with macroscopic experiments.
In principle they might be determined by more
subtle experiments, in which the fluctuations them-
selves are observed and measured. However, it was
first noticed by Einstein (for the case of linear
Brownian movement), and later by Nyquist, that
there must exist a relation between the magnitude
of the fluctuations and the phenomenological law.
The idea is that the equilibrium distribution
results from a balance between fluctuations on the
one hand, which try to move V away from the value
0, and dissipation on the other hand, which tends
to move V towards 0. Because the resulting equilib-
rium distribution is known from ordinary equilib-
rium statistical mechanics, this provides a relation
between fluctuations and dissipation. Nowadays,
this is referred to as the fluctuation—dissipation
theorem. Similarly, it appears that in our non-
linear case, there exist relations between the 8’s,
such that at least many of them can be computed
once the 8!, g7, B’’, - -+ are known. As these rela-
tions again connect the properties of the fluctuations
with the funetion 8,(V) = ¢(V), which determines
the macroscopic dissipation, they constitute the
proper generalization of the fluctuation—dissipation
theorem of the linear theory.

In order to derive relations of this type between
the 8’s we note that

P*(x) = (2rkT)™* exp [—x*/2kT]

must be a solution of Eq. (19), for any value of C.
Thus one has

(d/dz)[—Blz exp (—2°/2kT)
+ 3B.(d/dx) exp (—2°/2kT)] = 0,

which yields
:32 = 2kT( B)

This is the familiar relation (4) of the linear theory.
[Indeed, on comparing (19) with (8), and taking
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into account (13) and (15), one finds —8, = 1/R
and 8, = C.

For the nonlinear terms in (19), i.e., the terms of
order C}, one finds in this way two relations:

B; + 3kTB; + 6(kT)°8!" = 0, (20)

and
Bs + 3kTB: = 0. 1)

These two relations do not determine 8, and 85, but
they assert that the phenomenological coefficient
!’ = 0, which certainly cannot be universally true.
The answer to this paradox is that there is an addi-
tional complication, which I have not mentioned so
far. It has been tacitly assumed that the «,(V) are
not merely of order C™", but actually proportional to
C™", so that the B8,(V) are independent of C. This
is only correct in simple cases.
In general one must expect B8,(V) to contain
higher orders as well;

BulV) = Bao(V) + €78, (V) + CT7B,(V) + -+ - .

In particular 8,(V) may be of this form. Hence it
can no longer be identified with the phenomeno-
logical function ¢(V), since we arrived at this
identification by taking C = o. Rather, one has
now instead of (18),

g(V) = Bi.o(V).

The next term, involving 8, ,,, turns up in (19), with
the result that (21) changes to

Bs.o + 3kTBS.o + 6(KT)*B1 0 + 6kTB,, = 0.

The only effect of this equation is now to determine,
together with (20), the new coefficient 8, ;:

By = _kTﬂffo-

The consequences of this complication are serious.
The terms of order C™* in the equation for P(z, t)
now involve three unknown coefficients Bi,o, 5.0,
B:.1, whereas substitution of P**(x) leads to only
two relations. It is therefore no longer possible to
determine all three of them from the known phe-
nomenological coefficients. On the other hand we
can replace the condition that P°® must satisfy
the master equation, by a stronger one. This stronger
condition is the principle of microscopic reversibility

N. G. VAN KAMPEN

or detailed balance, which states that W(V | V")
must have the symmetry property

WV | VOP(V') = W(V’' | V)P(V).

[This formulation only applies to the case that V
is an even variable and that the Hamiltonian is
invariant for time reversal.] It has been shown for
a rather general model, suggested by D. K. C.
MacDonald, that with the aid of this principle it
is possible to determine all three coefficients from
the phenomenological law.® It is somewhat doubtful,
however, if this still remains true in higher ap-
proximations.

Summary

In linear approximation, the fluctuations are fully
determined by the phenomenological law. Whether
or not this is still true for the general nonlinear case
has not yet been decided. The study of a model,
however, shows that the principle of microscopic
reversibility permits one to determine many, if not
all coefficients in the equation governing the fluctua-
tions.

In the linear case it is easy to compute from
Eq. (8), the auto-correlation function of V and
hence the spectral density of the equilibrium fluctua-
tions. As ¢ is given by Eq. (4), the resulting expres-
sion depends only on the specific properties of the
resistor through the phenomenological coefficient R.
This is the Nyquist relation or fluctuation—dissipa-
tion theorem. It has been asserted by Bernard and
Callen® that the spectral density is not affected
by the non-linearity. However, the exact treatment
of the model of the diode® shows that their result
cannot be correct. In other words, the specific
formula of the fluctuation—dissipation theorem is con-
fined to the linear approxzimation, but the general idea
that there is a connection between fluctuations and
dissipation remains true in the nonlinear case. It has
not yet been decided whether or not this connection
1s sufficient to determine completely the noise
spectrum from the phenomenological dissipation law.

¥ D. K. C. MacDonald, N. G. van Kampen and C. T, J.
Alkemade, Proc. Roy. Soc. (London) A271, 449 (1963).
(191;0\)7\7. Bernard and H. B. Callen, Phys. Rev. 118, 1466
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The theory of the condensate of a weakly interacting Bose gas is developed. The condensate is
described by a wavefunction ¥(x, ¢) normalized to the number of particles. It obeys a nonlinear
self-consistent field equation. The solution in the presence of a rigid wall with the boundary condition
of vanishing wavefunction involves a de Broglie length. This length depends on the mean potential
energy per particle. The self-consistent field term keeps the density uniform except in localized
spatial regions. In the hydrodynamical version, a key role is played by the quantum potential.
A theory of quantized vortices and of general potential flows follows immediately. In contrast to
classical hydrodynamics, the cores of vortices are completely determined by the de Broglie length
and all energies are finite. Nonstationary disturbances of the condensate correspond to phonons,
rotons, vortex waves ete. They can exchange momentum with rigid boundaries. This is compatible
with the vanishing of the wavefunction at a boundary. This condition fully determines the dynamics
of the system. These points are illustrated by considering the motion of a foreign ion in a Bose gas,
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a rotating container of fluid, and the Landau criterion for superfluidity.

1. INTRODUCTION

SUGGESTION by Onsager, ‘‘Vortices in a

superfluid are presumably quantized; the quan-
tum of circulation is h/m, where m is the mass of
a single molecule” occurs as a footnote to a paper'
dealing with classical vortex theory and with the
theory of turbulence. In the literature, mention is
also made of an unpublished remark by Onsager
at a conference held at Shelter Island the previous
year. In view of the tremendous significance of the
idea in the subsequent experimental research on
liquid helium, we have here almost a record for
the ratio of significance of a contribution to its
length.” The notion of quantized vortices was later
proposed independently by Feynman,® who pointed
out in detail its importance in bringing order into the
wealth of experimental data on the flow properties
of liquid helium. The experiments of Hall, Vinen,
Andronikashvili, and others to hunt down vortex
lines and to observe their behavior, represents a
brilliant chapter in recent experimental physics.

* Work supported in part by the U. 8. Air Force-Office
of Scientific Research.

1 L. Onsager, Nuovo Cimento Suppl. 6, 2, 249 (1949).

2 B. Montroll and L. Onsager pointed out to me that a
more detailed development of the idea was given in response
to questions, and is given in the report of the discussion
following the paper of Gorter at the same conference.

3 R. P. Feynman, Progress in Low Temperature Physics,
(North-Holland Publishing Company, Inc., Amsterdam,
1955), Vol. I, Chap. II; Physica Suppl. 24, 18 (1958).

+W. F. Vinen, “Vortex Lines in Liquid Helium II,”
in Progress in Low Temperature Physics, edited by C. J.
Gorter, (North Holland Publishing Company, Amsterdam,
1961), Vol. III, p. 1; E. L. Andronikashvili, et al., Soviet
Physics—Usp., July, 1961; K. R. Atkins, Liquid Helium (Cam-
bridge University Press, Cambridge, England, 1961); C. T.
Lane, Superfluid Physics (McGraw-Hill Book Company, Inc.,
New York, 1962).

It is a very difficult task, and far from complete
at present, to give a reasonably unified treatment
of the properties of actual liquid helium from first
principles. On the other hand one can make con-
siderably more progress with the theory of a system
of weakly interacting Bose particles or of a dilute
gas of hard spheres. These systems have been studied
intensively in recent years. In the present paper, we
outline the picture that has emerged by sketching
the derivations for the model of a weakly interacting
gas of bosons.

Our starting point is the considerations of London,®
who called attention to the relevance to the helium
problem of the Einstein consideration of an ideal
Bose gas: The ideal Bose gas shows a condensation
as the temperature is lowered. Below a temperature
T, = 2.18°K, (for particles of helium mass), there
is a finite fraction of all the particles in a single
quantum state. The fraction is (1 — T/T.)}, and
at absolute zero all particles are in the same state.
For a system enclosed in a volume 2 with periodic
boundary conditions, this is the one-particle state
(1/9% ie., a plane wave of wave vector zero. One
can then speak of a long-range momentum ordering.
Now as one lowers the temperature, liquid helium
exhibits the transitions gas—ordinary liquid-super-
fluid. London conjectured that the second transition
was like the ideal Bose gas transition. He was en-
couraged to pursue the gas analogy because the
“ordinary”’ liquid helium I has an unusually large
interatomic spacing as a consequence of the large

5 F. London, Superfluids, (John Wiley &
New York, 1954), Vol. 2. ¢ ey & Sons, Inc,
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zero-point energy and weak interatomic forces, and
because it exhibits a gas-like temperature dependence
of its viscosity.

These considerations are well known. London’s
associated idea that in liquid helium we have a
fascinating example of a system in which quantum
phenomena are manifested on a macroscopic scale,
has been taken far less seriously. The genesis of the
idea is that the state into which condensation takes
place in an ideal gas depends on the boundary con-
ditions; whether one has rigid walls, a cylindrical or
irregularly shaped container, ete. By manipulating
the boundary externally we can adiabatically
change the quantum state. Actually, this idea needs
a certain refinement when interparticle forces are
considered. However, in giving precision to the
London idea, one is led to consider spatially in-
homogeneous condensates (or single-particle states),
and almost immediately to a theory of quantized
vortices. The central importance of spatially inhomo-
geneous condensates is illuminated by the study of
problems such as the rotation of a Bose gas or the
motion of a foreign ion in a system of bosons.

These ideas played an essential role in the two-
fluid hydrodynamics of Tisza,® where the condensate
appears as a zero-entropy component. The striking
prediction of second sound as a coupled oscillation
of super and normal fluids, the explanation of the
fountain and thermomechanical affects by this
formulation gave clear guidance to attempts to
provide microscopic explanations of the properties
of helium. Landau’s introduction of phonons’ cor-
rected the chief inadequacy of the London—Tisza
approach. His discussion of the criterion for super-
fluidity in terms of the quasiparticle spectra of a
system, removed the mystery of how superfluidity
was to be understood on a microscopic basis.

The work of Bogolyubov® on the theory of a
weakly interacting Bose gas which was insufficiently
appreciated when it first appeared, was an important
step in harmonizing the correct elements of the
preceding theories. The superfluid condensate idea
plays an essential part in his mathematical formula-
tion of the many-boson problem in the quantized
wave formalism. The condensate is described by
giving special consideration to one basis function
in the expansion of a quantized field operator in
a complete orthonormal set, or alternatively by
splitting off a c-number part of the quantized field.

¢ L. Tisza, Nature (London), 141, 913 (1938).
7 L. D. Landau, J. Phys. (U. 8. S. R.) 5, 71 (1941).
8 N. Bogolyubov, J. Phys. (U. S. 8. R.) 11, 23 (1947).
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The quasiparticle transformation that yields the
phonon-roton spectrum is a linear transformation
of creation and annihilation operators. This formal-
ism lends itself admirably to generalization to the
case of spatially inhomogeneous condensates. The
key question is what to choose for the condensate
wavefunction. After this has been decided, the
machinery of Bogolyubov can be brought into action.
Here we attack this problem for a system of
weakly interacting particles by starting with the
self-consistent field approximation to determine the
condensate wavefunction. This formulation provides
one precise mathematical theory that embodies the
London idea. It removes the unphysical behavior
of the ideal Bose gas. It should be emphasized that
the results do not contradict the point of view of
Landau, Onsager, Feynman, Hall, and Vinen, con-
cerning the behavior of liquid helium. Indeed no
really new ideas are involved. What we have is a
simple model which permits a unified, deductive
approach to the enormous range of phenomena dis-
played by a quantum fluid. The conjectures ad-
vanced in the case of helium can be examined ex-
plicitly and the analysis pushed to consider more
complex modes of motion. We have a model of a
fluid which from the mathematical point of view
is more satisfactory than that of classical fluid dy-
namies. It is suitable for the study of large-amplitude
disturbances, boundary layer phenomena, and turbu-
lence theory. One of the purposes of the present
exposition is to bring this model to the attention of
mathematical physicists. The model also serves to
bring to the fore, the important but inadequately
studied question of the relations between the classical
and quantum treatments of a nonlinear wave theory.
A number of almost trivial observations play an
important role. They are all connected with the
adequacy of the usual quantum mechanical bound-
ary condition on a wavefunction ¥(x,, --- xy, 1)
to yield a theory of superfluids. Here these conditions
are applied to a wavefunction y¥(x, ) obeying a
Hartree equation. One point is the key role played
by a de Broglie wavelength which determines the
“healing”” of the wavefunction and the size of
vortex cores. A second point is that a nonstationary
disturbance of the condensate can exchange mo-
mentum with a boundary in spite of the condition
¥ = 0 at the boundary. This is identical with the
behavior of wave packets in elementary quantum
mechanics. All disturbances are motions of the
condensate. Failure to fully appreciate these points
has prevented wider understanding of the present
conception of the nature of superfluidity.
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II. THE SELF-CONSISTENT FIELD APPROXIMATION

We begin with the remark that the noninteracting
Bose gas is an overidealized system that leads to
highly nonphysical situations. If such a system is
in a box of length L with rigid walls so that the
boundary condition is that the wavefunction van-
ishes at the walls, the lowest energy state is (in one
dimension)

ud 7T,
can ) = ] (sin —f)

i=1

zN/Z [ E_'é]
X(L) xp| =t b

B (x\
E":NEM(Z)'

‘I”(xl; *

2.1)

This solution, in which all the particles are “con-
densed” in a single-particle state, (2/L)! sin (xz/L),
possesses the absurd feature of exhibiting an enor-
mous density near the center of a macroscopic
container. It is clear that virtually any kind of
interparticle repulsions would result in a ground
state of uniform density everywhere except near the
walls. The ideal Bose gas is oversensitive to boundary
conditions.

A model which treats interparticle forces is there-
fore needed. We take as the one most amenable to
analysis, the case of particles interacting by weak,
repulsive two-body forces. Our approach will be
based on taking self-consistent field theory as the
first approximation. To be on the safe side we sup-
pose the range of the force to be several times the
average interparticle spacing, so that the rapidly
fluctuating forces on a particle are less important
than the smoothly varying average force. Under
these conditions one has confidence in starting the
analysis with the Hartree approximation. We write

N
VX, - Xy, O R H g(x;, 8
o 2.2
f lgx, ) &’z = 1,

where g is a normalized single-particle state. If
g(x, ) is separable,

g(x, 1) = g(x) exp [—iE¢/R],

it is a candidate for an approximate stationary state
of the many-body Hamiltonian

2

X g
Zm‘i‘%;v(xi_xi)'

$=1

H = (2.3)
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It is more convenient to introduce the function
Yy = (Mg with [ [y* & = N so that |Y(x, &)*
is the density of a fluid. In terms of ¢(x, £) the time-
dependent self-consistent field equation is

T
oy = o VY

+ 9@ [ WOF Va -y dy, @9

[ 1, o @z = .

The energy of a stationary state is
5 3
=5 f V¢ V¢ dz

+5 [ W@ Ve -y NoP Py @)

The complex function y(x, ¢) will be seen to govern
the behavior of the superfluid condensate of a weakly
interacting Bose gas.” In general the analysis is
considerably simpler if we replace V(x — y) by
V- 6(x — y). This does not alter the general nature
of the results for a phenomenon whose characteristic
length is larger than the range of the force. We will
often work with the simpler equation

h@Y/3l) = (=F/2M)V + Vy [YI°.  (2.6)

We now proceed to examine some special solutions
of this equation appropriate to the description of
stationary states of the many-body problem. (The
solutions for the case of rigid walls were given by
Ginsburg and Pitaevski'® and also by Wu."* The
vortex solution is also presented by Ginsburg and
Pitaevski who point out that the same equation
occurs in the phenomenological theory of super-
conductivity.'” Vortex solutions in that theory were
found by Abrikosov.” The work embodying the

present physical application is presented by Pitaev-
ski'* and Gross.”

 E. P. Gross, Ann. Phys. 4, 57 (1958); 9, 292 (1960).

'V, L. Ginsburg and L. P. Pitaevski, J. Exptl. Theoret.
Phys. (U. 8. S. R.) 7, 858 (1958) [translation: Soviet Phys.—
JETP 34, 1240 (1958)};

LT, T. Wu, J. Math. Phys. 2, 105 (1961).

2V, L. Ginzburg and L. D. Landau, Soviet Phys.—JETP
20, 1064 (1950).

13 A. A. Abrikosov, Soviet Phys.—JETP 5, 1174 {11957).

14 L. P. Pitaevski, J. Exptl. Theoret. Phys. (U.S.S8.R.)
13, 4?11 (1961); [translation: Soviet Phys—JETP 40, 646
(1961)].

18 E. P. Gross, Nuovo Cimento 20, 454 (1961).
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Ground State for a Periodicity Box of Volume Q

The solution is:
¥ = (N/Q)! exp [—iEt/R),

IO =D [y ay=Fav. @)

The density p, = N/Q is constant and the energy
per particle is the average potential energy.

Ground State of a System with Rigid Walls

The solution, ¥ = (po)! tanh (2/a) exp [—iEt/k]
with E = Vpo, @ = h/(2ME)}, represents a semi-
infinite system bounded by a rigid wall at z = 0.
The density rises from zero at x = 0 to its uniform
value in a distance of the order of the de Broglie
wavelength a.

The occurrence of this “healing length” is a
general feature of Eq. (2.6). Since it is central to
the construction of vortices in the condensate, we
present an elementary discussion of how it appears.
The basic equation may be written as

(B =V Yl = (=1/2M)V*y.

The constant E is fixed as V times the asymptotic
uniform density p,. Near a boundary, where one
requires that ¢ — 0, the term V |[¢|*-y is negligible
and ¢ obeys the free-particle Schrodinger equation.
Thus ¢ ~ sin (x[(2ME)*/ h]), where E has already
been fixed. The two asymptotic solutions match
near the first maximum of the sine function. This
explains the occurrence of this de Broglie length.

It is easy to find the exact solution in terms of
elliptic functions for a one-dimensional system con-
fined between rigid walls.®*! There is healing be-
havior at both walls. If we have the condition that
there are N particles in a region of length L, then
the density in the uniform region differs from

= N/L by a term of order 1/L. The same is
true of E. The physical interpretation is clear. The
deficiency of particles in a healing layer (or order ap,)
requires a slight excess spread over the entire con-
tainer. On the other hand, if the distance between
the walls is comparable to the healing length, the
behavior is quite different. The solution has been
used to describe the limitations on superfluidity in
thin helium films.

Vortex Line Solutions
We look next for cylindrically symmetric solutions
lﬁ(T, v, 2, t) = f(r)e"‘" exp [—'LEut/h], (28)

where y is an integer and
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f f)|® 2xr drdz = N.

The equation allows the separation of variables,
and it only remains to prove that there are suitable
solutions of the radial equation for f(r). Before doing
this let us discuss the physical interpretation of the
wavefunction. We note that |f|* is the particle-
number density. The angular momentum is Nhu.
The expectation value of the current density at x is

i@ = —f ' AID) 2 {p:.o(x; — %

+ ix; — ©p:i¥dr  (2.9)

B -
=2—if(¢V¢-¢V¢)dx.

We will define the velocity at a point in the fluid
as the ratio of two expectation values, the current
density and number density. We have then

b (plav 1o )
vy 2Mi T Mr

7 O r oy

This is the characteristic velocity pattern of a line
vortex. The definition of an average-velocity field
that has been chosen satisfies the correspondence
principle. We have avoided attempting to introduce
a quantum mechanical velocity operator,'® as it is
not essential. With the velocity equal to hu/ur,
the vorticity is

- (2.10)

v, =

w, = (curl v), = = % (r,) =0 (2.1
The vorticity is zero everywhere, except possibly
on the singular line r = 0. This is quite similar to
the classical theory of ideal incompressible fluids,
where one speaks of an irrotational fluid as long as
there is no volume vorticity, but only singular lines
with a circulation about the lines. Here the circula-
tion is

I‘=fv,(rdu) =JI:—4#¢O,

(2.12)
and is quantized in units of h/M, as suggested in the
quotation from Onsager that introduces this article.

We must still see if the radial equation can be
satisfied. The function f(r) satisfies

3 [1 d < d_> -
oM |Lr ar \" ar
The presence of the centrifugal force term means
that f(r) must tend to zero as r — 0 if there is to be

E.f() = %]H VI 2.13)

16 F. London, Rev. Mod. Phys. 17, 310 (1945).
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a finite energy in a given container. However, if
we require f(r) — 0 as r — 0, we are led back to the
“healing length” argument. For very small 7 the
term Vf |f|* can be neglected and the solution is

) > ALI@ME, /)] as r—0. (214
But E, is again given by E, = Vp, and
fr) = pb as r— . (2.15)

A first approximation to the solution can be ob-
tained by matching the logarithmic derivatives of
the limiting forms. This occurs at a distance r = a
given by the zeros of (dj,/dr)[(2ME,/k)¥] = 0.
The result is a “core’ size of the order of the healing
length. Qutside the core, the density is essentially
constant as is the case for a vortex in a classical
incompressible fluid.

The most important difference between the quan-
tum and classical vortex theories, (apart from the
quantization of circulation), is that the structure
of the quantum vortex is fully determined. In the
present Hartree theory, we have a nonclassical
de Broglie length. This means that the energy of a
line is finite. To find the energy per unit length of
a simple vortex, we insert the solution f(r) into
Eq. (2.5). One finds for the delta~function potential

(1.46R)
In (———}.
a

This result was obtained' by numerical integration
of the differential equation. It has the same de-
pendence on the outer radius R as does a classical
line vortex. In addition to the linear dependence
of energy on superfluid density, there is a weak
dependence in the logarithm because of the presence
of a. The fact that the energy is proportional to the
length of vortex line implies a tension when the
length is increased and gives rise to the existence
of vortex waves. Quantized vortices with u > 1 are
highly unstable.

energy K

_r 2.16
length  2M g (2.16)

Hydrodynamic Form for the Self-Consistent Field *®

The elementary argument involving the healing
length is extremely general. We immediately con-
jecture that any steady hydrodynamic pattern of
a classical ideal fluid should be considered as a
possible approximate stationary state of the many-
body system. Let us write the complex field function
¥ in a hydrodynamic form by introducing the density
R? and the velocity potential S:

¥ = R(x, 1) exp [+S(x, §)/4]. 2.17)
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We equate real and imaginary parts of the field
equations. This yields the continuity equation

(8/90)R* = —V-[R*(VS/M)], (2.18)
and the Bernoulli equation
88 S)*
Tl (Zﬂl) + =(x). (2.19
Here the pressure r(z) is
» V'R

+ [ Vo~ RO @y, 220

"™ = oM R
and contains the well-known and peculiar quantum
pressure term (—A’/2M) (V’°R/R). Taking the
gradient of the Bernoulli equation one finds

v/t + (v-V)v = V. (2.21)

To see the usefulness of the hydrodynamic form, let
us glance back at the simple line vortex solution.
In the Bernoulli equation, the term (V8)°/2M is
(R°u*/2M)(1/r") and tends to infinity as r — 0.
On the other hand, R is the same as the function
f(r) and satisfies

_EVR_ Ry

2M R~ 2M

The second term tends to zero as r — 0, and we see

that quantum pressure term cancels (V.S8)*/2M as

r — 0. This is simply the hydrodynamic version of

the healing length argument. On the other hand the
continuity equation is

V-(R*VS) = R*V*S + V8-VR® = 0.

For the line vortex, V(R®) has only a radial com-
ponent, which VS has only an azimuthal com-
ponent, so that the two vectors are orthogonal.
The velocity potential then satisfies Laplace’s equa-
tion VS = 0. For the elementary line vortex, the
solution of the hydrodynamical equations divides
neatly into two parts—the solution of Laplace’s
equation and then the solution for R(r). In the
general case the self-consistent field term guarantees
that the density R* will be constant everywhere
except in concentrated spatial regions. Thus by
starting with a general solution of Laplace’s equa-
tion, we fail to satisfy the continuity equation (and
the Bernoulli equation) only within a healing length
of the lines or surfaces of singularity. On the other
hand, in the immediate vicinity of the line or surface
of singularity, the self-consistent field term is
negligible and we can use the free-particle Schré-
dinger equation with the condition that the wave-
function vanish on the singular line. For a station-

+ (E, — VR)R.
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ary state we must then satisfy the equation
—(#*/2M)(V’R) + R[(VS)’/2M] = ER,

for fixed E as one approaches the singular region.
This fixes the way in which the density R* approaches
zero. While we will not try to supply an existence
proof, it seems reasonable that one can develop a
solution by iteration. A value of R with the correct
limiting behavior is used in the continuity equation
to find an improved S(x) etc.

III. MOTION OF AN ION IN A BOSON SYSTEM®7.%

The problem of the self-energy and effective mass
of foreign ion moving through the system of bosons
is a striking example of the response of the con-
densate wavefunction to a disturbance. We will
take as the interaction energy between an ion and
a Bose particle

Ur) =
= — 3/

Here a is a hard-core radius and « is the polariza-
bility of a boson. The Hamiltonian is

r<a, 3.1)

r>a.

> Ul — 9

i=1

H=7p"/2%u+ Z ®i/2M) +
+ % Z V(x: — x,).

i#7

(3.2)

Here g, q, p are the ion mass, coordinate and mo-
mentum respectively.

Consideration of this problem is inspired by the
behavior of positive He* ions in liquid helium.™®
The effective mass seems to be larger than twenty
He* masses. This is presumably a consequence of
the relatively long-range polarization force, since
the effective mass of neutral He® atoms is the order
of two to three He' masses.'” We will not discuss
the case of liquid helium,*® but again consider the
weakly interacting Bose system. The foreign ion
induces the distortion of the superfluid state, and
there is a finite fraction of atoms in a spatially
inhomogeneous state. However, now the inhomo-
geneity is only relative to the ion, since the actual
state should be translationally invariant.

Consider first the lowest state of the system, for
which the total momentum p + Y, p; has eigenvalue
zero. A crude approximation is given by the wave-
function

17 B, P. Gross, Ann. Phys. (to be published).
18 3, Careri, Progr. Low Temp. Phys. 3, 58 (1961).
12 R. P. Feynman, Phys. Rev. 94, 262 (1954).
20 K. R. Atkins, Phys. Rev. 116, 1339 (1959).
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=gl —-a, [Urds=1, @3

where f is real. We use this trial function to calculate
the expectation value of the Hamiltonian. Variation
of the form of f(r) leads to the self-consistent field
equation

2+ Yot + vy + 9@

x [ Va - pwe) dy = B, 69
where we have introduced y(r) = N*(r). The func-
tion p(r) = ¢*(r) is the probability distribution of
an atom relative to the ion. We have then an equa-
tion for a particle of mass 1/m* = 1/M + 1/u
moving in the potential U(r). The effect of the other
bosons is accounted for by the self-consistent field
term. As in our earlier considerations, we require
Y(r) — pt; this fixes E, as

B, = o f V) &y.

The function ¢ is zero at the core »r = a. It rises more
steeply than in the “healing” calculation since the
curvature is now determined by E, — U(r) and in
the situation of interest |U(r = a)| > E,. In the
intermediate region, ¥(r) is determined by the inter-
play of three terms in the energy functional. There
is first the kinetic energy density

w3 o

which must be kept as small as possible, and so
acts to prevent rapid changes of ¥ over extensive
regions. Second, there is the interaction energy
density U(r)y’, entering with a negative sign, and
so favoring as high a density as possible in the
region where the polarization potential is appreciable.
Finally there is the boson-boson energy density
which is a quadratic functional in the particle
density—with the delta function interaction it is
1Vo®. Even with the total neglect of the kinetic
energy contribution the boson~boson term holds the
polarization term in check. Minimizing the energy
with just these two terms leads to

V& [E — UMV = po — UG)/V.

We define a distance b by [U(b)| = E,; the nature
of the solution is critically determined by the ratio
of b to the core size a. If b/a >> 1 there is an extended
spatial region where |U(r)|] > E, and where the
density ~1/7*. In that case one expects the particle
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density to rise from zero at r = a to a large value
in a distance small compared to b, to turn over and
to fall off as does 1/r*, until near b it approaches p,.

To treat the case of a moving ion we look for
states of the form

YO = g exp (k-9 [ hxi — @

X exp [is(x: — qQ)/A], (3.5)

where f, and s; are real functions. ¥(k) is an eigen-
function of the total momentum with eigenvalue
ik. s,(y) represents the velocity potential of the
flow of atoms relative to the ion. It is to be deter-
mined, together with f,, by functional variation of
the expectation value of the energy. For slowly
moving ions f, can be taken as the function f(x)
discussed earlier. Then s(x) obeys the continuity
equation

(Hl + —};)V(pVS) - % (k + f sVp d“‘x)Vp- (3.6)

The problem is to solve for s(x) with a density p(r)
determined by the polarization potential. By in-
serting the solution in the energy functional we find
the effective mass from

&k) = 8k = 0) + Hk*/2mec,. (3.7)

The solution for the flow has the following features.
It is quite different from the usual dipolar pattern
for a rigid sphere moving through an incompressible
fluid. Just ahead of the ion, the flow velocity is
equal to, and in the direction of, the ion velocity,
and falls off as one moves out. However, far in front
of the ion there is a reversed dipolar flow. Because
of the attractive polarization force between the ion
and an atom, the atoms move toward the ion. At
an intermediate distance from the moving ion there
is a point of zero radial velocity along the direction
of motion. The effective mass is given roughly by
Mest M b

PR 1+ M+ vpa
It is thus larger than the total number of atoms
contained in a volume b’ at normal density. It
follows that high effective masses are understandable
in a simple way in the “manipulable condensate’
approach.

(4rb’p,). 3.8)

IV. MOVING BOUNDARIES

Boundary Condition

There has been some confusion concerning the
boundary conditions associated with the superfluid.
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However, if one adopts the London point of view
that the condensate is described by a single wave-
function, there appears to be no room for am-
biguity. As long as the wall can be treated as having
no dynamically active degrees of freedom, it must
be considered as an external time-dependent po-
tential. Indeed, in the self-consistent field approxi-
mation, the system is described by a single-particle
wavefunction ¢(x, ). As regards the boundary
conditions, the situation is no different from that
presented by the elementary quantum mechanics
of a particle in a time-dependent potential. If there
is no reference system in which the external poten-
tial is static, there are simply no stationary states.
On the other hand, if there is such a reference frame,
and if the walls can be idealized as infinitely high
potential barriers, the boundary condition is ¢ = 0
at the boundaries in the selected frame. With the
hydrodynamic representation ¢y = R exp [1S/A],
the condition is that the density R® is zero at the
boundary. There are no conditions on the velocity
potential, i.e. on the tangential or normal com-
ponents of the velocity, as would be the case in
ordinary hydrodynamics. That the ¢ = 0 boundary
condition fully determines the motion, follows by
analogy with elementary quantum mechanics, since
the nonlinear term V¢ |¢|* plays no essential role
in this type of question. In some cases the infinite
potential assumption is inadequate and one may
have to include the Van der Waals attraction be- .
tween the atoms of the system and the walls.”

Rotating Circular Cylinder

As an example, we examine a Bose gas at absolute
zero in a perfect circular cylinder (of radius b)
rotating with angular velocity . There are then
stationary states in the rotating frame given by the
eigenstates of the Hamiltonian H — wJ,. For a
many-body wavefunction ¥ in the rotating frame,
we are presented with the problem

5f\I/§{H—sz}\IfR dr=0, f\mzx dr=1. 4.1)

We are to find the eigenfunctions and eigenvalues
and to label them in order of increasing eigenvalues
Ez. In the stationary frame, each such eigenfunction
corresponds to a wavefunction

Y, = ¢ ““""WUg(ry, 1,2, -+ *) exp [—iExt/h]
-++) exp [—iEgpt/h).

(4.2
= ‘I’R(Tl, v, — wt, 21,
2 G, G. Kuper, Proc. Intern. Conf. Low Temp. Phys.

7th, Toronto, Ont., edited by Graham and Hallett (University
of Toronto Press, Toronto, Canada, 1961), p. 516.
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The expectation value of the energy in the stationary
system is Ep + wd, where J, is the expectation
value of the angular momentum. In the Hartree
approximation the problem is to find the solutions of

e ) .9
Epyr = —;W Vide + Vi i‘l’n| - w(_lh 5)%

f We|°d’z =N, ¢er =0 =0. (4.3
We remark that to obtain the stationary states does
‘not directly answer the question of what will happen
to such a system when the container is actually
set rotating. We return to this consideration shortly.

One solution of Eq. (4.3) is ¢z = (N/Q)} exp
[—<Egt/h]. This is true everywhere except in a
healing layer near the boundary » = b. We will
not try to write the exact solution that includes
the boundary effect. The important point is that ¢,
is independent of » and also of w. The wavefunction
in the stationary system is then the same as ¢».
Since ¥ is real, the velocity potential is zero and
this can be interpreted as saying that the super-
fluid is at rest.

On the other hand, we can refer to the problem
of the ideal Bose gas (without the self-consistent
field term, i.e., V = 0) for guidance. This has been
studied carefully by Blatt and Butler.* The solution
corresponding to that of the previous paragraph has
all the particles in a zero angular-momentum state.
The radial function has no modes but the boundary
condition at r = b forces the large unphysical density
variation characteristic of the ideal Bose gas. On
the other hand we do get an important clue from
the ideal gas. When w reaches a value 4.45 h/Mb*
(a very small angular velocity), the lowest eigen-
value of H — wJ, is a state in which each particle
has unit angular momentum for which the density
vanishes along the axis of the container. But with
the self-consistent field, this corresponds to a single
vortex about the axis of the container. This is indeed
a solution of Eq. (4.3), except in the healing layer
near the wall. It corresponds to a value of Ej,

E, = (B*/2M)p In (b/a) + Vp — hr. (4.4)

Thus if w > (B/2M) p In (b/a), the value of Ej is
lower than for the state where the superfluid is at
rest. One can look at the vortex state in the labo-
ratory frame. It corresponds to a stationary state
of angular momentum N7 and energy Er + hw.
The fluid is hardly moving near the container walls.

For an ideal Bose gas at absolute zero, the system

22 J. Blatt and S. T. Butler, Phys. Rev. 100, 476 (1955).
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makes a series of abrupt transitions as w is increased.
All the particles move to a state of higher angular
momentum. On the other hand, it is not obvious
what the lowest eigenstate is for the weakly inter-
acting Bose gas. A single vortex in which each par-
ticle has u units of angular momentum has an energy
4’ times the energy of the simple vortex. It is un-
stable and could decay to form a number of vortices,
which add up to the same angular momentum. For
example, u vortices have a much lower energy, even
when one includes the extra cores. However, since
one has the freedom to introduce well separated
lines or surfaces of singularity almost at will, it
is hard to be certain of the correct flow pattern.
The calculation may be sensitive to the core-energy
estimate. In the literature, proposals involving
vortex sheets (which are hydrodynamically unstable)
as well as parallel filaments have been considered.

For angular velocities of experimental importance,
it emerges from all of these proposals that there is
a large number of singular lines or surfaces. The
Onsager-Feynman array of packed vortex fila-
ments parallel to the axis of rotation appears to be
the preferred arrangement, since it minimizes the
amount of core volume, and simulates rigid-body
rotation very closely on the average. The preference
for an arrangement close to rigid-body rotation is
clear since there is then no kinetic energy in the
rotating reference frame. H — wJ, is the total
energy in the rotating frame. Rigid-body rotation
is forbidden, since with v = « xr there is a con-
tinuous distribution of vorticity curl v = 2. For
example, in the self-consistent field approximation
the equation of motion does not have such a solution.
Since v = V8, curl v = 0 except on singular lines
and surfaces. (We shall see later that the corrections
to the Hartree theory actually permit volume
vorticity, but only localized in the cores of vortices.
This does not affect the present argument.) At
reasonable angular velocities, a calculation based
on the vortex filament idea leads to 2Mw/h lines
crossing a unit area normal to the axis of rotation.
The energy in the stationary system for such an
arrangement differs from the rigid-body value by a
fraction of a per cent.

Mechanism of Entrainment of Superfiuid

The fact that the lowest state involves some dis-
tribution of vorticity does not necessarily mean that
when a cylinder is accelerated from rest, the fluid
will reach this state. To convert superfluid from a
state at rest to a state where a vortex is present
requires moving an appreciable body of fluid. How-
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ever, nonstationary disturbances in the condensate
can exchange momentum as they impinge normally
on a boundary even with the condition ¢y = 0
(cf. Sec. V). Conversely, if the wall has protuber-
ances, (or even if it is not exactly circular) it would
be expected to excite disturbances in the superfluid
when the container is in nonuniform rotation. For
example the disturbances might be large-amplitude
compression waves. The equilibrium state would
be expected to be reached by a complicated inter-
mediate process. The experimental situation in
helium is not entirely clear at present. It has been
possible to approach the Onsager-Feynman equilib-
rium by cooling from the A point.* In direct experi-
ments on accelerating the superfluid from rest,* it
is much more difficult to produce the equilibrium
circulation. More extensive experimental and theo-
retical analysis is required. However, we do not feel
that difficulty in producing equilibrium contradicts
the Onsager-Feynman definition of the nature of
the equilibrium.

It should be noted that the classical field (or
Hartree) analysis views all excitations as disturb-
ances of the condensate. The normal fluid consists
of those excitations that are thermally excited at
a given temperature and come to equilibrium by
mutual interactions. From this point of view, a
large-amplitude compression wave is simply a dis-
turbance of the condensate, although, of course,
when it breaks up some of the energy ultimately
becomes normal fluid.

V. TIME-DEPENDENT HARTREE APPROXIMATION

We have thus far confined the discussion to
solutions of Eq. (2.4) of the form ¢(x, t) =
f(x) exp [—<Et/h] i.e., separable in time and space.
This provides the security that, at the very least,
they have the clear quantum mechanical inter-
pretation of approximations to special stationary
states of the exact many-body system. Of course
we do not know how good these approximations are,
(even for the weak smooth potential we have in
mind). In the case of the excited states, such as a
vortex line, we have as yet no idea as to the lifetime
of the states. It has emerged, however, that Eq. (2.4)
is an interesting hydrodynamical model. In fact, it
seems to be more satisfactory than the equations
of an ideal fluid, since the presence of a de Broglie
length fully determines the structure of vortices.

It is natural to extend the discussion of Eq. (2.4)
to include more general space-time solutions. In
the quantized wave description, the Hamiltonian of
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the many-body system is
732 + 1 + +
- g7 [ veveez+ 5 [[ vweo

X Vi - p)iy)iE) d'z d’y,

where the bold faced operators obey the com-
mutation rules

@, ¢'W] == -y, &, W] =0,

and we are interested in eigenstates of the number
operator N = [ ¢*¢ d’z. The Heisenberg equation
of motion is

m%ﬂt = _ghﬂ Vi + ¢ f Vix — ¥ 4y &y

The proposal’ is to study the operator equation of
motion as a classical wave theory, and then to
establish the relevance of the results to the quantized
wave description of the many-body system. The
classical wave theory is closely related to the time-
dependent Hartree approximation.

In a classical theory, after one has exact solutions,
the next natural step is to study the small oscilla-
tions about the exact solution. If we write

¥(x, ) = exp [—iEi/R]{{(x) + o(x, 1)},

the linearized equation of motion for ¢(z, t) is
(using the feature that f is an exact solution),

(6.1

2

o =~ Vot o [ Ve — ) Q) dy

+ @) f V(e —)ife @) + e} &y. (5.2)

This is a linear integer-differential equation for the
complex function ¢(z, f). One may look for the
normal modes and proper values. An alternative
form for the small oscillation theory can be obtained
from the hydrodynamical form. With S(x, f) =
—Et + S,(z) + 8(x, t), we find in linear approxi-
mation

ap 1 I
5’; =~ V(p, V8 + 5V S,)
aS _ L [
ot ~m VSVS

X [1 2(5) 5 v%g] 1
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2M o} ob + po Py 12

+ [ Ve — vt & (5.3)
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Disturbances in a Condensate with Periodic
Boundary Conditions

For the special case of the uniform ground state
with periodic boundary conditions p, = (N/©)* and
S, = 0, the equations reduce to
@ =
a9l
_98
at

_i poVZS
B 1

M Po
+ [ v - waty, o .

t(k.z-wt)

2~

(5.4)

The solutions are of the form 5 « e

2 2 h2k22 pOVk 27,2
o = (2M) + 5 PR
This is the famous Bogolyubov quasiparticle spec-
trum.® At long wavelengths w — k{p,Vo/M)?}, yield
ing a sound dispersion relation. As k¥ — ©, w —
hk®/2M, which is a free-particle dispersion relation.
Here the Bogolyubov quasiparticles are interpreted
as small-amplitude density waves of the superfluid
condensate. This interpretation gives rise to the
question, vital for the microscopic picture of the
Tisza two-fluid model, of when motions belong to
the superfluid and when they are to be assigned to
the normal fluid.

Disturbances in the Presence of a Wall

In an unbounded medium one can form a wave-
packet representing a general small-amplitude dis-
turbance in the condensate. If long wavelengths
alone are used, the packet propagates as a sound
pulse with small dispersion. If short wavelengths
are used the propagation is highly dispersive, as
for free particles in quantum mechanics. In either
case, if the underlying condensate were uniform up
to a wall, the disturbance could be directed as a
wall. It would be reflected and a net momentum ex-
change would occur, compatible with the condition
that the amplitude of the disturbance is zero at the
wall. Of course, in the presence of a wall, the con-
densate has the variable density p = p, tanh® (z/a).
Long-wavelength disturbances are hardly affected by
this variation. Disturbances made up of wavelengths
short compared to a, can be thought of as having a
variable frequency which tends to Ak*/2M as p — 0
near the wall. They therefore reflect as free-particle
wavepackets.

A detailed study of this process could be made by
studying the spectrum of Eq. (5.2) with f(z) =
p} tanh (z/a). It has, however, not yet been carried
out.

(5.5)
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Large-Amplitude Plane Waves®

It is possible to find solutions of Eq. (2.4), of
the form

Y(x, 1) = exp [—iEt/k] exp [i(Mv-x/B)lp(x — Af).
(5.6)

They represent a combination of a mass flow of the
superfluid and a large-amplitude disturbance. The
disturbance becomes static in a suitable reference
frame. Such solutions are compatible with a re-
stricted class of initial value problems, and it would
be instructive to study the stability characteristics.
However, it is more difficult to find solutions satisfy-
ing boundary conditions. It would be instructive to
have solutions representing the excitation of large-
amplitude compression waves of the condensate by
an oscillating boundary.

Small Oscillations of a Vortex Line

We turn next to the small-oscillation spectrum of
the system when a single vortex is present. Here,
p = po(r) is given in Eq. (2.13) and S, = #w. The
spectrum has two branches, the vortex waves, and
the scattering solutions.

A. Vortex Waves

These are solutions in which 5 and S have the de-
pendence 5 = A(r, 9)e' ** ", § = B(r, v)e'* ",
S = B(r, ») €**7“? ie. they are waves traveling
along the vortex line. The physical origin lies in the
fact that the energy of a vortex line is proportional
to its length, so that a deformation produces a re-
storing force. These excitations are “bound” states
in which the functions A(r, ») and B(r, ») decay to
zero as one moves out from the line center. The
characteristic decay length is 1/k.

The oscillations of a vortex line in an incompres-
sible fluid were discussed by W. Thomson.* The
hydrodynamic equations used were

divv =0,
av/at + (v-V)v = —Vp, (5.7)

where p is the pressure. He found that undamped
circularly polarized waves represented by

. = V.(r) cos kzsin (wf — »),

<

, = V,(r) cos kz cos (wi — »),
., = V.(r) sin kz sin (wf — »),

P(r) cos kz cos (wt — ),

=
I

&)
I

(5.8)

g~
Il

are possible.

23 W. Thomson, Collected Works (Cambridge University
Press, London, 1910), Vol. 4, p. 152.
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The corresponding problem for the superfluid was
studied by Pitaevski on the basis of Eq. (5.2).
The waves have similar characteristics to those
found by Thomson. Pitaevski finds for long wave-
lengths,

w — (hk*/2M) In (1/ka). (5.9

The perturbation in velocity falls off more rapidly
than the density perturbations.

The Onsager-Feynman hypothesis has found its
most dramatic confirmations in experiments in-
volving vortex waves.

B. Scattering Solutions

Far from the vortex line center, the superfluid
is hardly moving. There exist disturbances which
go over into the Bogolyubov excitations at large
distances. By a suitable choice of boundary con-
ditions one can find eigenfunctions of Eq. (5.2)
which provide a stationary-state description of the
scattering of an excitation by a vortex line. The
theory is simple in the limit of phonons when the
wavelength is large compared to the size of the
vortex core. In that case, the density variation in
the core of the underlying condensate can be neg-
lected. The solution is then quite similar to the
scattering of sound waves by a vortex line in a
classical compressible fluid. This problem has been
studied by Pitaevski.**

The continuum solutions are important in de-
termining quantum corrections to the energy of a
vortex line. If the system is enclosed in a large
cylinder and one requires that the wavefunctions
vanish on the container walls, a standing-wave
description is appropriate. The quasi-continuous
eigenfunctions experience energy shifts in the pre-
sence of the vortex line. The total zero-point energy
shift then provides a correction to the Hartree
energy of the vortex.'® This correction is significant
because it yields a modification of the classical
energy-dependence on the superfluid density. The
knowledge of the precise dependence of the energy
is important in many problems, particularly in ex-
periments on the pressure variation of flow phe-
nomena. It has, however, not yet been studied in
any detail, even for the weakly interacting Bose
gas. The zero-point effects are also responsible for
spreading the vorticity over the core volume, a
basic conceptual point.

24 1, P. Pitaevski, J. Exptl. Theoret. Phys. (U.S.S.R.)
(81923% (1959) [translation: Soviet Phys.—JETP 35, 1271
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V1. LANDAU’S CRITERION FOR SUPERFLUIDITY

Landau’s argument is essentially one involving
degeneracy of quantum states or entropy at rests
on Galilean invariance. We will amplify his argu-
ment. Suppose ¥(x;, -+ X) Tepresents an exact
solution of the many-body Schrédinger equation for
the superfluid in a pipe. We assume the pipe to be
represented by a static external potential. It is
assumed to be uniform so that ¥ is an exact eigen-
function of the momentum. One can verify directly
that if ¥ is an eigenfunction of energy E, then
exp [{(Mv/h)->, x]¥ is also an eigenfunction of
energy E + N(Mv*/2). It differs from ¥ by a mass
flow of velocity v. Now let ¥ represent, successively,
the ground state ¥ with energy E; and an exact
eigenstate W(k) representing an excitation of wave
vector k with energy Eq + e(k). It is assumed for
the sake of concreteness that a wave vector k can
be used to label the excitations with sufficient
accuracy. Then one can verify, again by direct
substitution, that the energies of the corresponding
states of the moving fluid are E; + N(Mv*/2)
and Eg + NMv*/2) + e(k) — k-v. As long as
e(k) — k-v > 0 for all excitations, the lowest state
of the moving fluid is separated from the state in-
volving an excitation. But when v has the value
e(k)/k, the state involving an excitation moving in
the opposite direction from the fluid has equal
energy, and the lowest state becomes degenerate.
The crucial point is that we are looking for states
of equal energy but with different total momenta.
(The momenta are NMv and NMv 4 hk respec-
tively). The extra momentum is supplied by an
irregularity in the wall. As noted earlier, an exchange
of momentum by a static potential such as a rigid
irregularity is compatible with the vanishing of the
wavefunction. Landau’s argument is a characteristic
one in statistical mechanics. The perturbation sup-
plies the momentum and provides a matrix element
to cause the transition, but is assumed so small that
it does not disturb the labelling of states of the
system.

Landau estimates the critical velocity by taking
the value of k that gives the lowest ». This condition
3/0k)(e — k-v) = 0 fixes k as the value at which
the group velocity de/dk equals the phase velocity
¢/k. Landau first applied the argument to the
phonon—roton spectrum. This led to much too large
a critical velocity (70 m/sec), to explain experi-
mental data. However, it is clear that all the possible
types of excitations of the system must be examined
to find the ones excited at the lowest velocities.

It would be satisfying to have a detailed illustra-
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tion of the mechanism of the breakdown of super-
fluidity. For example, one might examine, using the
classical field theory, the case of fluid passing a
weak potential barrier. This provides a one-di-
mensional case. At low velocities, the flow should
be smooth on both sides and through the barrier.
But at higher velocities, phonon-roton in stability
should develop and the solutions should show a
“backwash” of excitations created at the barrier.
This calculation has not been carried out. However,
it indicates the close similarity of the problem to
that of the breakdown of laminar flow in classical
fluid dynamics.

With the introduction of vortex lines and rings,
hope has increased that a detailed understanding of
critical phenomena can be found. Feynman called
attention to the possibilities of vortex rings. The
classical formulas for vortex rings of radius R,

2
€ X 2r°Rp 77‘2—2 In (R/a),

k ~ 2r'R%p ]% ,

imply
(e/k) = (h/MR) |n (R/a).

For a pipe of radius d, the largest ring radius possible
is also of order d. This gives a dependence of critical
velocity on pipe radius which is essentially in agree-
ment with experiment, but the absolute value is
still too large.

It should be noted that the very existence of
large vortex rings implies that the critical velocity
should tend to zero in suitable large channels. This
prediction presupposes that there is an appreciable
matrix element to cause the transition. We have a
similar problem to that of entrainment of superfluid
In a rotating cylinder. It is not easy to change the
state of a large volume of superfluid. The ecritical
velocity should therefore depend on the pipe geom-
etry and irregularities. Perhaps the specific model
discussed here can aid in the analysis of the experi-
mental data.

VII. EXCITATIONS OF THE CLASSICAL FLUID AND
THE QUANTUM MANY-BODY PROBLEM

We have proceeded by taking the classical wave
equation (2.4) seriously enough to study not only
special solutions which can be identified as Hartree
approximations to stationary states, but also more
general space—time solutions. It is necessary to under-
stand the relations of this classical analysis to the
actual quantum many-body problem. We start by
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describing in intuitive terms, the picture that under-
lies the formal scheme based on the quantized wave
representation.

One expects the small-oscillation spectrum for a
given inhomogeneous condensate to correspond to
a quasiparticle spectrum in the many-body theory.
In the case of the uniform condensate, the oscilla-
tion spectrum was that of the Bogolyubov quasi-
particle theory. However, there are characteristic
relationships between any classical and quantum
theory that certainly must appear. An oscillation
spectrum in quantum theory implies zero-point
motions and a zero-point energy. The classical
assumption of infinitesimal oscillations is incom-
patible with the commutation relations. Thus, in
the quantum theory we must find the imprint of
the quasiparticle spectrum in the ground state wave-
function. In general the Hartree approximations
must be refined to include this effect.

In the simple Bogolyubov theory the modified
energy of the ground state is

E; = Npof V(z) d*x

272
+ % ,;, {hwl: - (%]% + POVk)}-
It may be interpreted as a Hartree energy plus a
(negative) shift in total zero-point energy. The term
100 2. Vi occurs in the unperturbed spectrum be-
cause there are diagonal elements in the Hamiltonian
involving the interaction. In the same way, the
energy of a vortex line relative to the state with no
line is not just the difference of the simple Hartree
energies. One must also include the difference of the
total zero-point energies of the respective excitation
spectra.

There are also important changes in the expecta-
tion values when they are recomputed with the
enriched Hartree wavefunction. The momentum dis-
tribution, which is defined as the expectation value
of X%, 8(p; — k) (or of n, = a‘a, in the quantized
wave description), retains the special delta function
occupancy of the ¥ = 0 mode. But this state is
depleted by an amount that depends on the inter-
action. There is, in addition, a spread of the depleted
particles over the states with k ¢ 0. The correlation
function contains a short-range component as well
as the long-range order arising from the existence
of a finite fraction of the particles in a single-particle
state. In the case of a vortex line, the density expecta-
tion value no longer goes to zero at the line center
and the velocity deviates from the 1/r behavior in
the core of the vortex. It is found that the vorticity
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is not zero in the core.'® Thus the Hartree approxi-
mation of concentrated vorticity on a singular line
is modified to yield a localized volume vorticity.
The circulation is no longer quantized for a small
circuit inside the core. Physically, it is the zero-point
motions of the phonons that prevent strict localiza-
tion of the position of the singular vortex line (node
of the wavefunction) and hence of the vorticity.
This is the same physical effect as the Lamb shift
in quantum electrodynamics.?®

The reason that one can make such a simple
connection between the classical and quantum wave
theories is that in both cases a linearization of the
equation of motion is involved. Furthermore, the
process of solution can be put in Hamiltonian form.
Corresponding to a classical solution

¥(@) = exp [—iEt/R}{f() + o(z, 1)},
one can introduce the time-dependent transform
¥ — ¢y exp [—~1Et/h] to remove the time dependence.
The Hamiltonian goes over to H — EN. The situa-
tion can be referred to the special solution f(z) by
the canonical transform ¢(z) — f(z) + ¢¥(x). These
operations are identical in the classical and quantum
wave theories. The transformed Hamiltonian

B/, ¢) = HO@ + ¥, f* + 3'@)
~B [0+ 0+ D) i

then breaks up into a series of five terms, ordered
according to the number of ¥ and ¢* functions
occurring. Both the classical and quantum wave
theories form the main attention on terms at most
quadratic in the field variables and reduce this part
of the Hamiltonian to diagonal form by a normal
mode transformation.

In the classical theory one appeals to the pos-
sibility of oscillations of infinitesimal amplitude to
neglect the anharmonic terms, provided the spec-
trum is stable. For small but finite amplitudes, the
anharmonic terms represent interactions that scatter,
create and destroy, and shift the frequency of normal
modes. The finite-amplitude classical theory is in
fact quite similar to the quantized wave theory
where the effects of the anharmonic terms are even
revealed in the ground state. The actual choice of
the preferred state f(z) and of the coefficients of
the normal mode transformation is affected by time
averages of the anharmonic terms. Perturbation
theory can be used to analyze these terms in detail
in both classical and quantum theories. Beyond the
linear approximation, there is no clear understand-

25 T. Welton, Phys. Rev. 74, 1157 (1948).
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ing of the degree of correspondence between the
clagsical and quantum theories. But we have no
reason to believe that problems that are difficult
for classical theory are easy for the quantum theory.

Our entire discussion has concerned a system of
weakly repelling bosons at a temperature of absolute
zero. A small number of quasiparticle excitations
implies a negligible energy per particle for a large
system. At a finite temperature, there is a non-
vanishing energy per particle and a finite fraction
of the total energy carried by quasiparticles. The
equilibrium statistical properties of a dilute gas of
hard spheres have been studied in detail by Lee
and Yang.?® They present no difficulties of principle,
leaving apart the question of whether the approxi-
mations are adequate in the vicinity of the A point.

It is harder to give a foundation to the two-fluid
model. Lee and Yang” have given a particular
clear and explicit formulation for the case of a gas
of hard spheres. The two-fluid theory can be derived
on the two assumptions that the condensate state
is to be given special treatment, and that the excita-
tions are in thermal equilibrium with each other.
There has been a great deal of work by Landau and
his collaborators concerning the kinetic theory of
the approach to equilibrium in liquid helium. This
work, while undoubtedly substantially correct, rests
on a semiphenomenological foundation. We have no
derivation from first principles.

The work of Lee and Yang is easily extended to
include the more general condensates described in
this paper. Since we have taken the point of view
that all excitations are nonstationary disturbances
of the condensate, we must face the question of
when a disturbance “belongs” to the normal fluid.
The problem is particularly interesting for small
vortex rings and their oscillations, or for waves on
a vortex line. We take the attitude that two condi-
tions are necessary. First, at any given temperature,
it is required that excitations are excited with ap-
preciable probability thermally. This requires a
favorable statistical weight and Boltzmann factor.
Second, a two-fluid description is possible for
processes involving characteristic lengths or times,
large compared to the mean free path or collision
time for the excitations. It is of course conceivable
that there are situations where equilibrium is reached
separately for the members of classes of excitations,
but there is no equilibrium between different classes.
In that case, a multifluid hydrodynamics may be
applicable.

26 T. D. Lee and C. N. Yang, Phys. Rev. 112, 1419 (1958).
#7T. D. Lee and C. N. Yang, Phys. Rev. 113, 1406 (1959).
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This lecture describes certain properties of interacting Bose gases and superconductors which
have recently been considered at Harvard. It is a brief resumé of work by the lecturer, P. C. Hohenberg,
A. Fetter, R. Lange, and C. De Dominicis, which will be reported in mathematical detail elsewhere.
It concerns attempts to derive from fundamental principles, several aspects of the macroscopic
two-fluid model of London, Landau, and Tisza, the Landau phonon spectrum for bosons, and the
structured condensate envisaged by Onsager and Feynman. The lecture describes new results which
have been obtained concerning: (1) methods for calculating properties of large, but not necessarily
infinite, condensed systems at finite temperatures; (2) methods for performing calculations in boson
systems consistent with current conservation and sum rules; (3) results obtained by these methods
for the phonon spectrum; (4) more accurate results for the less physical single-particle spectrum at
finite temperatures; (5) results obtained for the macroscopically structured condensate in rotating
systems which agree with the macroscopically inferred results of Feynman and Onsager; (6) results
which treat depletion of the condensate as a result of interaction consistently and verify that none-
theless, the superfluid density, as operationally determined, is not correspondingly depleted; (7)
methods in which the entropy plays a central role, for casting the macroscopic theory in a form which
lays stress on the renormalized excitations of renormalized interactions; (8) the almost identical
features of the mathematics for condensed Fermi and Bose systems; (9) a restatement, in this micro-
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scopic transcription, of the Feynman-Onsager argument for flux and vorticity quantization.

N a conference dedicated to Lars Onsager for his
work on irreversible processes, perhaps a greater
tribute to him is the variety of other topics we are
discussing to which he has contributed in a funda-
mental way. The subject of this lecture, a systematic
microscopic approach to systems exhibiting super-
fluidity, bears his imprint in at least four respects.
Onsager introduced the notion of quantized vorticity
in liquid helium, he and Penrose suggested what
is the proper general definition of the condensate
in an interacting Bose system, and he predicted the
quantization of flux in superconductors in units of
he/2e. Moreover, in the approach to be described,
the thermodynamics and irreversible behavior of
superfluid systems are inextricably tied together.
They are both obtained by ecalculating self-con-
sistently time-dependent correlation functions which
are essentially the same ones introduced by Onsager
in the discussion of irreversible behavior thirty one
years ago. Pierre Hohenberg, Robert Lange,
Alexander Fetter, and Cyrano De Dominicis have
collaborated in various aspects of the work reported
here.

In this report our ideas and results will be stressed.
The manner in which they lead to a practical
successive approximation scheme will be reported
in separate publications.

t This is the manuscript of a lecture delivered at the
Conference on Irreversible Processes and Phase Transitions
at Brown University, Providence, Rhode Island, on June 14,
1962.

The macroscopic theory of superfluid systems,
and in particular of superfluid helium, appears to
be rather well understood. This theory has two
important facets. The first is the characterization
of the system, for many purposes, by two additional
thermodynamic parameters which are generally
taken to be the relative density and velocity of two
interpenetrating fluids. This theory, proposed by
Tisza and Landau, and discussed extensively by
many authors, may be used to analyze most trans-
port and steady-state phenomena in liquid helium,
at all but the lowest temperatures and near the
critical point. Of the two fluids, one, the superfluid
is supposed to comprise the whole fluid at zero tem-
perature, disappearing at the critical temperature.

The second feature of this macroscopic descrip-
tion is the possibility of structure in the superfluid.
This feature has been independently investigated
by Onsager and Feynman with similar conclusions.
In particular, both of them have pointed out the
possibility of vorticity, and indeed of the quantiza-
tion of this vorticity. They discuss how this vorticity
may be used to explain the critical velocities in
liquid helium and the peculiarly normal behavior
of the surface of a bucket of rotating liquid helium.
The possibility of each of these facets in super-
conductors, persistence of supercurrents and quanti-
zation of flux, has been confirmed experimentally.

In the discussion of these phenomena from a
microscopic point of view, the first important ob-
servation was that of London who noted that some
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of the qualitative features of liquid helium could
be understood in terms of the free Bose gas. Indeed
it is natural to associate the fraction of superfluid
with the fraction of the Bose gas condensed in the
lowest-energy single-particle mode.

The second essential advance in the microscopic
theory was made by Bogolyubov in 1947. This
advance consisted in recognizing that, when a mode
was macroscopically occupied, it was more important,
in treating the system approximately, to take into
account nondiagonal features of this macroscopically
occupied mode than to insist that an approximate
density matrix consist of eigenfunctions of the num-
ber operator. Indeed, making the crudest approxi-
mation incorporating this feature, he showed that
the behavior of a Bose gas with weak repulsive
interactions was modified in an essential way.
Whereas the energy w required to remove a particle
of unit mass (we shall also take # = 1) and wave-
number %k from a noninteracting Bose gas is k%
the energy necessary to remove a particle from a
dilute weakly interacting system at zero tempera-
ture is:

w = k(& + 2" + 4,

where p the chemical potential, is approximately
30v(0) and v(0)/4w the scattering length. To
the order of this caleulation, the density and the
condensate density are the same and therefore the
energy necessary to remove a particle of wave-
number k (apart from u) is phonon-like with a
velocity equal, in this approximation, to the velocity
expected of compressional sound waves in a system
with its approximate density—pressure relationship.
These excitations are therefore naturally identified
with the phonons which Landau previously intro-
duced as the normal fluid at low temperature.

Now it was pointed out by Onsager and Penrose
that in real liquid helium, or in any interacting
Bose system, the analogy between superfluid and
Bose condensate was less direct. They observed that
there was a unique reasonable definition for the
fraction of condensate. In particular they argued
that the reduced density matrix of the condensed
Bose system must take the form

prr’) = (YOX¥'a@)) + v(r — r’]),

where y — 0 as [r — 1’| —> «. The condensed mode
could then have a stationary-state single-particle
wavefunction (¢ (r)) associated with it, the fraction
of condensate being determined by its normaliza-
tion. In fact, the requirement of singlevaluedness
on this measurable part of the density matrix is

2
K =
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what leads to quantization of vorticity. Onsager and
Penrose also observed that the condensed mode must
be considerably depleted as a result of the inter-
actions. Indeed they estimated that the density (po)
of the condensed mode of liquid helium probably
was only 89, of the total density p at 0°K. Since
in real liquid helium the phenomenological parameter
p. 1s equal to p at low temperatures, a microscopic
theory must distinguish between p, and pg,.

By the same token, when depletion is significant,
there is no compelling reason to expect the single-
particle excitations computed by Bogolyubov to
coincide with the density excitations or phonons
discussed by Landau. The Bogolyubov computa-
tion is concerned with an approximate determina-
tion of the dominant excitation energy of the non-
stationary state resulting from the creation or de-
struction of a particle of small wave number k.
(Only in the crudest approximation, is this state
stationary.) Landau discussed, and neutron experi-
ments measure, the change in energy when the
density of particles is altered slightly with small
wavenumber . We may make this distinetion formal
in the usual language of the ground-state wave-
function at zero temperature by introducing typical
ground states of large systems with » and n 4+ 1
particles, denoted by ¥, and ¥;*'. We then can say
that the n-particle state ¥. obtained by applying
the Heisenberg destruction operator ¢, to ¥,
need not in its resolution into energy eigenstates,
contain, for the most part, states which differ in
energy from ¥; by the same amount as the state ¥’/
obtained by applying the operator px = D ¢ ¥x_q W
to ¥;. If depletion of a macroscopically occupied
zero-wavenumber mode is negligible in ¥;*' and
the dominant energy eigenstate in ¢, ¥i*' is ¥j,
so that W, = ¢, o' = n? ¥ §,, the spectral
resolutions of ¥% and ¥/ will coincide. However,
if ¥;*' contains Fourier components other than
q = 0, or if states of zero momentum other than the
ground state are more frequently obtained by apply-
ing ¥, to ¥;*' these spectra need not coincide.

This distinction is more conveniently and generally
made in terms of correlation functions. That is to
say, the positive-definite function

B(kw) = 2 coth 8w (kw)

~

= [ exp =ik + ilo = (Y70, ¥O)}) dr dt

need not, for every k, be a function with the same
dominating peak (as a function of w) as the positive-
definite function
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Stke) = [ exp (—dr + iwt)({olet), pO))-

One might expect B(kw) to be nonzero in the
neighborhood of the point @ = ck at which the
function S(kw) describing phonons is peaked, since
there is no reason for p,¥; to be orthogonal to
Y ¥3*. On the other hand there is no a prior:
reason why the overlap of these states need be large.
There is therefore no a prior: reason to believe that
the crudest approximation—one associating the best
unique @ with each % in the form A(kw) =
27\ 8w — &&)] + 2r(1 — Ak) 8[w + @(k)] need
yield for small k the same &, the compressional
sound velocity multiplied by k, at which we expect
S(kw) to be peaked. Indeed, the Bogolyubov finite-
temperature approximation does not give this
velocity, although it leads to no gap in Ala(k) — 0
for small %.]

A density fluctuation satisfies particle conserva-
tion: when the density is increased in one part of
the system it is decreased elsewhere. This property
leads to what Feynman picturesquely calls backflow.
With this backflow and momentum conservation,
one can be sure that the density fluctuations will
have no gap. They will usually have a soundwave-
like dispersion relation quite apart from whether
the single-particle excitations have this property.

While there is no such general argument for the
function A(kw), there is a different, less general
argument which Pines and Hugenholz proved in
each order of perturbation theory. The theorem may
be stated in the more general form: If in a condensed
system, the macroscopically occupied mode is
spatially uniform in any direction, then there will
be no gap in the long-wavelength single-particle
excitation spectrum in that direction umless the
self-energy of the excitations cannot be expanded
at long wavelengths and low frequencies. Their
proof is the counterpart of the Van Hove—Hugenholz
theorem which states that to all orders in Fermi
systems, w(ks) = p. In superconductors, that
theorem is violated and the self-energy is singular.
Their method of proof shows that whenever the
spectrum is calculated from a sequence of non-
singular approximations which involve approximat-
ing the self energy in powers of the potential and the
noninteracting single-particle propagator, there will
be no gap in each stage of approximation. An
example of the theorem is afforded by a system with
a vortex line in the z direction in the condensate.
Since the system is spatially uniform in the z direc-
tion, a perturbation caleulation of the excitation
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spectrum leads to a spectrum which behaves as
w & ¢k’ In (k,/x). We use this illustration to em-
phasize the fact that the theorem says nothing about
how the spectral peak should move away from zero
with increasing k, let alone what the velocity ¢
should be if the peak behaves as @ = ck. As we
have said, except at absolute zero, even in the
lowest approximation for the spatially uniform case,
the velocity of single-particle excitations differs from
the velocity of sound. The existence of no gap in the
exact answer is of course consistent with the expected
lack of orthogonality between p, ¥° and ¢, ¥;*, ie.,
with the likelihood that sometimes when a particle of
momentum k is destroyed, the system will be left
in a state in which there is one phonon with mo-
mentum k.

However, this statement is quite different from
the requirement that the dominant peak lie at this
position. In particular, there is no reason to reject
the simplest approximation in some other apparently
less perturbative self-consistent scheme (in par-
ticular, one which involves perturbation theory in
powers of real correlations) because it does not
predict, in its lowest approximation, stable excita-
tions for which & — 0 as k — 0. In fact the prediction
of a gap can be explained in two ways. The first is
that the gap is real, the self-consistent scheme being
an improvement over the scheme in which every-
thing but the condensate is treated perturbatively.
The second possibility—if the predicted gap is
smaller than the accuracy of the calculation—is that
in this respect, the scheme which gives rise to the
best functions from a thermodynamic variational
viewpoint is not as accurate as the more strictly
perturbative scheme. It is of course easy to decide
in principle. One must recalculate, with the self-
consistent procedure, the best trial function contain-
ing all terms of the order of the predicted gap. If the
gap does not disappear or at least become reduced
in size to a term of higher order, it should be taken
seriously. If the gap persists it must of course imply
some kind of divergence in the more perturbative
method, like the one occurring for a superconductor
in the usual fermion perturbation theory.

The main purpose of this discussion is to indicate
how to proceed systematically in the case when
there are the distinctions between condensate and
superfluid, and between phonons and single-particle
excitations which we have explained. In particular,
we have applied these techniques to treat the follow-
ing boson problem. Both the absence of a gap in
the observable density correlation function (indeed
the presence of sound waves with the compressional
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velocity), and the fact that the spectrum satisfies
the sum rule

’ Bw dw _ 2
f—m tanh (2 )S(kw)w o ok

where p is the tofal density, must be true even when
the condensate is depleted. The single-particle ex-
citation spectrum also must satisfy the sum rule

= [y 4B
l—fzfzta,nh2 B(kw).

How does one generate, in a systematic manner, an
approximation scheme consistent with these physical
requirements when depletion is significant? We have
found that the approximation techniques most
convenient for solving this problem, and more
generally for describing a two-fluid model, depart
from the sequence of approximations which auto-
matically lead to no single-particle excitation gap
in their zeroth approximation. Nonetheless, in the
first approximation which takes depletion into ac-
count, these approximations predict phonons which
have the compressional sound velocity, and cor-
relation functions which satisfy the sum rules.

As we have developed them, these techniques
exhibit the extremely close parallel between the
problems of superconductivity and superfluidity.
Indeed, using this parallel, the distinction between
condensate and superfluid, which has been resolved
for the superconductor, ceases to be a problem. In
the superconductor there is a pair wavefunction
which is closely parallel to the single-particle wave-
function of the Bose system. The normalization of
this wavefunction, the number of pairs, is very small
in the weak coupling limit. It is a more useful
microscopic quantity than the parameter p,. Still,
the latter parameter which approaches p at low
temperatures is connected, in a specified way, with
the former parameter involving the energy gap.
Moreover, p, may itself be identified from long wave-
length transport properties of the system.

A superconductor is a two-component system
with electrons and phonons. The momentum of
the electrons themselves is not conserved. The mode
of the entire system, which is similar to the helium
phonon mode in the sense that it lies at low fre-
quencies for low wavenumbers, is the lattice phonon
mode. The dynamic structure function for the
electrons, satisfies the same sum rule as S(kw),
but, because the electron momentum is not con-
served, it has a gap and its dominant peak for long
wavelengths lies at the plasma frequency.

If, however, we had a one-component super-
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conductor, (a Fermi gas with short range attractive
interactions), the density correlations of the elec-
trons would have to lie at low energies because of
conservation of particles and momentum. Because
of a Pines-Hugenholz theorem, fluctuations in the
condensate would also possess no gap in this case.
Not only are these statements satisfied, but the
absence of a gap comes about in the simplest reason-
able approximation in a manner which strongly
couples the condensate fluctuations with density
fluctuations in a system with two fewer or two
more particles. These modes, which dominate the
specific heat at sufficiently low temperatures do not,
however, give rise to the principal peak in the single-
particle spectral function B(k, w).

In the superconductor it is the pair wavefunction,
and in the Bose gas the condensate wavefunction
which is the appropriate quantity for discussing
phenomena connected with vortices, flux quantiza-
tion, impurities and the like. The latter function
satisfies the Schrodinger-like equation which has
been used by Gross and Pitaevskii to put the
Onsager-Feynman vortices on a satisfactory basis
at least for Bose systems with weak repulsive forces.
The former has been used by Gorkov to make con-
tact with and improve upon the Landau-Ginsburg
theory. Here again we are immediately led to the
notion of flux quantization by requiring single-
valuedness of an effective wavefunction.

With the exception of the calculation of the Bose
pair-correlation function previously referred to, a
statement about the single-particle excitations at
finite temperature, and some results on vortex
excitations, none of the calculations we have per-
formed on weakly interacting Bose systems is new.
However, the method is an extremely useful one
in that it yields a convenient flexible mathematical
form for treating superfluids and superconductors
at arbitrary temperatures, and in arbitrary spatially
nonuniform configurations. For boson systems the
method reduces for the one-particle propagator to
the one employed by Belyaev in the spatially uniform
zero-temperature boson problem. For fermions it
reduces to the system extensively employed by
Gorkov with a restriction on spins.

The idea we apply is best understood in terms of
a more familiar example. The measurable properties
in a simple model of a ferromagnet are expectation
values of products of spin operators. If the calcula-
tion of these expectation values is attempted by
some kind of coupled differential equation scheme,
it is necessary to specify a spatial boundary condi-
tion on some of these expectation values since other-
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wise there will be many solutions corresponding to
different orientations of the ferromagnet. Any kind
of perturbation scheme implicitly involves the
assumption that the inversion of all the coupled
equations is unique. That is to say, it assumes that
the limiting processes of averaging the coupled
operator equations over states, and iterating in
powers of the potential to solve them, can be inter-
changed. This is not true when the differential equa-
tions have many solutions, as they may when there
are long-range correlations. When this is the case,
and the averaging process is done before the itera-
tive process, the iterative process does not converge.
The terms which lead to a lack of convergence are
sequences of terms which correspond to approxi-
mate expressions for certain functions. In particular,
they correspond to approximations for fluctuations
in quantities for which there would have been dif-
ferent solutions if the equations had been solved
before averaging. Specifically, the quantities having
large fluctuations are expectation values of products
of spin operators at different space-time points.
To derive a convergent approximation scheme with
these large fluctuations, it is necessary to give these
quantities a specific set of allowed values. These
values, however, are among the unknowns. On the
other hand, we do not wish to calculate them before
averaging since the whole point of employing cor-
relation function techniques is to save one from
solving the problem before performing the thermal
averaging.

The problem is circumvented in the following
manner: We calculate the cumulant functions

(o) — (o(rt)), o@'t) — (c@'V)), -- )

for a distribution of states specified by a local
magnetization (which varies macroscopically), as
well as by a definite energy. That is to say, we
calculate the correlations in fluctuations of o(r) as
a functional of the local ¢(r). We suppose for simpli-
city that the correlations of fluctuations die down
rapidly enough so that it would not be wrong to
invert their averaging and the iterative solution
procedures for them. From these equations we obtain
approximations for the correlations of fluctuations
as a functional of the value of (¢(r)). We then take
the first equation of the hierarchy and use it to
solve self consistently for {(s(r)). This equation will
have many solutions. The thermally averaged cor-
relation functions are then obtained, if desired, by
averaging over values of {(¢(r)).

A convenient method for generating these equa-
tions for (¢) and the correlations of its fluctuations
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is to introduce an infinitesimal external variable field
which will energetically favor a particular (¢(r)).
In the presence of the field, we can perform the
thermal averages and go through the interactive
procedures for computing correlations of fluctuations,
in the same manner as with a nonmagnetic sub-
stance. It is not, however, the magnetic field which
interests us, but rather the value of (s(r)). It is
therefore convenient to transfer our attention, at
an early stage, from equations in which H(r) appears,
to equations in which only (¢(r)) and its cumulants
appear. In this manner, we can generate directly
the set of equations with a multiplicity of solutions,
but where each solution corresponding to a different
density matrix gives rise to the same thermodynamic
properties. These solutions are not equivalent,
there being, in the absence of H, one associated
with each direction of the spin. The response
to external disturbances of any of the density
matrices (which of course still corresponds to ex-
tremely many states of the system) need not be
the same. If not, we must specify the particular
density matrix on which the experiment is per-
formed. (For example, in the more relevant situation
of flux quantization, the number of units of flux
passing through the superconducting ring must be
specified.)

We generate the equations in this form by per-
forming a Legendre transformation from the thermo-
dynamic potential as a functional of the magnetic
field, to the free energy as a functional of the mag-
netization. The statement that the magnetic field
vanishes becomes a statement that the free energy
is minimal as a functional of the magnetization and
this equation serves to determine the magnetiza-
tion. To this equation is coupled the equations
which determine the fluctuations of correlations,
the latter being capable of iterative solution. These
lead to a scheme of successive approximations, the
magnetization having to be recalculated self-con-
sistently at each stage. The thermally averaged
correlation functions can, of course, be obtained by
performing a final averaging, but as we have indi-
cated, this final averaging is not appropriate for
describing experiments of a nonthermodynamic
nature. These ideas are immediately generalized to
the case where pair or higher correlations of fluctua-
tions must be specified, as for example, in a classical
turbulent system. They must be applied to specify
the specific equilibrium configuration characteristic
of any system which has undergone a phase transi-
tion.

The method is applicable to any ring of operators
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whose expectation values characterize the different
possibilities for measurements in a system. For
quantum mechanical systems, the simplest way to
construct such a ring is to use the quantum field
and its adjoint. Condensation, the analog of ferro-
magnetism, occurs when the field—or in the case
of superconductors, products of field variables—have
long-range correlations.

We can understand this physically in terms of
the Onsager-Penrose argument regarding the ap-
propriate one-particle density matrix. In this matrix
the first term (1)) (1)) is of order N, and {¥(1))
is of order N*. If we were to average over all the
different possible equilibrium values of (¥(r)), the
average value of (4(r)) would probably be zero
because of the arbitrary phase of (¢(r)). The value
of (¢F(r)¢(r’)) in the larger reducible ensemble would
be large but it would not cause immediate trouble.
However, the average of higher correlations would
behave as higher powers of N and the radius of con-
vergence of any iterative process for finding the
effect of the potential would be zero. The simplest
illustration of this trouble is afforded by the non-
interaeting boson system for which, in the reducible
grand-canonical ensemble, we have rigorously

(Yol®) Yo@ Yo %o®) = {p3(x))
= 2<Po(r)>2~

This property of the correlation functions results
from the faet that it is really true that grand-
canonical averages satisfy (N*) = 2(N)* for a non-
interacting system. The effect of an infinitesimal
interaction is to remove these fluctuations and in
perturbation theory, the formal removal of the
factor of two in an expansion for the potential
energy can be said to come about in the lowest
approximation because

(N%) = (N)’ + (NP1 = eN) + N)* -]

Clearly, this is an absurd way to perform an iterative
calculation, and hardly a method which can be
trusted even if a formal resummation is carried
out, since it is the unknown real condensate and not
the unperturbed condensate which must be removed,
and there may be many permissible values of the
real condensate. In fact, there is no reason to believe
that the different {(J(r)) corresponding to equilib-
rium need be spatially uniform. (The Feynman
picture with closed vortex lines may be likened to
a domain picture in ferromagnetism.) Finally, there
is little reason to take the average values of correla-
tion functions in the larger ensemble to mean any-
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thing, just as the spin correlation function averaged
over all systems contributing to the thermodynamics
does not describe the transport property of any one
system. The physical information regarding ade-
quately specified systems is contained in the cor-
relation functions in irreducible representations, each
of which corresponds to a separate thermodynamic
phase, characterized here by a possible value of
(¥(1)).

We determine possible values which the field ()
may have in a phase self-consistently from succes-
sively more accurate iterative evaluations of its
cumulants. It is convenient at least to calculate
the first cumulant self-consistently, and the remain-
ing fluctuations of correlations iteratively to obtain
forms which satisfy the previously discussed sum
rules.

Since the fundamental field is ¥ (considered as
2 matrix with components ¢ and ¢'), the quantity
corresponding to the magnetic field is an external
force which creates and destroys particles. We intro-
duce this field, as we do the magnetic field and then
remove it by a Legendre transformation. There
remain equations to be solved iteratively for cor-
relations of fluctuations in the quantum field in
conjunction with equations to determine self-con-
sistently the condensate and its first cumulant, the
single-particle excitation spectrum. These equations
are the expression of generalized matrix mass-
operator perturbation theory for fermions, and the
same kind of perturbation theory with an additional
equation for the single-particle wavefunction in the
case of bosons.

The method by which this procedure can be
extended is covered in the report of Dr. De Dominicis.
The procedure described up to this point puts
calculations with superfluid systems on the same
footing as caleulations with normal systems where
the effects of the interaction on the self-consistently
determined time-dependent one-particle phase space
distribution function are determined in successively
higher approximations. At this stage the mass or
energy of excitation has been renormalized. It is
also possible to eliminate the potential in favor of
higher correlation functions, (the analog of charge
or interaction renormalization in elementary particle
physies.) This is accomplished for superfluids in two
stages. First a three-point potential is introduced
which characterizes interactions in which the number
of excitations is changed, and a Legendre transforma-
tion performed to eliminate this potential in favor of
the three-point vertex. Next, a Legendre trans-
formation is performed to eliminate the two-particle
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interaction potential in terms of its conjugate
variable, the fourth cumulant of the field. In this
manner, four self-consistent equations for the field
and its first four cumulants are obtained, each of
which contains an expansion in powers of the
renormalized vertices, or three- and four-point
cumulants of all higher cumulants. The potential,
mass, temperature, and chemical potential occur
only linearly as the inhomogeneous terms in these
equations. These equations comprise an alternative
exact description of the superfluid in terms of the
physical excitations and correlations. They lead to
the correct description of the extended two-fluid
model together with a renormalized iterative calcula-
tional procedure. Moreover, these equations are
the stationarity conditions for a functional of the
distribution functions only (no temperature or
chemical potential, interaction potential, or kinetic
energy occur in them), subject to preseribed condi-
tions on the total number of particles and energy.
The value of this functional at its extreme is what
one might suspect—the entropy.

We have examined these equations for bosons
in the lowest approximation and have shown that
they lead to the results of Gross and Pitaevskii
and to the result of Feynman on the number of
vortices in a bucket of helium. They also lead to
the results of Balyaev for the single-particle spectrum
in the spatially uniform case. Finally, they lead to
no gap at least to order [»(0)}® in the single-particle
excitation spectrum at any temperature below the
condensation point.

To make these ideas precise, at least to those
familiar with the field theoretic approach to many-
particle problems, the first two stages of this pro-
cedure for boson systems are summarized using a
notation which is not the most convenient, but the
most similar to that employed for normal systems.
We introduce the generating functional

exp Wlx, U]
~iB
= Tr exp [—i f (H(E) + HX(¢") + HY(#))} dt’:|

= Tr exp (—BH)(S).

where H is the ordinary Hamiltonian and
H* = f dr x,(1)¥i(17),
1Y = [ ar plmu.arvw).

The quantity (S). is the ordered exponential ( ),
of H* and HY in terms of operators ¥, which evolve
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in time according to H. The operator ¥ is a two
component quantity whose components are ¥, = ¢
¥, = y'. We define thermal averaging with respect
to the Hamiltonian H + H* + HY according to

(A) = exp (—W) Tr exp (—BH)(SA).,
and Green’s functions
Ga(l) = i[8/8xa()IW = (T (1));
Gia(11") = ([, ()T.(1)].
= Gia(11) + G (1)G.(1");

Gin(11) = —[8/5a(1)1[8/ ox.(1)IW,

where
XI(I) s Tllme(l)’
and 7' is the matrix (3}).
Also we note the relation

% w=1q.
(4 5U”<22) VV 2G11(22)J

which implies the equality
3[6G,;(22)/6G.(1)] = 8G,(1)/8U;;(22).
We introduce the usual Schriodinger operator
G5 (1) = [i7; 0. + GV° + W) 8,;]8(11") — U, (11),

where u is the chemical potential, and 7, the matrix

10
01/°

We next observe that if we define

8
W), U] = W, U — i [ dr dtx 0600,

we have

xi(1) = #(sQKW), U1/sG:(1)).
Thus the condition that x = 0, and hence that
W = @, is achieved by demanding the stationarity

of @ as a functional of (¥). For arbitrary x we have
the equation of motion

G (L)G(1) — 0:2[3G(22) + 15/5U(22)1G(1) = x(1),

where we have surpressed matrix indices and intro-
duced a summation convention for repeated argu-
ments of the functions. The condition of stationarity
eliminates x from the problem. The possible values
of (¥) consistent with x = 0 are many-fold, and
each may be realized.

The parallel equation for the first cumulant of
the field is

i ANGAL) = (5(11%)
+ v1.[3G(22) + i6/8U(22)]G(11")
+ 2,,G(1)i8/8U(22)G'(1).

The boundary conditions on these equations are
determined from the fluctuation—dissipation theorem,
and simply incorporated by using Fourier series
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in time. We proceed in the canonical manner intro-
ducing the mass operator Z(11) = G,'(11) —
G7*(11”) and the vertex functions

T(12; 3) = 2[62(12)/8U(33)],
A(12; 3) = 52(12)/8G(3),
AT(12; 3) = 82(12)/8G"(3),
V(12; 34) = 5°2(12)/6G(3)8G'(4),
and the effective source function
x(1) + J(1) = 1G5 (12)G(2).
If we were to expand T in powers of G, we could
guarantee that at each stage the Pines—Hugenholz
theorem would be satisfied. Instead, we expand Z

in powers of G using the equations above. This
gives us

iS(11’) = 1,.[G(22) + G(2)G'(2)]5(11")
+ 0, GG (1) — 1,,G(A3)T (31 2)
— ,G()G(23)A(34; 1)G(42),

1,G(13)T(31;2) = vy, [G(12)G(2)]

_8

3G(1")
1 _5__ Y 7y t . ~

+ e 357 [G14)G23)1a'35; 4)G(52)

= 0, GA1") + v,,G(13)A(34; 1)G(32)G(2)
1 S A nFroand tox .

+ 2012 BG(I, [G(14)G(23)G(52)]A (35; 4)’

+ 10,,G(14)G(23)G(52) V,(35; 41"),
and

J(1) = 30,[G22) + G2G'(216(Q) + »,.G(12)G(2)
+ 1,G(19G(23)4'35; 9G(52).

These equations may be iterated in conjunction with
the equations for the condensate and the single-
particle excitations. The lowest approximation is
seen to be the equation of Gross and Pitaevskii.
The requirement that G(1) be time-independent
serves to fix the chemical potential. The number of
particles then determines the normalization con-
dition on G(1), the condensate. The first approxi-
mation to the equation for G(11’) yields, in the
spatially uniform case, the Bogolyubov spectrum.
The second approximation in the spatially uniform
case yields the equations of Girardeau and Arnowitt.
The depletion in this approximation is for a short-
range repulsive force

n — no & [Mw(0)1**(3x) 7 .
The function S(kw) is obtained from integral equa-

tions coupling the three- and four-point correlation
functions. These matrix equations may be shown to
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satisfy the conservation laws and therefore to
predict no gap using a technique of Baym and
Kadanoff. They are similar to, but more compli-
cated than, the equations from which Anderson and
Bogolyubov determined the collective mode of the
superconductor. The quadratures in their solution
may be evaluated in the long-wavelength limit. At
zero temperature they yield the expected results for
the frequency of phonons

© = V2k{1 + (7/6x")[nv(0)]}},
and for their lifetime
Ime & 3k°/640mn,.

For arbitrary k and temperature, the mode is not
sharply defined, but the approximate spectral func-
tion satisfies the sum rule.

The gap predicted in the one-particle excitation
spectrum in the Girardeau-Arnowitt approximation
is smaller than the order to which that calculation
is valid. When all terms of the same order are
retained, the mode in that spectrum occurs at a
lower frequency at all temperatures, closing the
gap. In the nonspatially uniform case, the small
oscillation frequencies of a vortex line and their
approximate lifetimes are obtained from the first
approximation which treats not only G(1) but G(11').
This calculation has been performed and estimates
of the damping have been carried out. When the
force is attractive, the self-consistent solutions are
more complicated, and we have not yet found one
with which we are completely satisfied.

It seems appropriate to point out in conclusion
what was perhaps obvious from the beginning—
namely, that the perturbation-theory approaches
to the many-boson problem which have been con-
sidered by many authors in the past few years, are
in fact extremely primitive. They must be extended
in the various ways we have discussed above, before
they are rich enough for the discussion of liquid
helium. When, and only when these extensions are
made, does the problem take on an appearance in
which the picturesque qualitative ideas of Onsager
and Feynman can be quantitatively investigated.
For example, we are investigating the form of the
attraction between oppositely directed vortices to
see whether vortex rings might be energetically
farorable and whether they have anything to do
with rotons. It will be interesting to see to what
extent it will be feasible to calculate and verify
some of Onsager’s and Feynman’s more detailed
ideas about rotons, turbulence, and the phase
transition.
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For a one-dimensional fluid model where the pair interaction potential between the molecules
consists of a hard core and an exponential attraction, Kac has shown that the partition function
can be determined exactly in the thermodynamic limit. In Sec. II this calculation is reviewed and
further discussed. In Sec. III, we show that in the so-called van der Waals limit when the range
of the attractive force goes to infinity while its strength becomes proportionally weaker, a phase
transition appears which is described exactly by the van der Waals equation plus the Maxwell equal-
area rule. In Sec. IV the approach to the van der Waals limit is discussed by an appropriate perturba-
tion method applied to the basic integral equation. The perturbation parameter is the ratio of the
size of the hard core to the range of the attractive force. It is seen that the phase transition persists
in any order of the perturbation. The two-phase equilibrium is characterized by the fact that in this
range of density, the maximum eigenvalue of the integral equation is doubly degenerate and that
the corresponding two eigenfunctions do not overlap. In Sec. V we comment on the relevance of our
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results for the three-dimensional problem.

I. INTRODUCTION

N this series of papers we intend to present a

new discussion of the old theory of van der
Waals' of the continuity of the gaseous and liquid
states of matter. It is well known that the great
merit of this theory lies in the fact that it gave the
first qualitative kinetic interpretation of condensa-
tion phenomena and of the existence of a critical
point. On the other hand, it has proved very diffi-
cult to make the theory more rigorous and as a
result the modern theory” of the equation of state
of a nonideal gas, has followed more the idea of
Kamerlingh Onnes to represent all properties of the
gas as power series in the density—the so-called
virial expansion. In this way one can take succes-
sively into account the interaction of the molecules
in pairs, triples, quadruples, etc., and one can derive
precise expressions for the successive deviations from
the ideal gas laws in terms of the intermolecular
potential. Many attempts,” thus far unsuccessful,

1J. D. van der Waals, Dissertation Leiden, 1873. This
was expanded in the book: Die Kontinuitit des gasformigen
und flissigen Zustandes (Johann A. Barth, Leipzig, Germany,
1899), 2 volumes. Compare also the monograph by J. P.
{g(l)(;r;en, Die Zustandsgleichung (Vieweg, Braunschweig,

2 Due mainly to J. E. Mayer. A summary is given in the
book by J. E. Mayer and M. G. Mayer, Statistical Mechanics
(John Wiley & Sons, Inc.,, New York, 1940), Chaps. 13
and 14. For a recent account see the monograph by G. E.
Uhlenbeck and G. W. Ford in Studies tn Statistical Mechanics
(North-Holland Publishing Company, Amsterdam, 1962),
Vol. 1, Part B.

3 These also go back to J. E. Mayer; (see reference 2,
Chap. 14). For a more recent discussion, see K. Ikeda,
Progr. of Theoret. Phys. (Kyoto) 19, 653 (1958), and 26,
173 (1961). Much of the motivation came from the analogy
with the Bose—Einstein condensation, which was pointed out
by B. Kahn and G. E. Uhlenbeck [Physica 5, 399 (1938)].
However, we now believe that this analogy is superficial
and that there is no real connection between the Bose—Einstein
condensation and ordinary condensation phenomena.

Plx)
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Fie. 1. Interaction potential
l o(x).

have been made to construct a rigorous theory of con-
densation phenomena from such expansions. In fact
we believe that such a construction is very difficult,
if not impossible,* and it therefore seems worth-
while to try to reformulate in a more rigorous way,
the basic ideas of van der Waals.

We have attempted to do this starting always
from a one-dimensional gas model, first proposed by
M. Kac,” for which all calculations can be carried
out exactly. The model consists of N particles moving
on a line of length L and interacting in pairs through
a potential ¢(z) which consists of a hard core of
length 6 and an exponential attraction (see Fig. 1.)
For this model it is possible to give an exact discus-
sion of the partition function in the thermodynamic
limit L > o N — o, 1 = L/N finite. As shown
already by Kac, the problem in this limit can be
reduced to the discussion of a linear integral equa-
tion with a positive definite, Hilbert—-Schmidt kernel
of which the maximum eigenvalue determines the

¢ The difficulties become especially clear in the formulation
of the condensation problem according to C. N. Yang and
T. D. Lee, Phys. Rev. 87, 404 (1952). Compare also the
discussion by G. E. Uhlenbeck and G. W. Ford in Chapter 3
of the book Lectures in Statistical Mechanics (Proceedings
of the Summer Seminar, Boulder, Colorado, 1960, published
by the American Mathematical Society, Providence, Rhode
Island, 1963.)

8 M. Kac, Phys. Fluids 2, 8 (1959).
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thermodynamic potential (Gibbs free energy) of the
system. These results will be recapitulated in Sec. II.

For finite v, that is for a finite range of the at-
tractive force, the system does mot show a phase
transition in agreement with all previously known
results’ for one-dimensional systems. However, if
one sets a = ayy, and then lets y — 0, (i.e., for a weak
but very long-range force) so that the integral

f dx ¢attr.(x)
0

is finite (we will call this the van der Waals limit),
4 phase transition appears which is deseribed exactly
by the van der Waals equation

p=kT/(l — &) — /T, ey

together with the well known Maxwell rule.” This
will be shown in detail in Sec. III.

In Sec. IV, all the eigenfunctions and eigenvalues
of the Kac integral equation are found in this limit
by a perturbation procedure with vé as the expansion
parameter. The phase transition appears as a double
degeneracy of the maximum eigenvalue, and the
phase transition persists when the perturbation cal-
culation is carried further to any finite power of va.
One should also note that this entire development
breaks down near the critical point. For the critical
region, a separate discussion is required which will
be given in Part III of this series of papers.

In the last section, we will comment on the
relevance of our results for the three-dimensional
problem, and on the relation to the usual derivation
of the van der Waals equation.

II. THE KAC INTEGRAL EQUATION

The partition function for our one-dimensional
gas is given by

1 1 L L
e

X exp [—ﬁ > et — t,-l)]

i<j

1 1 L L
A

¢ That there is no phase transition for a one-dimensional
system with only nearest-neighbor interaction, was shown
first by F. Gursey, Proc. Cambridge Phil. Soc. 46, 182 (1950).
This was generalized (with the same result) to the case
where each molecule interacts with a finite number of neighbors
by L. Van Hove, Physica 16, 137 (1950). Compare also the
discussion given by A. Munster in his book Statistische
Thermodynamak (Springer-Verlag, Berlin, Germany, 1956),
Secs. 7.7 and 8.8, where one also finds further references.

7 Also called the equal-area rule. See Maxwell, Collected
Works, Dover reprint, Vol. II, p. 425.

Z(L,T,N) =
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X exp [v Ze_ﬂ“_m] H St — &), @
i<i i<i
with A* = h*/2emkT, v = «/kT, and where the
stepfunction S(z) is defined by

S() = {O for |z| < &

1 for [z] > 8.

Since the integrand is symmetric in ¢, & - i,
and because the hard cores impose a linear order of
the molecules in L, one can write (2) in the form

—iNy
2w, 1,8 =[] an
0<ti<tare <t y<L
N N N-1
X exp I:%’_ Zl ;6_7]“-m:|'1111 S(lt:‘ﬂ —_ t,~|). 3)

Also the attractive part of the integrand can%be
ordered by making use of the identity

exp [% > exp (= [t — t:-l)]

i.0=

4+
=f"'fdxl v dry

X exp Pz, + 72 + -+ + 2a)]

W) T1 PG, | Zian, s — 19, @

where

W(x) = (2—;); exp [—32*],

P |y, 1) = [{2x(1 — ")}
X exp [—(y — 2¢7")*/2(1 — ¢*"")].

The motivation and the proof of the identity (4)
follows from the observation that exp (—v [t; — ¢;])
is the covariance of a one-dimensional, Gaussian
Markoff process (the so-called O-U process), but
of course one can also prove (4) directly. By sub-
stituting (4) into (3) and by making a Laplace
transformation in L, the integrals over the ¢; can
be separated in pairs since clearly

(5)

f e 2L, T, N) dL
0

is of the form

w L L
f dLe™" f dt, f it
0 0 t1

L L N-1
X f dfy -+ j dty I1 Filtin — 8)
tg tN—2

i=1
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=f dtl‘/. dtz f dtN
tN—1
x [ aze TI Fiftin = 1. ©)
tn j=1

Setting

tl = Tu,

t2= 7'1+7'2, e ;th TI+72+ +TNJ

L= Tl+Tz+ e Ty + TN+1)

one easily shows that (6) becomes

#10 f dr e " Fy(7),

so that by putting in the appropriate form for the
F;(z), one obtains (suppressing the temperature 7'
from now on)

fo " dLe AL, N)

—Nv/2
J- fdxl .
S

2 W () II P | 3i02) (D

le
T
X exp A, +

with

Pz |y) = f, " dr e"P(x |y, ). (8

The ordering of the z; in successive pairs suggests
the introduction of the kernel

i e 64/ + 0] @

and the corresponding Kac integral equation

K.(z,y) =

+

dy K, (z, y)¥(y) = M(). (10)

It is easy to see that K,(z, y) is symmetric and in
addition one can show (for the proof, see Kac®):

(a) K,(z,y) is positive definite, which means that
f K,(z, py¥@)¥(y) dz dy
is always positive, whenever ¢ (x) is not identically 0;

(b) K,(z, y) is a Hilbert—-Schmidt kernel, which
means that

ff Kiz,y)dzdy < ».

From these facts, one can conclude that Eq. (10)

KAC, UHLENBECK, AND HEMMER

has a discrete set of positive eigenvalues \,(s) starting
from a maximum eigenvalue A\(s) and converging
to zero as ¢+ — =, that the corresponding eigen-
functions ¢.(x, s) form a complete orthonormal
set, and that the kernel K,(z, y) can be expanded
in the convergent series

Kc(xy y) = Z )\,.(s):ﬁ‘-(x, s)'l/i(y: 8)'

Writing Eq. (7) in the form

(11)

fo " dLe AL, V)

—fN' 3
= Astf fdx, -+ dzy exp I:% (z, + xN):I

X @M@l 11 K.(es, 2,00,

and using Eq. (11), one can integrate over zs,
Zs - -+ Zn—1 and obtain

f dLe"Z(L, N) = _NN; ix”- ®4° (12
with
= f dz ¥z, W@, (13)

If one now forms the grand partition function

A(L,?) = X Z(L, N)(42)", (14)
N=1
it follows from Eq. (12), that
@ —3r A2
L G(L,2) = %5 Y i
~/¢; d ( ’z) S i 1 — A,-ze'*' ’ (15)

provided z < e!"/A(s). It is clear therefore that the
abscissa of convergence of the Laplace transform
of G(L, 2) is that value of s, for which

z = e’ /\(9). (16)
Since on the other hand this abscissa is also
llm ln (L,?, amn

L-—om

which has the thermodynamic meaning of p/kT,
it follows that the relation between z and the pres-
sure of the gas is given by

MN@/ET) = é¥' /2. (18)

Furthermore, since the thermodynamic meaning of
z is the fugacity, which is related to the chemical
potential (Gibbs free energy per particle) u(p, T) by
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p = kT In (A2), (19
the equation of state follows from
L= @u/dp)r = —N(9)/Nos), s =p/kT, (20)

where the prime denotes differentiation after s.

The following statements can be proved con-
cerning the maximum eigenvalue A\y(s) and the eigen-
value spectrum \;(s) (see Appendix 1):

(a) All eigenvalues are monotonically decreasing
functions of s and approach zero for s — .

(b) The maximum eigenvalue A,(s) goes to in-
finity for s — 0. For no value of s can it be degenerate,
and it is an analytic function of s for all real s > 0.
Finally there is the inequality

() — N@N'(s) <O, (21)

which implies that A}’ (s) is always positive.

(¢) All other eigenvalues are finite for s = 0.

It seems very likely that the curves X;(s), ¢ > 0
will also not cross each other, in which case the
spectrum as a function of s may look as shown in
Fig. 2.

One can conclude that for any value of z there is
an unique value s fulfilling Eq. (16), and from
Eqgs. (20) and (21) it then follows that [ is a mono-
tonically decreasing and analytic function of s =
p/kT for all positive values of s. There is therefore
no phase transition. Note that the theory gives
directly [see Eqgs. (18) and (19)], the Gibbs free
energy as a function of the pressure, and that there-
fore one obtains the specific volume ! as a function
of the pressure instead of the pressure as a function
of | as in the Mayer theory. The connection with the
virial expansion of the equation of state is therefore
quite complicated. One can show that the maxi-
mum eigenvalue A,(s) can be expanded in the form

Aols) = e’(s™ + ap + a8 + a8 + -+ ). (22)

The coefficients a; can be calculated successively
and they are related to the Mayer cluster integrals
b;. One finds

ao = bz; a = ba - bg; (23)

and so on. For the proof we refer again to Appendix I.
From Egs. (22) and (23) one can then verify that
the equation of state (20) is, for small pressures,
simply the inversion of the usual virial expansion

pl/kT =14+ B/l+C/P+ -+,

with B = —b,, C = —2b; + 4b;, etc. We have been
unable to find a simple “graphological” characteriza-
tion of the coefficients a,.
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Fi16. 2. Eigenvalue
sprectrum as a func-
tion of s.

/’V’
w JS NS - JS 0O

III. THE VAN DER WAALS LIMIT

We will now study what happens to the maximum
eigenvalue Aq(s), if one puts a = ayy and then goes
to the limit ¥ — 0. To do this, we investigate the
moments »_; N*(s) of the distribution of the eigen-
values A;(s). One has

[oof s am

X Ka(xly x2)Ka(x27 173)

=f...fdx1 ...dxﬂ

X exp [— o) @ + 2, - + 2,)]
Xf-'-fdn e dr
8

X exp [—s(ri+ -+ + 7)) fI P |51, 1)),

LN =

e Kn(xny xl)

where », = a,/kT and .., = z,. The integrals over
the z; can be carried out and one can then investi-
gate the limit v — 0. Some of the details are given
in Appendix II. The result is the following theorem.
Fory — 0,

@
x (exp 9@ [ dr exp [=sr — 3¢ + )]

One now can reason heuristically as follows. Call
fle, m) = exp n(@o] [ d

X exp [-s7 — 3¢ + 71°)7];  (25)

then since (24) holds for all n, one can expect that
for any reasonable function g(z),
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fs(n)
@
F1G. 3. The function
f«n) in the two-phase
: region.
of 1N
meX :
E fmin
; n

. 1 +®
limy X g0 = 5 [[ dednglie, 0l @)
y-0 g m -
Take now for g(z) the step function
g(x)=[1 for a<z<p
0 otherwise ,

and let N,(a, 8) be the number of eigenvalues be-
tween o and S§; then one concludes from Eq. (26)
that

. 1
11112 'YN‘y(ar ﬁ) - 27I'
X [Area in (&, 1) plane for which & < f(§, 7) < 8.

@7

Suppose that f(¢, %) has an absolute maximum w(s),
then it is clear that for v — 0, w must be a limit
point for the series of eigenvalues, because in any
interval between w — € and » there must be in the
limit v — 0, an infinite number of eigenvalues be-
cause the area (w — ¢ < f(§, 1) < w is finite.
It seems therefore reasonable to expect that for
¥ — 0, w(s) is the maximum eigenvalue, or in other
words that

lim Ag(s, ) = w(s) = max f(¢, 1) = max F(n), (28)
70 &, (m
with
F(n) = {0, )

= exp [—8(s + 7)) — In (s + ¥7) + 2(20)],
since the maximum of f(¢, 7) will always occur

for ¢ = 0.

wl(s)

F16. 4. The maxi-
mum eigenvalue, in
the van der Waals
limit, for a tem-
perature below the
critical.

wl
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P

F1c. 5. Isotherm
corresponding to
Fig. 4.

Note that our argument from Eq. (27) does not
really prove Eq. (28), since (27) does not exclude
that a few discrete eigenvalues remain above «w(s)
fory— 0. However, Eq. (28) is correct and the argu-
ment can be made completely rigorous. This is not
done, beeause in the next section, the detailed
investigation of the approach to the limit y — 0
implies a rigorous proof of Eq. (28).

To discuss Eq. (28) further, first note that the
maximum will occur for that value %(s) for which

f.(n) = als + 1/ + )] = @) (29)
Since df,/dn = 0 implies
s+ 3" = (1/29)[1 = (1 — 8s9)],  (30)

one must distinguish two cases.

(a) 88 > 1; f,(n) is then a monotonically in-
creasing function of 7, so that (29) has always one
solution 5(s) corresponding to an unique maximum
for F(n). The equation of state follows from

= —w'(8)/w(s) = +9
+ /6 + 3 @) = +@wi/a), G

using (29). Putting s = p/kT and n(s) = (2w)}/l
in Eq. (29), one obtains the van der Waals equation

p=kT/(l — 8 — a/P.

(b) 88 < 1; f,(n) has then a maximum and a
minimum (see Fig. 3), and one easily verifies that
for s = 1/85, fuin = fuee = (2)(38)}, and that
for decreasing s, f,i, and f,,. increase monotonically;
fmia remains finite, while f,.,. goes to infinity for s — 0.

If now (270)! < fuin, then again there is only one
solution of Eq. (29) corresponding to an unique maxi-
mum of F(5). This is also the case if (2vo)} > fou-
However if f.;, < (21/0)* < fmax, then Eq. (29) has
three roots, the outer two corresponding to local
maxima of F(n) and the inner one to a local mini-
mum. One must now decide which of the two maxima
is the absolute maximum. Clearly if one varies »,
at fixed s, or if one varies s (keeping 8s6 < 1) at
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fixed »,, there must be a value 5(»,) for which the two
maxima are equal. It is at this value that w(s)
changes its analytic behavior abruptly, since 5(s)
will suddently jump from the branch @ to the
branch @) of the f,(y) curve (see Fig. 3). In fact it
is easy to show that for s = §, «(s) has a discon-
tinuity in slope, and since | = —o'(s)/w(s) this
corresponds to an isotherm with a horizontal piece
(see Figs. 4 and 5). Furthermore, since (31) remains
valid, both the liquid and the vapor part are still
described by the van der Waals equation. Finally,
the equality of the maxima of F(y) for s = § or
of the two values of w(s) means the equality of the
Gibbs free energy of the two phases for s = §,
which in turn is equivalent to the Maxwell rule.

The critical point is determined by 8s,6 = 1
and (20.)} = fui(s) = fum(s) = (3)(38)} and
this leads to the well-known formula

v. = 38; P, = a,/278; kT, = 8ay/275. (32)
IV. THE EIGENFUNCTIONS AND EIGENVALUES
FOR SMALL +

Clearly the reason that, for small v, the eigen-
values A,(s, v) of the Kac equation crowd together
near the value w(s), must be related to the fact that
fory — 0, P(z | y, t) approaches the Dirac é function
3(x — y). However if one assumes that for y — 0,
the eigenfunctions ¥,(z, s, v) would remain centered
around z = 0, as in the usual eigenvalue problems,
then it follows from Eq. (10) that for y — 0, the
eigenvalues would cluster around ¢™*°/s which is the
maximum eigenvalue for the gas of hard rods. This
contradiction can only be removed if, for y — 0,
the eigenfunctions are centered farther and farther
away from the origin. This in fact is the clue for
constructing a consistent successive-approximation
method for the eigenfunctions and eigenvalues if
v is small.

In the basic integral equation (10), substitute

z=a + 12, y=v +12M7, 33

where 5 = 5(s) is the value of % for which the func-
tion F(n, s) defined by (28) has an absolute maxi-
mum. Think first of the one-phase region, so that
7(s) is unique. Let

W) = v’ + 12/
then Eq. (10) can be written in the form

exp (n@0') [ dy [ ds [g;g:;:rP(x’ 1y, )

2 H
X exp |:'—ST - %tanh (%t) + @ + ) ——(V‘g)

(34)
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!

- 3(?7) tanh (g)(x' +9) ]h(y’) = M@).  (35)

Clearly now fory — 0, P(z’ | ¥/, 7) — 8(x' — %)
if A(2’) is centered around =’ = 0, the eigenvalues
will approach

€xp [71(2"0)” j;" dr exp [_ST - izf:l = w(s),

as expected. One may say that by the substitution
(33) one has “tamed” the integral equation for a
perturbation expansion of the form

A =@l +uPy +p Py + -
M) = BO@) + 7RO @) + P E) + -
Since the algebra is involved, we simply indicate
how this is done. In the left-hand side of Eq. (35), set

Y =2+ (1~ e

and develop the whole integrand in powers of 4%
The integrals over { are Gaussian integrals and the
integrals over 7 can all be expressed in terms of
w(s) and its derivatives. Up to order 4}, and except
for a common factor w(s), the left-hand side of (35)
becomes

h@") + IR @) + k@) (G — 127 + 32" (I — 8)°/1)]
+ bl — 8 /UG k(@)1 — 4wo(l — 8)/1)
— 3'h(@’) — W) — ='h"@)],

(36)

where (31) has been used to express 5(s) in terms
of 1. If one now introduces the expansions (36) on
both sides of Eq. (35) and equates equal powers of
¥}, one obtains, in zeroth approximation,

d’H® [1(1
Z T\~
where we have set

B =P — 20l — 81, ' = z(/B),
R (2) = H(@).

”(1)) — %:IH(O)(Z) — 0’ (37)

(38)

This is the equation for the Weber functions and
hence one concludes that

m =3[l = (2n 4+ DB,

H,”(2) = N.D.(?),
where N, is the normalization factor (B/2x)}(n!)}.
Note that the quantity B is related to the com-

pressibility of the gas, since, from the van der Waals
equation,

B = [-I(l — 9)'/kT1(3p/d)r.

(39)

(40)



Fia. 6.

w(8);—=" = —N8,7)
(exact); ---=-=~--
(s, v) to order v3;
——— Ms, 7) to

order (y8)%

In the one-phase region 9p/dl is always negative,
and therefore B can be taken positive. The maximum
eigenvalue corresponds therefore to n = 0, and is
given up to first order by

Ao, 7) = (@[l + 3v( — B)]. (41)

This proves the statement in Sec. III, that the
maximum eigenvalue is w(s) in the van der Waals
limit.

In first approximation one obtains

d’H," v(l — 8 aH,”
o T+ i - HY = o=
3 2
v(l — 9) (__l__ _L) (
+ g \ap T T A
— y(l)(l - 6)3(l - 36) ZSH,SO)- (42)

6l5/2BE/2

It can be easily verified that the right-hand side is
orthogonal to H!”, so that (42) has an unique
solution. For the explicit form of the solution and
also for the second approximation, which will be
needed in Part II of this series of papers, we refer
to Appendix III.

Let us now consider the fwo-phase region.

It is clear that in this case the argument must be
revised, since the %(s) in the shift (33) is no longer
unique. In fact, since F(y, 8) has now two equal
maxima, there are fwo values of 7(s) corresponding
to the volumes I, and I, of the saturated vapor
and liquid phase (see Fig. 5). For each of these two

Fie. 7.
The van der Waals
isotherm (y = 0);
— — — The exact
isotherm;
The isotherm to
order 8.
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values one can make the shift (33), and repeat the
the argument. Clearly in both cases one will get
the same zeroth-order eigenvalue w(s), but one will
get another eigenfunction, since the quantity I/B
will be different at I, and ;. One must say therefore
that for I, < I < [, i.e. in the two-phase region,
the maximum eigenvalue in the van der Waals
limit is doubly degenerate, and in lowest order, the
eigenfunction will have the form [since Do(2) =
exp (—12°)],

Yolz, 8) = al(%lll)* exp [_f_li <x - "1[%]%)2]
valgt) o[ -G (- o[2])] o

where m(3) = (2w)/L and n.(3) = (2w)}/L.

The question now arises as to the appropriate
linear combination corresponding to a specific length
I = &l + &L, (where &, £ are the mole fractions
of the vapor and liquid phase), so that & + & = 1
We show that the answer is given by

L= a; £ = aj. (44)

To prove this, note first that for small v, the two
Gaussian functions in (43) do not overlap. Hence from
the normalization of ¥(z, 5), one obtains o? + o} = 1.
Furthermore, for any finite v, it follows from the
Kac equation that

M, = [[ dzdy K@, )
X 'f’o(x: $, 'Y)V’O(y, 87,

N W) = M, D1 = [[ dr dy 2K

(45)

X '/’o(x: s, 7) ¢0(y; s, 'Y)

[since the differentiation of the eigenfunctions after
8 gives zero because the normalization of y,(z, s, v)
implies

f Yoz, 8, 7) a% Yolz, s, v) dz = 0].

Now take s = §, and let v — 0. Since for each of the
two functions in Eq. (43) one has an equation like
(45) with the same s and the same \o(s) = w(s),
but with [ successively I, and I, and since one can
again neglect the overlap of the two functions, it
follows from Eq. (45) that fory — 0,

l = ail, + dily,
which proves Eq. (44).
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We conclude this section with the following two
remarks.

(a) It is clear that the entire development breaks
down near the critical point because at that point,
B — 0 and [, =2 I;. The overlap of the two eigen-
functions in the two-phase region can therefore no
longer be neglected. In the critical region, one has
to “tame” the integral equation in a different way,
which will be explained in the third part of this
series.

(b) It follows from Eq. (41) that up to first order
in v, (s, v) still shows a discontinuity in slope,
and one can be convinced that the discontinuity
remazns if the perturbation calculation is continued
up to any finite order in . For finite v, Ao(s, v) is
an analytie function of s for s > 0. This means that
for small v, the successive-approximation method
which we have developed, approximates the analytic
function Ay(s, v) by a series of functions which have
a discontinuity in slope in the region of s, where the
slope of A(s, v) varies very quickly (see Fig. 6).
This implies that the phase transition persists up
to any finite order in v, although the equation of
state is then of course different from the van der
Waals equation. In fact it is not difficult to show
from Eq. (41), that, up to first order in v, the equa-
tion of state in the one-phase region is given by

A _ao(ﬁ_é?)}}
L. l2+2{kT B[kT - .

The saturated vapor pressure and the densities of
the saturated vapor and liquid also change ac-
cordingly. One finds

kT (B, — B
Pest = Daut + T (—i—__l:‘ - 1)
l' 2
L=+ 20~ s)Z(l—;)
2
Bl - Bg — _l_1( — aO(Z? - 62))]
X[zl—zz B, \1 KT
with¢ = 1, 2.

V. CONCLUDING REMARKS

To judge the relevance of our results for the three-
dimensional case, let us first recall the usual deriva-
tion® of the van der Waals equation from the parti-
tion function. One can argue as follows: If the range

8 This derivation goes back to L. S. Ornstein, Dissertation
Leiden 1908. Van der Waals himself, and then later also
Lorentz (Collected Papers (Martinus Nyhoff, The Hague
Netherlands, 1935), Vol. 6, p. 40], started from the virial
theorem of Clausius. We will come back to this in Part II
in this series of papers.
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of the attractive force is very large so that there
are many molecules in the action sphere of each
molecule, then the potential energy of the attractive
forces should for almost all configurations of the
molecules, be equal to the average value

ilttt = _CN2/2V) (46)

where
C=— f dt ou,u0).

Equation (46) follows because on the average, the
potential energy of one molecule will be proportional
to the number density N/V and is in fact equal to
—CN/V. The factor two in (46) is of course needed
because each molecule interacts with all other
molecules. For long-range attractive forces it seems
reasonable therefore to approximate the partition
function by

1 1

2V, T,N) = =5 37 &0 [CN*/2KTV]

Xf f dr1 ---dl'NHS<|ri_ri|)> (47)
v v i<i

where S(z) is the same step function as used in
Sec. II. Now if V is very large compared to the total
proper volume Nv,, v, = gwry of the molecules,
then clearly the integral approaches V*, while if
V is of the same order as Nv, the integral will become
strongly zero about as (V — Nwv,)". Approximation
of the integral by the ‘“interpolation” formula
(V' — b)" with b =2 Nv,, then leads immediately to
the van der Waals equation

(+ a/V?(V — b) = RT,

with ¢ = 1CN®.

This derivation has been criticized mainly for
two reasons:

1. A correct evaluation of the partition function
in the thermodynamic limit should always give a
stable isotherm for which dp/dv < 0. This has been
proved rigorously by Van Hove® for an inter-
molecular force of finite range and with a hard core.
Since there is an unstable part in the van der Waals
equation below the critical temperature, the equation
is in confliet with this theorem.

2. The approximation (V ~ b)" for the repulsive

(48)

* L. Van Hove, Physica 15, 951 (1949). Recently Dr. N. G.
van Kampen hag pointed out a gap in Van Hove’s argument,
Apparently the theorem can be proved even under less
restrictive conditions by a different method. See a recent .
paper by D. Ruelle, which will appear in the Helv. Phys.
Acta. (to be published).
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part of the partition function must be very rough.
Even if b is fixed so that the correct second virial
coefficient (which makes b = 4Nw,) is obtained, the
higher virial coefficients which can be computed
exactly, do not agree with the van der Waals’ values.

Let us now return to our one-dimensional system.
Note that by the same reasoning as used above, one
would obtain

B W B P
A NP RTL

Xf "'[dtl"'dtNHS(lli_
L L <7

since C becomes 2a,, with the factor two because of
the two sides of the attractive force — ey exp [—7 |¢l].
The great difference between Eqs. (47) and (49)
is that the integral in Eq. (49) can be carried out
exactly because of the linear order which the hard
cores impose. The result is (L — N§)". For a gas
of hard rods of length &, the equation of state as
noted by Tonks' has precisely the van der Waals
form

Z(L,T, N)

p = KT/ — 3). (50)

The second objection against the van der Waals
equation disappears in one dimension, and it is
therefore no wonder that for our model in the van
der Waals limit, Eq. (48) with b = N§, a = a,N*
is obtained exactly. The only question which re-
mains is the conflict of the form (49) for Z with
the Van Hove theorem. From the point of view of
the development in Sees. IT and III, it is clear that
this conflict is due to the fact that in the derivation
given above, the thermodynamic and the van der
Waals limits have been eoupled together, while they
should be taken separately and in the proper order.
Since we go first to the thermodynamic limit for a
finite range of the attractive force, and then allow the
range to go to infinity, we do not conflict with the
Van Hove theorem, and we always obtain the stable
isotherm''). It seems to us therefore, that the first
objection against the van der Waals equation is
not as serious as we have been led to believe.

To summarize this discussion, we conclude with
the following statements.

(a) It seems a good idea, following the example of
van der Waals, to try to separate the effects of the
repulsive and the attractive forces on the equation

10 T,. Tonks, Phys. Rev. 50, 955 (1936).

u For our model the Van Hove theorem is expressed by
the inequality (21) for the maximum eigenvalue (s, v),
which holds for any value of v. The isotherm is monotonically
decreasing for any v, and therefore also in the limit y = 0,
ap/ol < 0.

KAC, UHLENBECK, AND HEMMER

of state, and to develop all thermodynamic functions
in the ratio

_ rahge of repulsive force (51)
range of attractive force

One expects that for p << 1 one will get a van der
Waals-like equation of state which would lead to
the condensation phenomena and the existence of a
critical point. The thermodynamic equilibrium con-
ditions will follow automatically by going first to
the thermodynamie limit.

(b) Onrly in one dimension does one obtain in the
limit p — 0, exactly the van der Waals equation of
state for hard-core repulsion. This should be inde-
pendent of the precise form of the attractive force.

- We have been able to confirm this by generalizing

the Kac model to the case where the attractive force
is of the form

Parer(®) = — Zl oy exp [—vyoz]. (52)
The calculation of the partition function can be
reduced as in Sec. II to an integral equation in m
variables and the behavior of the maximum eigen-
value in the limit ¥ — 0 may be considered in the
same way as in Sec. III: the same equation (28) is
obtained, except that 2w, is replaced by

1 &2 2 r°
TZ,-”ICT

Thus, again the van der Waals equation is obtained
and the van der Waals @ is again proportional to
the area of the attractive potential.

(c¢) In three dimensions, the equation of state of
a gas of hard spheres is certainly not p = kT(v — b),
although qualitatively the behavior may be similar.
Even for very long-range attractive forces one can
only hope to get a van der Waals-like equation of
state. In a sense, the problem of the gas of hard
spheres becomes the central problem. Whether such
a gas would show a phase transition for densities
near close packing (the so-called Kirkwood transi-
tion), is a famous open question. We believe that
there are strong indications for the existence of such
a transition and that this transition might be an
idealization (or caricature!) of the fluid-solid transi-
tion. Clearly, in one dimension [see Eq. (50)], such
a transition does not exist, and we believe therefore
that even with long-range forces, to enforce co-
operation, one phase transition at most can occur
in one dimension.

Finally, we would like to mention two questions

Parer(T) d. (53)
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which we have so far been unable to answer in a
satisfactory way.

1. What is the relation of our theory with the
Yang-Lee theory of condensation? From the exist-
ence of a hard core, it follows that the grand partition
function G(L, z) must be a polynomial of degree
M = L/§ in z with positive coefficients. Setting

G(L,2) = exp [Lx(L, 2)],

one can write

xL,9) =1 iln(1 —f)
2 L et Z, 2
where the z; are the zero’s of G(L, z), none of which
can be on the positive real axis. One can interpret
x(L, 2z) as the complex logarithmic potential of M
point charges of strength 1/L situated at the points
2;. In the limit L — o, the strength of the charges
becomes smaller and smaller while the number M
increases. Suppose now that in the limit L — o,
a number of the charges concentrate in a single
layer which crosses the positive real axts, say at 2 = z,.
The limit function

x() = lmg x(L, 2),

which surely exists, will then for positive and real 2,
consist of two analytic pieces, one for z < z, and
the other for z > z,. At 2, these two pieces will be
continuous but the first derivative will have a dis-
continuity. Since %(2) = p/kT one would therefore
obtain a curve as in Fig. 4 (with abscissa and ordi-
nates interchanged), and condensation would occur.
It is clear that something like this must happen for
our model in the van der Waals limit. It must be
that for finite v, the single layer will not cross the
positive real axis but leave a gap, say, of order v.
For finite v, x(z) will then be analytic for all real
and positive 2z, but in the van der Waals limit when
the gap closes, condensation occurs. However, we
have been unable to substantiate this picture, be-
cause it is difficult to discuss the behavior of the
eigenvalues of the Kac equation for complex values
of s.

2. What is the relation of our theory with the
Ursell-Mayer theory? We have already mentioned
the problem of the ‘‘graphological” interpretation
of the coefficients a; in the expansion of \,(s) [see
Eq. (22)], but there are also other questions. For
instance it should be possible to introduce Mayer
f functions both for the repulsive and for the at-
tractive parts of the intermolecular potential, which
would lead to graphs with two types of lines. The
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question is then, which simplifications occur if the
attractive force is long range, and whether one can
learn from the one-dimensional model how to
characterize better the van der Waals-like equation
in three dimensions.

APPENDIX 1

For the proof of statement (a) see Kac (reference 5,
p. 11). There one also finds the proof that

Mols) > & fa drexp [—s7 +9e"],  (AD)

and since for s = 0 the integral diverges, A\o(s) — o
for s — 0. Furthermore, since the right hand side
of (A.1) can be shown to correspond to the ‘““nearest-
neighbor” approximation, one should expect that
for small s (i.e. small pressure), Ay(s) becomes equal
to it, which implies that for s — 0, A,(s) ~ €*/s,
and this will be confirmed later when we derive the
expansion (22).

The statement that A,(s) cannot be degenerate
for any value of s, follows from the fact that the
kernel K,(z, y) is positive for all z, y and for s > 0.
Since

f f de dy o@)K.(z, Y)e(y)
f dz ¢°(x)

for any function ¢(x), and since the maximum is
reached when o(z) = y¥o(z), K,(z, y) > 0 implies
that ¢,(z) must have the same sign for all z, and we
may assume therefore y,(z) > 0. Furthermore, y,(z)
cannot be zero, unless for some particular value of
x, say Zo, K,(zo, ¥) = 0 in y, which is excluded by
K, > 0. Now suppose that for some value of s,
Ao(s) was degenerate and corresponded to the
two eigenfunctions ;" (z) and ¢’ (x). Taking

s’ (z) > 0, one then can construct a linear combina-
tion (z) of ¥ and y¢» which is orthogonal to ¥,
and which fulfills the equation

Ao(s) 2

(A.2)

f dz dy o@K,(z, Y)e(t)
>\0(3) =

(A.3)
f dz ¢ (z)

Since y;" (z) cannot be zero, ¢(x), being orthogonal
to s, must be both positive and negative over
some intervals, and this yields a contradiction. The
absence of a degeneracy of A(s) implies that \,(s)
is an analytic function of s for all real s > 0. This
is because it is known that the eigenvalues A,(s)
are the zero’s in A\ of the Fredholm determinant
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D(z, \), which is an entire function of A, and is
analytic for all real s > 0. Therefore the \;(s) must
be analytic functions of s except at those values of
s where two or more eigenvalues cross.

Finally the inequality (21) is proved as follows:
With normalized eigenfunctions, one finds from

a® = [[ dz dy wile, 9Kz, 990, 9,
that the quadratic form

Q@) = N(©)2" + 2M(s)z + N'(s)
= f : dx dy Yo(z, 8)¥o(y, 9)

[zK(xy)+2 ’+ ]

+ ff dr dy [%(x )a%g,s)

+ \l’o(?/: 8) a—%ﬂ%—s_)]
From Eq. (9) for K,(z, y), it can be seen that the
variable s enters only through p,(z, ), and from
Eq. (8) it follows that the first term in Eq. (4) is
positive for all z. Also the second term in Eq. (4)
is positive, since by using

(A4)

K.z, 9) = E MO Yalz, Daly, 9),

and the fact that for any s the ¢,(z, s) form an
orthonormal set, it can be transformed into

+o 6%(:!:, s):lz
_ dxl: as

2X(s) f
—a S| [ ey ],

n=1
and since A.(s) < Ao(s) for n > 1, this is bigger
than
+ 9_'1{9)2 _ o <f+co %>2:|
2)\0(8)[./‘_00 dx(as OE e dz ¥. ds ’
which is zero because of Parseval’s relation applied
to the function dy,/ds. Hence Q(z) > 0 for all 2,

which implies Eq. (21).
Statement (c), Sec. II follows from the relation

SN = f dz K,(z, )
0 -

=f:

which shows that for s — 0, the sum of all the eigen-

dr e l:-—s +£1+e—w:|
1—er P T2y gl
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values goes to infinity as e'’/s, and since this is
also the behavior of A\,(s), all other eigenvalues must
be finite for s = 0.

To find the expansion (22) for \o(s), one must

make a perturbation calculation around s = 0 for
the eigenvalue problem
+
[ K 9o, 9 = Mbola, 9. (A5)

First we expand K,(z, y) in powers of s. To do this
we write K,(z, y) in the form

K(z,y) = exp [z + y)]{ W)W

+ BSE o (F]re 100

- WeweL)}. “.6)
Now put
M8 = (€ /s)acs +aos + a8’ + --), A

Vo(@, ) =@ + sy V@) + -

and let ¢’ (z) be normalized to one. Introducing
(6) and (7) into (5) and equating the terms pro-
portional to 1/s, one obtains

+o

ay RWEr

X exp B + YW OW) = a.yP@e”. (AS)
One easily verifies that this has the solution
a=1; @ = (@) exp [~ + b'2]. (A.9)

Notice that if we try to determine in the same way
the values of the other eigenvalues \,(s) at s = 0,
we would find in this approximation that a*) = 0,
so that all X,(0) for n > 0 are degenerate, and to
find the actual values, we would have to solve an
infinite secular determinant. Only A,(s) becomes in-
finite for s — 0, and only for N\o(s) can we carry the
perturbation calculation further.

Equating in Eq. (5) the terms independent of s,
one finds

[ ay e e + ot~ sre ey

+ [ o]

X [P [y, ) — WG)1)$w)

+ [W(w)W(y)l‘xl/‘”(y)}

= [y P @) + ay ¥ @)]. (A.10)
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Multiply with ¢ “’(z) and integrate over z. Using
Eq. (9), the fact that ¢ *’(z) is orthogonal to ¢’ (z),
and the formula
[[ | dy exw B + 9 @PG |9, 7

= exp p(l +¢ "],

which is a special case of Eq. (4), one obtains

G = —5 + f: dr {exp 6™ — D). (A.1D)

The right-hand side can be written as

L-m im = ff dt, dt, {exp l:kT o(|t, — tzl)] - 1}

which is the definition of Mayer’s b,. One also easily
verifies from Eq. (10), that

vP @) = (e + HY'@)
+ o V}
+et f_ _dy vV (y) exp [§ (= + y)]

x [ ar [%3]’[13@ v, 7) = Wal.

We can go on in this way, but the calculation
soon becomes very lengthy. We have verified that
in next approximation, one obtains a, = b; — b2,
where Mayer’s b, is defined by

b, = lﬂnﬂ?ﬁfﬁf dt, dt, dt

X [f12f13 + f12f23 + f13f23 + f]2f13f23]

fii = exp l:k_%ﬁ o(|t: — til)} -

The general expression for the a; in terms of the
Mayer b, is lacking. To obtain the correct equation
of state up to the fourth virial coefficient, a, should
be equal to by — 3bybs + 2b3, but we have not veri-
fied this.

with

APPENDIX II

To indieate the proof of Eq. (24), it will be suffi-
cient to consider the case n = 3. One has

Z A = fff dry dry drg et
' 3

x [ f de, dz, des exp [— ) (@ + 22 + 2]

X P(xx [:L‘g, TI)P(xZ lxa, Tz)P(za [731; 7'3)7
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where P(z | y, 7) is given by Eq. (5). Introduce the
new variables

= (2, — 27" — e

£ = (23 — 2 ") — 27t

£ = (1, — 271 — 6_27”)_5:

with the Jacobian
a(Elz E?; 53) — {1 — e—»y(n-&n-&-n)}

321, T2, T3)
3
X ITQ — exp [~2v7])7*
i=]1
The integral over the z; then becomes
{(21‘.)![1 - e—'v(n+r.+n)]}—1

X ff} d§y ds dts exp [—3E + & + £5)

> A.s.],

t=1

Go)?
x €xp l:e—‘v(fx+f:)+fa) —
with

A4, = (1 —~ 6—27N)}[e—1(r.'+x+r;+a) J e 1],

and 74 = 7y, 75 = T,

In this form it is convenient to go to the limit
v — 0. Since the A; approach 3(2yr;)}, the inte-
grand of the ¢; integral becomes independent of v,
and one obtains

limy X A} =

=0 y

&

X 1@ + 72+ )™ [ ff de, de; d

3(21’07;)%5;' ]
n+ 7+ T3 )

To uncouple the 7, integrals, introduce the auxiliary
variable

X IaIexp[—%E? -

im=]

(a)

n:

}:zr.,

i=1

71 + T+ 7
and multiply (a) with

f dn 6( T +7'2+-r3 ,Z.;E'T')
=-217rf_m d'r]f_w dv

x e[ ils - - Sen)),
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using the Fourier representation of the é function.
Set v = w(r, + 72 + 73), and integrate first over
the £;,. We then obtain

lim E’@:zl_;f_ dnf_ dw

¥—0 i

pe {f: dr exp [—77(21'0)* + trqw — éw{l} .

Finally, setting w = £ + ¢5, one obtains Eq. (24)
for n = 3. The proof for arbitrary » follows the same
procedure.

APPENDIX III
The solution of Eq. (42) can be written in the form
H.”(@) = N,[P,Dys(2) + QuD0ia(2)
+ R.D,-.(2) + 8.D.-s(3)],

where
31— 8’ — 35
p,=p =" 18l5)/2(B5/2 )
Q.=9n+DP+mn+ 1DV —-W,
R, = —9’P — n’V + aW,
S, = —nln — 1)(n — 2)P,
with

V = — 8)%/PBY, W =i — 8)?/2IB!,

To obtain the equation for the next approxima-
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tion, the left-hand side of Eq. (35) must be ex-
panded to terms of order v°. Using the expansions
(36), and equating terms of order 4°, one obtains
dHP
dz

Y1 — 0%l (4
+ VO( 4B5/2) (3—123
w(il — 8 d°H
BT f T2
B dH"
1 dz }
vl — Y — 216 — &)
81I'B°

uo(l+6)(l—6)3( ___1)2
+ 2B n+ 3%~ 3g)

- l)ng,(,”

vi(l — 8)°

+ B}

+

X {%zH,‘.” +

4
4

+ H:"’(z)[

Yo

"~ 12I°B

(150° — 360°6 + 3018° — 84°)

1 e
+ 55 @1 — 218 + &)
x{t+e+pE-w+ntpE]

dH,ED)
dz ’

_n(l =9+ 9
’'B

z

from which g and then H!® can be determined
in the usual way.



JOURNAL OF MATHEMATICAL PHYSICS

VOLUME 4, NUMBER 2

On the van der Waals Theory of the Vapor-Liquid Equilibrium.
I1. Discussion of the Distribution Functions

G. E. UnLenBECK, P. C. HEMMER, AND M., Kac

The Rockefeller Institute, New York, New York
(Received 17 September 1962)

For the same one-dimensional fluid model discussed in Part I, we have derived general expressions
for the two- and three-particle distribution functions. It is seen that these distribution functions depend
on all the eigenvalues and eigenfunctions of the basic Kac integral equation, and the dependence
is so transparent that the generalization to s particles is obvious. The fluctuation and virial theorems
are discussed and shown to be consequences of our general formula. In the van der Waals limit,
the behavior of the two-point distribution function is discussed, both for distances of the order of
the hard core and for distances of the order of the range of the attractive force. The long-range behavior
is, in first approximation, equivalent to the one-dimensional version of the Ornstein~Zernike theory,
but only in the one-phase region and not too near the critical point. In the two-phase region, all
distribution functions are linear combinations of the two corresponding distribution functions of the
saturated vapor and liquid, with coefficients proportional to the mole fractions of vapor and liquid.
This is shown for our model; we also give arguments for our belief that these relations are general,
and express the geometrical separation of the two phases. The relation to the Ornstein-Zernike theory
is discussed in more detail, especially in connection with a recent formulation of this theory by
Lebowitz and Percus. We conclude with some comments on the relevance of our results for the
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three-dimensional problem.

I. INTRODUCTION

HE first attempt to go beyond the question
of the equation of state of a nonideal gas to
the deeper problem of the correlation in position
of the molecules in a gas or liquid, was made by
Ornstein and Zernike in their well known theory
of the critical opalescence." Zernike, Prins and others®
later used the same ideas to interpret the results
of the x-ray scattering in liquids in terms of the
so-called two-point correlation function. This cor-
relation function is found to be essentially the
Fourier transform of the angular distribution of
the scattered rays, and it is therefore directly ob-
servable. This cannot be said of the so-called n-
point correlation functions (»n = 3, 4, ---) but
these functions can be defined precisely for a system
in equilibrium, and with increasing n, they describe
the structure of the system in more and more detail.
The general theory of these correlation or distri-
1 L, S. Orsntein and F. Zernike, Proc. Acad. Sci. Amsterdam
17, 793 (1914): Physik. Z. 19, 134 (1918); 27, 761 (1926).
See also F. Zernike, Dissertation, Groningen, Netherlands
1916, reprinted in Arch. Neerl. Zool., Serie 13A, 4, 74 (1917).
For more recent accounts compare Landau and Lifshitz,
Statistical Physics (Pergamon Press, London, 1958), p. 366;
M. Klein and L. Tisza, Phys. Rev. 76, 1861 (1949); M. Fierz,
Pauli Memorial Volume (Interscience Publishing Co.,
New York, 1960), p. 175; and especially P. Debye, Non-
Crystalline Solids (John Wiley & Sons, New York, 1960),
pp. 1-20; J. Chem. Phys. 31, 680 (1959).

2 F, Zernike and J. A. Prins, Z. Physik, 41, 184 (1927);
P. Debye and H. Menke, Physik. Z. 33, 593 (1932).

bution functions was developed in the forties mainly
by Kirkwood, Yvon, de Boer, Mayer,® and their
collaborators. These authors developed the general
expansion theorems for these distribution functions
in powers of the fugacity or in powers of the density,*
which generalize and include the corresponding ex-
pansions for the equation of state. They also pro-
posed various approximation schemes, of which Kirk-
wood’s superposition approximation is the best
known. This leads to new attempts to discuss the
problem of phase transitions, which are of great
interest.’

So far as we know, no one has tried to relate these
general developments with the basic ideas of van
der Waals in a systematic way, and it seems to us

3 Since the literature is quite extensive, we refer to the
reports by J. Yvon, Fluctuations en densité (Hermann & Cie.
Paris, 1937); by J. de Boer, Rep. Progr. Phys. 12, 305 (1949)
by A. Munster in his book, Statisiische Thermodynamik
(Springer-Verlag, Berlin, Germany, 1956), Chap. 8; and
by J. Mayer, in Handbuch der Physik, edited by S. Fligge
(Springer-Verlag, Berlin, 1958) Vol. XXII, p. 152.

¢ For a complete discussion of these expansions see J. E.
Mayer and E. W. Montroll, J. Chem. Phys. 9, 2 (1941).
Compare also the account given by G. E. Uhlenbeck and
G. W. Ford in Studies in Statistical Mechanics, (North-Holland
Publishing Company, Amsterdam) Vol. I, Part B.

5 We are thinking especially of the attempts by Kirkwood
and his co-workers to derive the liquid-solid phase transition
and to show that such a transition even exists for a system
of hard spheres. See J. G. Kirkwood and E. Monroe, J.
Chem. Phys. 9, 514 (1941); J. G. Kirkwood, E. K. Mann
and B. J. Alder, J. Chem. Phys. 18, 1040 (1950).

?
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of interest, therefore, to derive the expression for
the distribution functions for the one-dimensional
gas model described in Part I of this series and to
see what these functions become in the van der
Waals limit. In Sec. II, the derivation of the two-
and three-point distribution function is given, from
which the general expression for the n-point function
can easily be inferred. It is found that the distri-
bution functions depend on all eigenvalues and eigen-
functions of the basic Kac integral equation (Part I,
Eq. 10), and one may say that this gives a physical
interpretation of the eigenvalues and eigenfunctions,
although we do not know as yet whether these
eigenvalues and eigenfunctions are uniquely deter-
mined by the set of distribution functions. Another
general expression for the distribution functions,
also derived in Sec. II, is in terms of the resolvent
of the Kac equation and the eigenfunction ¥(z)
corresponding to the maximum eigenvalue Aq(s).
This expression is especially important for the
discussion of the distribution functions in the two-
phase region.

In Sec. III we derive the well-known virial and
fluctuation theorems. General proofs of these basic
theorems are of course available, but it seems worth
while to prove them directly from the Kac equation.
Since these theorems connect the two-point distri-
bution function with the equation of state, they
give valuable checks for any successive-approxi-
mation method. Furthermore, they provide a link
with the original derivation of the van der Waals
equation.

In Secs. IV and V, the van der Waals limit and
the successive approximations in powers of 6 of
the two-point distribution function are discussed for
the one-phase region. It is seen that one must dis-
tinguish the case when the distance between the
two molecules is of order § from the case when this
distance is of the order of the range of the at-
tractive force 1/y. The short-range behavior is,
as expected, in zeroth approximation, the same as
for a gas of hard rods, since in the van der Waals
limit the attractive force is very weak. In first
approximation, the attractive force influences some-
what the short-range behavior, but the moreinterest-
ing effect is on the long-range behavior. We find
in this approximation, an exponential dependence
on the distance, but with a range which is modified
by the compressibility of the gas. This behavior is
related to the form predicted by the one-dimensional
version of the Ornstein—Zernike theory, and this
relation is general (i.e., independent of the form of
the long range attractive force) when we approach
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the ecritical region. However in the eritical region
our development breaks down, and deviations from
the Ornstein—Zernike theory should be expected to
occur. We will come back to this in Part III of this
series, where the behavior of the two-point distri-
bution function in the critical region will be dis-
cussed in detail.

In Sec. VI, the distribution functions in the van
der Waals limit are discussed for the two-phase region.
We show that all distribution functions in this
region are linear combinations of the two corre-
sponding distribution functions of the saturated
vapor and liquid with coefficients proportional to
the mole fractions of vapor and liquid. In our
opinion, this shows for the first time that the geo-
metric separation of the two phases follows auto-
matically from the theory. In fact it seems that
this property of the distribution functions is a
deeper formulation of the condensation problem than
the property of the constant vapor pressure (hori-
zontal portion of the isotherm), which it implies.
This has already been indicated in a basic paper
by Mayer® in 1947, and perhaps our results can be
looked upon as a strict proof, for a special case,
of the general considerations given in that paper,
although the precise connection is still dark to us.

In Sec. VII we discuss in detail, the connection
of our results with the Ornstein—Zernike theory and
especially in respect to a recent, very interesting
formulation of this theory given by Lebowitz and
Percus.” We conclude with some comments on the
relevance of our results for the three-dimensional
problem.

II. GENERAL EXPRESSIONS FOR THE
DISTRIBUTION FUNCTIONS

First let us recall the general definitions for the
distribution functions. For the canonical ensemble,
the s-particle distribution function is defined by

N1

oo, N, V) = & =9

na(rl

X fv fvdr'” -+ dinDylry -+ - 1), ey

where

¢ J. E. Mayer, J. Chem. Phys. 15, 187 (1947). Compare
also his saper J. Chem. Phys. 16, 665 (1948) and the account
in Handbuch der Physik, edited by 8. Fligge (Springer-
Verlag, Berlin, Germany, 1958) Vol. XII, p. 165.

7J. L. Lebowitz and J. K. Percus, ‘“Asymptotic behavior
?fht%(a) radial distribution function” (Preprint) (to be pub-
ished).
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1 1
Dv=mizorm
X exp [_ﬁ ; ¢(ir-‘ - fil)]- @

The corresponding formula for the grand-canonical
ensemble are

V,Z) = Znu(rl et I, V: N)PN)

Nzs

o (T, ---1,, 3

where
Py = (M"Z(V, N)/G(V, 2). @

In the following we will always have in mind a
single-fluid phase. In this case one knows that in
the thermodynamic limit the distribution functions
approach the definite values

lim n,(t, ---r.,N, V) =70 - 1,;9),
wores 5
1im p.(l'l e Ty, V; Z) = ﬁs(rl A P34 Z)-

V0

and these functions differ only in the dependence on
v, and 2, respectively, which however are uniquely
related to each other by the second Mayer relation

1/v = zx'(2). (6)

Furthermore one knows that in this case the 7,
and p, are spatially homogeneous. Adding a constant
vector to r, --- r, will not change the functions 7,
and p,. Therefore 7.(r,, I,, v) depends only on
|t; — 13|, (1, 1o, T3, v) depends only on the lengths
of the sides of the triangle (r,, 1, 13), etc. Finally
it is known that in this case, the functions 7, and
7. have the product property. This means that if
the s particles are divided in groups containing «;,
a, --- particles, then for configurations in which
these groups are very far apart from each other

™

and similarly for 5,. Note that the meaning of “far”
depends on the value of v or 2. The product property
implies that if all particles are far apart from each
other, then 74, — (1/v)* and p, — p;. Note that this
product property is the only direct relation between
the 7, or p, and the lower distribution functions.
One cannot find the lower distribution functions
only by integrating over the positions of some of
the particles. There are integral relations between
the distribution functions, the so-called fluctuation
theorems, but these relations are more complicated.
We return to them in the next section.

For small density or small 2z, the distribution
functions approach the Boltzmann factor

Ty = Mg, Tlay *** ,
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N 1
n,(r1~--rs;v)—>17

> ol — r,-D], ®

1
X e"p[ ¥ &
and as we have already mentioned, the complete
virial and fugacity expansions have been worked
out (see reference 4).

After these preliminaries, let us return to our
one-dimensional model. We prove that all the dis-
tribution functions can be expressed in terms of the
eigenvalues A,(s) and eigenfunctions ¥,(z, s) of the
Kac integral equation (Part I, Eq. 10), and especially
we will show that

lf° dz ¢ ;1) = D, (0,s|n,s + o)
M+ o)

N CaSay {n,s+¢]0,8), (9a)
l ff dr dy ™" iz, y; 1)
_ gon%(o,s [n,s 4+ o)
Ms + o) ' !
XNO - MG et elnhedd)
% Av(s + o) (',s+ ' [0,8). (9b)

Ao(8) = Aurls + o)
Here, s = p/kT and the symbol (&, m | k', m’) =
k', m" | k, m), stands for the matrix element

o | ¥, my = [ do dulo, miguta, m).  (10)

The distribution functions are expressed in relative
coordinates, so that

ﬁ:&(xy Y; l) = ﬁa(tZ - il; t; —

t2 > tl;

t2)l) tathqu

where i, &, {; are the coordinates of the particles.
We have not derived in detail, the expression for
the Laplace transform of the s-particle distribution
function, but the structure of the Eqs. (9a) and (9b)
is so transparent, that the generalization to the
higher distribution functions seems obvious.

(11)

Proof of Eq. (9a)

As an artifice, we introduce an additional ex-
ponential attraction between all pairs of molecules
and start from the new partition function
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XL, N) = ANN!/o fo dty---dty TT (1t = 4
X exp [V ;e-'rlh'—ul + € ;e-—vlti—!il], (12)

using the same notation as Part I, Eq. (2). It is
then easy to show, that

L
(‘9 In Z) = %ff dh dty ey, &5 N, L),
€=0
0

de

from which follows the analogous expression

L
(8 1;1 G) — %f‘/. dtl dtz e—vlh—hlpz(t“ tz;L, 2)
€ €=0
0

(13)

in terms of the grand—ca,nonical~ quantities. Since
in the thermodynamic limit, In G — Lx(z, ¢), one
obtains from (13) in this limit,

(?Xﬁﬁ) =f dx e " py(x; 2),
€e=0 o

Be (14)

where z = §, — t,.

Exactly in the same way as in Part I, Sec. II,
one can associate with the partition function (12)
the integral equation

+

[[ ay B, 20,9000, v) = 2,2, 05)

—

with

o [F@WE)]
R, «;y,y) = [W(y)W(y')]

X exp [B(z + v) + 3@ + ¢)]
X f dre™P,( |y, DPJ’ |y, 7).  (16)

We omit the proof, since it will be obvious to the
reader. The notation is again the same as in Part I
except that in the P functions, the different ranges
of the exponential attractions are indicated. The
function ¥(z, € is related to the maximum eigen-
value Aq(s, € of Eq. (15) by the equation [similar
to Part I, Eq. (18)]

Ao(s, & = (1/2) exp [3(» + 9], 7

where s = p/kT = x(z, ¢). To calculate the left-
hand side of Eq. (14), one must make therefore a
perturbation calculation for A, up to first order in .

It is easy to see that for ¢ = 0, Eq. (15) is separable
and that then the eigenfunctions are given by
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\I/,(,?,’,,(x, .’IJ’, S) = %(x: s + n’a)N,,,D,,,(x’), (18)
corresponding to the eigenvalues
AL(s) = N(s + n'0), (19)

where ¢,(z, §), \.(s) are the eigenfunctions and
eigenvalues of the Kac equation, Part I, (10), D.(z)
are the Weber functions, and N, are the normaliza-
tion constants (27) (n!)~}. Setting

A(s, € = A®) + eAV(s) + -,
Yz, 2',s,¢) = VO, 2,8+ &0V (@, 2/, 8) + - -,
one finds by a straightforward perturbation calcula-

tion for the maximum eigenvalue and the corre-
sponding eigenfunction

e} ’ 1 o Ao(8) + Au(s + o)
V@) = g e+ )

X (07 s l n78 + G\I’:t?)(x7 x’!s)}
Aco’(8) = Nofs)

1 - )\n(s + 0’) 2]
X[2+,;0)\0(3)—>\,,(s+,,)<0:8|n,8+a) ,
(20)
where the completeness relation
20,5 ns+a) =1 (1)

has been used.
Now return to Eq. (17). We have found the
maximum eigenvalue of (15):

Ao(s, © = No(8) + eAoo’(s) + -+ .

Introduce here:
s=x@¢ =x) +eoul® + -,

where x(2) = p/kT follows from Part I, Eq. (18).
One then obtains from (17), by equating the terms
proportional to e,

o (e 0) _1[AR® 1
@) = (_a_e ) = z[ D 2]’ @)

using Eq. (20) from Part I. Substituting in (14) one
obtains Eq. (9a), from (20), since in the thermo-
dynamic limit p.(z, 2) = #i,(z, 1) with 1/l = zx'(2).

Proof of Eq. (9b)

To generalize the trick used for the two-point
distribution function, one is inclined to introduce
three additional exponential potentials correspond-
ing to the three distances between the three particles.
However to ensure the triangular relation between
the three distances it then becomes necessary to
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associate with each molecule, an additional “internal
coordinate” p;, which can be X1, and to average
over-all sets of values of the p;. We start therefore
from the new partition function

1
2VAYN!

x [ [Can e an TG - 6

{uil) i<
3
Xesp v T 4 3 T e |
a=1 i<q
(23)

1 <7
By differentiating after the ¢, and then setting
them equal to zero, and by summing over the p,,
it is found, using also the fact that ps(t;, &5, t:; L, 2)
is symmetric in £,, t;, &5
( 8 In G )
J¢; D€y €3/ (=0

Z(La N; €, €2, 53) =

= fff dtl dtz dt;; p3(t|, tg, tg; L, z)

0<¢t,<t,<ta<L

XPZ eXp [—G'P‘ ]tl—‘tzl—o'p, Itg—t;;l—o'p‘ |t3_t1|],

where the sum goes over the six permutations of
the indices 1, 2 and 3. This result is similar to Eq.
(13). By going to the thermodynamic limit, setting
InG = I3z e, &, &) and t, — t, = x,ts =t =y,
one obtains

)., [ e
<a€1 662 663 €a=0 - dx dy p3(x7 Y, Z)
0

X Z exp [—opx — op,y — op,(z + )], (24)

which is similar to Eq. (14).

One now associates again with the partition func-
tion (23), the corresponding integral equation, which
is

ff} dy dy, dy. dys K, (x,y)

X [cosh (Z x,,aj) cosh <Z ya52>]

X ¥(y) = A¥(x), (25)
with x = (z, 1, 3, 23), ¥ = (¥, ¥1, Y2, ¥s) and

_ W(x)W(xl)W(zz)W(xi*)]%
Ko(x, y) l:W(y)W(y,)W('!]z)W(?/a)

X exp 3z + )]
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© 3
X ./; dr 6_"P~,(x I Y, T) HPUa(xa I Ya) T)} (26)
a=1

which is similar to Eqs. (15) and (16). The ap-
pearance of the cosh functions instead of exponential
functions is due to the summation over the u;.
The maximum eigenvalue Aq(s, €, ¢, &) of Eq. (25)
is again related to the function %(2, &, €, &) by

A3, &, €&, €) = (1/2) exp [300 + & + & + )], (27)

with s = p/kT = %(2, e, €, ¢), and to determine
the left-hand side of Eq. (24) one must perform a
perturbation calculation for A, up to first order
in €, € and €. This is now much more involved,
and we refer to Appendix A for some of the details
and the completion of the proof.

By introducing the resolvent R,(z, y; p) of the
Kac integral equation, [Part I, Eq. (10)], the ex-
pressions (9a) and (9b) for the distribution functions
can be transformed into

® =L - 1
lj; dx e fiy(zx; 1) = )\—0(5 _f dx dy Yoz, s)

X R..+.,<x, Yv; )\—01(8_))¢0(?/; s) (28a)

l ff de dy e iig(z, y; 1)
[}

1
X yolxy, )R (x x‘—l )
0\+41y s+o 1 2’>\0(S)

X Rx+w'<x27 .'L'3; 5\%)\1’0(1737 8)' (28b)

The proof is simple. The resolvent is defined in
terms of the iterated kernels by

R.(z,y; 0) = K.,(z,9) + oK' (=, )

+ /K@ + -, (29

where
KP@,y) = [ @K@, K60,

with K”(z, y) = K.(z, y). Since in terms of the
eigenfunctions,

K@,y = ; M), ¥y, 9),

then Eq. (28a) and (28b) follow from (9a) and (9b)

(30)
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by expanding the fractions in the latter equations in
powers of A.(s + ¢)/A.(s), and performing the sum-
mations over n.

We conclude this section with some simple checks
of the general formulas (9a) and (9b).

(a) For v = 0, i.e. for a gas of hard rods, the ¢,
are independent of s, so that {0, s | n, 8 + &) = &,,
and Ao(s) = e~**/s. Therefore Eq. (9a) gives

1
1+ ol — 8™ —

using s = p/kT = 1/(I — &). This is equivalent
to a well-known result first derived by Zernike
and Prins.’

(b) For » = 0, one obtains from Eq. (9b)

lff dx dye " "y (z, y; 1)
(1]
= lf de ey (z; 1)
0

zf dz 7 (23 ) = .31
[}]

[ wernten, e
which is expected, since it is known® that Kirkwood’s
superposition principle is valid for one-dimensional
systems with nearest-neighbor interaction.

(c) For large =, 7i,(x; 1) — 1/1°, since

lim 7ia(z, 1) = lim o f dz ¢z, )
(]

z—® o0

1 Aof)
l )\o(s)

1
T

)

using the fact that (0, s | n, 8) =
way one proves that for large y

8.0- In a similar

@

dz e

lim ia(z, y; ) =

y—® JO

1,
lfo dz sz, D).

We have thus verified the product property for 7,
and 7;. It can also be shown that for large I, 7@,
and 73 approach the corresponding Boltzmann factor
[see Eq. (8)], but we will leave the proof to the
reader.

8 The result of Zernike and Prins [Z. Physik. 41, 184
(1927)] can be written

_1 _ (z = k9"

x — ké
X exp l: I~ s :',
where S(y) is again the stepfunction. By taking the Laplace
transform one obtains (31).
9 Z. W. Salsburg, R. W. Zwanzig, and J. G. Kirkwood,
J. Chem. Phys. 21, 1098 (1953). Compare also the discussion

of one-dimensional systems by A. Munster (Statistische
Thermodynamik, Sec. 8.8).
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III. THE FLUCTUATION AND VIRIAL THEOREMS

From the product property of the distribution
functions 7, and p,, it follows that the corresponding
cluster functions, defined by

x:(;2) = ;2
Xe(T1, T2 2) =

Xs(T1, T2, 133 2) =

Po(ty, 125 2) — pu(r; 2)Pi(ra; 2)
Bo(Ty, T2 2)Bu(xs; 2)

— Po(T, 133 2) B0 (Ty 5 2)

Pa(Ty, 12, T352) —

— po(r3, 145 2) 5 <r2§ z)
+ 25.(r; 25125 2) (T35 2), (32)

etc.,’® have the cluster property, which means that
for any configuration where the s particles are
divided in two or more noninteracting groups the
X (1 r,; 2) vanishes. As a consequence the
integrals

.1
iggva...fvxa(r]

must have a thermodynamic meaning, and the
results are the so-called fluctuation theorems. From
the definitions of the 5, one easily finds"

1,;2)dr, --- dr, (33)

10 The general rule is as follows: Divide the s particles
in & number of groups and form the product of the functions
51 which depend on the particles in each group. Then x, will
be the sum of products for all possible ways of division of
the s particles with the coefficient (—1)*(k — 1), where
k is the number of groups into which the s pa.rticles were
divided. Similar formulas hold for the functions 7,; one
obtains the same functions x. except that z must be expressed
ino

11 There is the following difficulty: Egs. (34 a & b) are
derived, starting from the normalization condition

which follows from the definition of p.. The average of
NI/(N — s)! over the grand canonical ensemble can be
expressed in terms of N and its derivatives after the chemical
potential 4 and this then leads to the Egs. (34 a & b). Now if
one uses the same argument for the canonical distribution
function n,(r; +-* r,; N, V), which is normalized according to

]
[of - N
v 14

™ =9v

then one obtains a different answer because it is the averaging
over N which bringg in the derivatives of the specific volume
after the pressure. On the other hand, for a single-fluid phase,
the limit functions 7i,(r; -+ - 1,5 v) and Ty * -+ T, 2) are
identical and therefore also the_ cluster functions formed
from them should be the same if one expresses » in z or
vice versa.

This paradox has often been discussed in the literature
[see for instance J. C. Mayer, Handbuch der Physik, edited
by S. Fligge (Springer-Verlag, Berlin, Germany, 1958)
Vol XII, p. 156)]. The mathematical reason for the apparent
discrepancy must lie in the interchange of the two limiting
processes which are required to derive Eqgs. (34 a & b).
Apparently this interchange is not allowed for the canonical
dllstnbutxon functions, although the exact reason is not
clear to us.

cdr,n(r -1 N, V) =
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lim 1

Voo V

L1 _k’T’é_[li(l)]
B_%EV./:[ dr, dr; dts x5 = v dploap\v
v

f dr, dr; x. =
v

ete.

These results can also be derived directly from
the expressions (9a), and (9b) for the distribution
functions. For instance from (9a), it follows that

T e el A 11
‘/;d:ze [ng(x, I lz]_ o i

1 - Ao(s)
t AN NG E

using the completeness relation (21). Now fore — 0,
{0,s|n,8s+ ¢)—0forn £ 0,and (0,s|0,s + o) —
1 + 0(s*), which follows from the normalization
condition. Therefore for ¢ — 0 the right-hand side
of (35) becomes

1 1

Tl T

0,5 [n,s+ 0, (35

M) + 0())

—ohls) — doe () — -

1 1 NG _ 1

)

1728 N(s) 21 204’
using I = —N/Xq, 8 = p/kT. Therefore

lim +
Hm 7

"l 1] _1_#al
= 2]; dz [”e(xz l) l2:l = i l3 ap 3
which is Eq. (34a). In a similar way one can verify
Eq. (34b).

A second group of ‘“‘thermodynamical” rela-
tions for the distribution functions follow from
the fact that the Helmholtz free energy ¥ =
—kT In Z(V, T, N). This has as a consequence that
the internal energy is given by

¥  3NEkT

B=w-To =0

f dtl dtz X2
L

(36)

+ %ffv dr, dr, o(jt; — r)ns(r,, r.; V, N), (37

and the pressure by"®

2 Following H. 8. Green [Proc. Roy. Soc. (London)
189, 103 (1947)], the simplest way of deriving Eq. (38) is by
assuming a cubical vessel of volume V = L3 By setting
r* =1r;/L, the limits of integral in ¥ then become independent
of L and one can carry out the differentiation after V or L
under the integral signs.
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_ # f dr, dr, (r,z g{—z)nz(r‘, n; V,N), (38)
which becomes, in the thermodynamic limit,
o 22T FET R

This is called the virial theorem, since it can also
be derived directly from the virial theorem of
Clausius. If the intermolecular potential o(r) con-
tains a hard-sphere repulsion, then at » = d =
diameter of the sphere, dp/dr is not defined and
(39) must be replaced by

p = %T- -+ bkTiu(d";v)

- %rf dr d%“r" Tia(r; ), (40)
d

d

where b = 27 d° and 7i,(d"; v) = lim,.; n.(r; v).
Note that the one-dimensional version of Eq. (40) is

p = g + okTny(s%; )

- fm dx x Loneer fis(z; 1), (40a)

dx

where 4 is again the length of the hard rod.

By further differentiation after 7 and V, one
obtains from (37) and (38), thermodynamic rela-
tions involving the higher distribution functions.
For instance, from (37) one gets for the specific
heat per particle at constant volume, the general
expression '

3k
e, =5 + 2—&;5 f dr @(T){¢(r)ﬁz(r; v)
-+ j dr; le(rs) + @lres) Ja(ry, 1o, 135 0)
+ %ff drs dr, [ty T2, T3, Ts; )

— la(Ly, Tz} V)Fin(Ts, Ty; U)]}

The question arises as to the verification of these
relations directly from the expressions (9) or (28)
for the distribution functions, and here one en-
counters the following apparent difficulty. Since
Garer. = —ae 7, the integrals in (37) and (40a)
involving 7,(x; ), are similar to the Laplace trans-
form of 7,(x; 1), if ¢ is made equal to v. However,
according to (9a), the Laplace transform of 7.(x; 1)
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depends on all the eigenvalues and eigenfunctions
of the Kac equation, while according to (37) [which
for our model becomes (¢ = E/N)),

€= I%T - alfs dz e” iz 1); 41
the Laplace transform for ¢ = v has thermodynamic
meaning and therefore can depend only on the
maximum eigenvalue A\,. The reason for the re-
markable simplification occurring when ¢ = v be-
comes clear if we go back to the derivation of Eq.
(9a). Clearly, if ¢ = v, the device of adding the
exponential attraction e " amounts to increasing
the strength of the real attractive potential from
v to v 4 e. Equations (14) and (17) are still valid,
but the associated integral equation is now almost
exactly like the Kac equation, except that v is
replaced by v 4 e. The kernel, developed in powers
of € is therefore

K2, y,9 = K@, Il + (/4H@ +y + -],

and performing the perturbation ecalculation one
now finds

Aq(s, © = No(8) + ensV(s) + -
with

SRR N e

From the analog of (22) one therefore obtains instead
of (9a), the equation

® —VZ= . — L o 2 — 1
l fo do €z ) = 5 f_ sy — 3 @2

It is easy to verify that this equation is equivalent
to (41). In fact, since in terms of the chemical
potential,

e = p — T(0u/dT) — p(3r/dp),
and since [see Part I, Egs. (18), (19)]
p = kT In (A2),

In As,») = v — Inz,

one finds
e/kT = 3v — (v/A)(ONo/O0), + 3
which, together with

2o [[ dw ay 2D gy )

Ao [T7
=5 [ @edi@,

reduces (41) to (42).
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The virial theorem (39a) can be verified in a
similar manner. We omit the details, because in a
way these verifications are simply a rearrangement
of the general thermodynamic argument. The
question remains how to derive the basic identities
like Eq. (42), which can also be written in the form

)‘0(8) f dx ‘/fo(x ) )‘0(3)

B _f,f dz dy xbo(r,S)wo(y,s)R'”("’ ¥i Vl(sw))

directly from the Kac integral equation. Such a
derivation is given in Appendix B.

IV. THE VAN DER WAALS LIMIT OF THE TWO-
POINT DISTRIBUTION FUNCTION; THE SHORT-
RANGE BEHAVIOR

To investigate in the range z of order §, the
behavior of 7,(z; ) in the van der Waals limit,
i.e. for y — 0 after setting v = »yy, it is simplest to
start from Eq. (28a). The first step is to ‘“‘tame”
the kernel K,,.(z, y) as in Part I, Sec. ITI, by the
substitution

=z + 22/  y=y + @M
where 7(s) is determined by Eq. (29) in Part I.

The contribution of the first term of the resolvent
series (29), to Eq. (28a) then becomes

NN LLACHN Y RS
i J[ 4 v he )h(y)[W(y):' [ dree
X Py’ |y, ) exp (30un)'@ + v + 29(2/71h)
~ [7"/v + #@@’ + ¥)/(2v)'] tanh Gy},

where h(z") is defined by Eq. (34) in Part I. One
must now substitute the expansions (36) in Part I,
for h(z’) and A¢(s), and expand everything in powers
of v. Because of the taming, the zeroth approxima-
tion is very simple, since fory — 0, P, (@’ | ¢/, 7 —
8(z' — '), and since ' (z’) is normalized to unity,
one obtains for y — 0,

(ZVo)’

w(s)

_exp o) — s+ o+ 3708 _ A4
@) + o + §7°) w(s) ’

or one can say that for y — 0, K,..(z, y) can be
replaced by Adé(z' — y') = Aé(x — y) where A
is defined by (43). Hence K, %(z, y) — A%(x — y),
etc., and one obtains

f drexp [—(s + o)r — 1n°7]

(43)
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! f dz ¢ " in(z; 1)
]

A 1
04 el— 8k —1’

using s + (37°) = 1/(I — 8) which follows from I,
Eqgs. (30) and (31).

In zeroth approximation, one obtains therefore,
exactly the same result as for a gas of hard rods
[see Eq. (31)]. This would of course be expected,
since for small v, the attractive force at distances
of order & is very weak and, in zeroth approximation,
will not affect the arrangement of the molecules,
which arrangement will be determined only by the
repulsive core.

In the first approximation, the attractive force
will have an influence even at distances of order 8.
To calculate this effect, one must collect all terms
of order v in the resolvent series. One then finds

1

1+ ol — 8] — 1
ol — ) e’

B {l+ol— 9k’ -1}

See Appendix C for some of the details of the
lengthy calculation. The results derived in Part I,
Sec. III must be used.

As mentioned previously in the introduction, it
is interesting to check these results with the virial
theorem in the form of Eq. (40a). To do this, one
must find 7,(8"; 1) from Eq. (44). Multiply both
sides of (44) by ¢e’® and then go to the limit ¢ — .
The left-hand side, (with 2’ = 2 — §) becomes

lfo de e "z, ) =

+ 4+ (44

hrnaf dz’ e ' fy(x’ + 8; 1)

o0

=~ 4,(5*; Do f &z’ e = iy(s%; 1),
and by calculating the limit of the right-hand side,
one obtains
(8" ) =1/ — 8) + wo(l — 8)/EB+ --- . (45)

Consider first the zeroth approximation, and sub-
stitute in (40a). One obtains

1 ® vz
?c%—l——a—vo'ffﬁ dr x e ""Ry(z, 1),
If we introduce yz = 2’ into the integral, then

since in the Limit vy — 0, 7, (z'/y; 1) = 1/, the

integral becomes
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so that the van der Waals equation is obtained
once more. The second term in (45) leads to a
part of the correction to the van der Waals equation
of order v mentioned at the end of Part I, Sec. IV.
For the complete correction, one must know also
the v correction to the long-range behavior of
ny(z; 1), and this is also needed to resolve the
difficulty of the apparent nonagreement of the
fluctuation theorem [Eq. (36)] and the first term
of (44) with van der Waals’ equation. In fact, from
the first term of (44) one finds

[ [ﬁz(x; e T

which agrees with (36) if p/kT = 1/(I — §). We
shall see that the long-range behavior of 7i,(x; I),
which is of order v, gives in the fluctuation integral,
a zeroth-order contribution, which brings Eq. (36)
into agreement with the van der Waals equation.

V. THE VAN DER WAALS LIMIT OF THE TWO-

POINT DISTRIBUTION FUNCTION; THE LONG-

RANGE BEHAVIOR

To determine the behavior of 7.(z; ) for z of
order 1/y, we use Eq. (9a) for n,(z; I). Replace
¢ by ¢y and then expand the right-hand side in
powers of v. First consider the matrix element

0,s|n,s + ov)

= d.’E ‘pO(xy S, 'Y)‘//n(x, s + a7y, 'Y)

-0

(47)

With z = 2’ + 7(s)(2/y)}, we know that
Yz, s,v) = h(@',s,7)
= h(O)(x,)s) + ’Y%h(”(l',, S) + MY

where the A*’(z, s) are determined in Part I,
Sec. III. Therefore,

¥al®, s + ov,7)
= h,,(.'L' - 77(8 + 0’7)(2/7)%; S + oy, 7)
— AW, 9 + 4

X [h;”(x',s) o 41 2 (2,9 8)]+0()

Since A" is orthogonal to h{” for n > 0, then for
n > 0 [using Eqgs. (38) and (39) in Part I], one finds

~o(B) I, 40w, a9

For n = 0, one obtains

. 1{3 (@)2 + 06, (49)

0,5|/0,s4+0y)=1—0¢ s
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Note that (48) and (49) are consistent up to order
v with the completeness requirement

Z(O,S lnys + ‘77)2 =
n=0
Next we consider the eigenvalues. We know that

MG, 7) = 0@ + v + 06H],  (50)
where u{" is given by Eq. (39) in Part I. Therefore,

)\,,(S + oy, 'Y) = O)(S)
xb+v[“8+mw@]+owﬁ.@n
Using all this one obtains from Eq. (9a),

2.1

[ dwe s ) =

w e @ d“m Z_B_ ( @ )2
+a'wl[ /+w d8:|+21 ds
w 1

Now there is the followmg comphcation: One would
be inclined to replace w’(s)/w(s) by (—1) according
to Part I, Eq. (31), but this is not correct. The ex-
pansion of the eigenfunctions and eigenvalues was
done at constant s, while the Laplace transform of
fig(x; 1) is taken for a fixed value of I = —2\}(s)/A(s).
Since Ao(s) and w(s) differ by a quantity of order v
[see Eq. (50)], one has

(52)

__Mﬁiq @ dug” ]
l_ko(s)_w Lty Ta v
and so up to order v,

‘j’_’ _ 'Ydﬂo

e PR Lo 3

This y correction must be taken into account in

the first term in Eq. (52), but can of course be

neglected in the other terms. Since in zeroth order
’ 19l Il — o)

w
7——Hﬁ&=4— B

(@)’ 2wl — 9
’ ds/ B*

ad? — p® = B; P —RB = 2ny(1 ; §)_2 ,

one can simplify (52) to

f dr ¢ " y(w; 1) =
0

vo(l — 8)* 1
T FB B + ol
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Since for a gas of hard rods one finds [see Eq. (46)],
up to zeroth order in v,

® —oyz-h.e.r . _ 'L _ _!_ (l - 5)2
fo dee @) = G -t e o
one obtains
f dx e " [fy(z; ) — 7y (z; )]
0
_ ol = 6)‘. 1
N I'B B + ol

Hence by inverting the Laplace transform one
concludes

23 )
Vo(l
T lB

This holds for z of order 1/y, so that 72" (x; I)
should be replaced by 1/°. However in the form
(54), it can be seen that our result connects with the
short-range expression (44) derived in the previous
section, since from (44) follows that for ¢ — 0,

fmdxe"'z(x ) ——|:l—12 il — 6)]+ R
0

I’'B
so that for x — =, we obtain

fa(z; 1) =

exp [—B/Dvx].  (54)

77/2(5” l) lz + %_L ,
and the second term is just the amplitude of the
long-range exponential decay in (54). Note also
that if one substitutes (54) into the fluctuation
theorem (36), one obtains [using (46)]

fo dz [ﬂz(x, D — 215] = -—512 + &—;735—)

- ()N
= Tt
as is expected since according to the van der Waals

equation

kKT ol _ 14l (-9
2Pop 200 2B

It is also easy to verify that, (54) together with (45)
substituted into the virial theorem (40a), gives the
complete y correction to the van der Waals equation.

We have also calculated the terms of order 4° in the
long-range behavior of 7,(x; ). Because the calcula-
tion is straightforward although very lengthy, we will
record only the result since it is needed in Part III of
this series. Call the inverse Laplace transform of
the right-hand side of Eq. (44) 72(2; I} snort range, Which
consists therefore of 75" (z; I) plus the first cor-
rection due to the attractlve force. Then we find
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13 D = (25 Dasers raee + e 7 — )
+ ”————‘3’(2%56)8 [—5(21 — 30 + %”———"(l ~ 6)2]73 2 BV — 2————"3(54; N
% [ 521 — 3) — vo(l — 8’4l ;;318% — 2789 n ve(l — 5)4(11129; 1216 + 1862)]726_37,/,
L (= S%de_ 36)° {1 _ SV"(lgE 5)2}2725”“”. (55)

As a check, one can place this expression in the
fluctuation integral, and obtain the expected result
with 8l/0p computed from the van der Waals equa-
tion, plus the correction of order 4. The most in-
teresting feature of (55) is the appearance of the
exponential with half the range of the exponential
occurring in first approximation.'®

VI. THE DISTRIBUTION FUNCTIONS IN THE
TWO-PHASE REGION

Since at the condensation value Z of the fugacity
z, the specific volume » is a discontinuous function
of 2, all the grand canonical distribution functions
p.(r; --- r,, 2) are discontinuously changing from
A, (r; -+ r,;v,) to A, (r; --- 1,; v2), where v; and
v, are the specific volumes of the saturated vapor
and liquid. In the condensation region, the functions
7. therefore lose their meaning, but we can still
ask for the meaning of the canonical distribution
functions 7,(r, - - - r,;v). Following Mayer, we assert
that for any finite s, one should expect

coe 15 0) = (1/0)[Ewn,
+ 520277"(1.1 te rt; v2)]; (56)

where £, and £, are the mole fractions of the vapor
and the liquid phase, so that » = £, + £v,. The
reason is that Eq. (56) expresses the geometrical

7, X S8

13 'We have also calculated from Eq. (28b)f, the long-range
fg(z, y; ) = 757" (, y; D)
— 5)4

behavior of the three-particle distribution function. Up to
(1
+ ;Y(T—

order v one finds
B
5 {eXD [——l v(z + y):|

+ exp [—%71] 4+ exp [—E;'yy]}

In the far range we have therefore up to O(vy) the superposition
principle

a(ly, b, ba; D) = Pag(hy, b Dialty, bs; Dialle, ts; D),

which should be contrasted with the form of the superposition
principle for the hard core given by Eq. (31a).

separation of the two phases because of the following
argument: Physically, since there is no outside force
field, one must expect that in the equilibrium state
the condensed phase is in the form of a large sphere
surrounded by the vapor phase and that the position
of the sphere is purely random. Of course, since we
are discussing the thermodynamic limit exclusive
of surface phenomena, this cannot be proved in
detail, but one might expect that all results are in
harmony with this picture. This is the case if the
A (t, -+ r,; v) fulfill Eq. (56). The first factor
(1/v) in (56) is the probability per unit volume of
finding one particle say at r;; it is independent of
whether the particle is in the liquid or vapor phase
because the position of the large liquid sphere is
random. However ¢f the first particle is in the
liquid or vapor phase, then all remaining (s — 1)
particles will be in the same phase, because the
chance that some of them are in the other phase
will be proportional to the ratio of surface to volume
of the liquid sphere and is therefore negligible in
the thermodynamic limit. Since v,7,(r; --- 1,; v)
and v,7,(r, --- 1,; v;) are the conditional proba-
bilities to find (s — 1) particles in phase 1 and 2
if the first particle is in the same phase, and since
£, and &, are the a prior: probabilities to find the
first particle in phase 1 or 2, this accounts for the
second factor in Eq. (56).
Several points should be noted:

(a) The 7,(r, --- r,; v) are still spatially homo-
geneous, although there are two phases. This is
clearly again due to the fact that the position of
the liquid sphere is random.

(b) The #,(t, +-- r,; v) do not have the product
property. The presence of the two phases produce
correlations even when the particles are far apart.
In particular,

&
+8)

if the two particles are far apart, and since

_ 1
Tia(Ly, T3 0) — 2 (1%
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%<_l+§2)__1§___ 152(”2_‘ D

U1 [ v v 7)102

>0,

the fluctuation integral will go to infinity, which is
in accord with the constant vapor pressure.

(¢) If one substitutes (56) for s = 2 into the virial
theorem [Eq. (39)], then since

1 de - ..
6 f drr d7‘ n?(r)v)
1 d
= @ f dl' r —d—‘: [fﬂ)lﬁz(r; 1}1) + £2v2ﬁ2(r; 2)2)]

= é’ﬂ (k_T ) + 222 527)2 (kT 293)
v (2 v %]

kT
v

= = Ds,

using the virial theorem for each of the two phases
separately, one obtains that the pressure p is really
constant and equal to p,.

Thus far, all these general statements are of
course not really proved. It is therefore of great
interest that for our one-dimensional model, the
relations (56) follow strictly in the van der Waals
limit. This can easily be seen from Eqs. (28a) and
(28b). We know from Part I, Sec. IV, that in the
two-phase region, the maximum eigenvalue in the
van der Waals limit is doubly degenerate and that
the two eigenfunctions for small v do not overlap.
Since we also showed that corresponding to a given
I = &l 4+ &l,, the eigenfunction is given by

Yolx; ) = E?‘/’o(x; L) + fglbo(x; L),

one immediately sees from (28a) and (28b) that
fio(z; 1) and 7is(z, y; 1) fulfill the one-dimensional
form of Eq. (56) for s = 2 and s = 3. Equations
(28a) and (28b) are so obviously generalizable that
there is little doubt that Eq. (56) also holds for
arbitrary s.

VII. THE RELATION TO THE
ORNSTEIN-ZERNIKE THEORY

To show the connection between our results and
the Ornstein—Zernike theory, we will first present
the one-dimensional version of this theory. We start
with an integral equation connecting the correlation
function ¢(t,, ¢,) defined by

g, &) = g(x) = las(z; ) — 1/7], (57)

with the so-called direct correlation function
¢(t;, t) = c(z). Both functions depend only on the
absolute value of the distance x = ¢, — ¢, between
the two particles at ¢ and ¢;, and in the one phase
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region they both go to zero for £ — «. The equation
is:

glt, t) = c(h, &) + f_ dty g(ty, ts)e(ts, ),  (58)

and to make it plausible one can argue as follows:
The correlation in position of two particles is in
the first instance caused by the direct interaction
between the two molecules and this is expressed
by the term c¢(¢y, t;). In addition, there is an indirect
effect through the action of a third particle in the
neighborhood of the two particles, and this is
described by the second term in (58). We do not
try to give a formal derivation of (58)."* From the
way in which Eq. (58) is used, it seems clear that
it is valid only in some asymptotic sense and for
long-range attractive forces. Note that one can
write (58) in the form:

0@ =@ + [ dy gl — v,  (89)

which implies that for the Fourier transforms, one
has the simple relation

g(k) = &k) + §(k)e(k). (59)

We now observe that near the critical point the
range of g(x) is magnified because of the small
compressibility of the gas. This follows from the
fluctuation theorem, which gives

w1
g(O) - 1 l2 ap T.
However the range of the direct correlation function
¢{x) should not increase near the critical point since
it is determined by the attractive force. This is
confirmed by the relation

7©)
+ §0)

-1+ (%),

[ s o) = (60)

f_mc(x) do =80 = 1

(61)

which follows from (59) and (60).

In the critical region, therefore, Ornstein and
Zernike develop in Eq. (58a), g(x — y) in powers of
y up to . Since in the range we are concerned with
g(x) > c(x), one can neglect ¢(z), and using the
fact that ¢(x) = ¢(—z), one obtains the differential
equation

4In a second paper, (“Statistical Thermodynamics
of Non-Uniform Fluids” (Preprint) (to be pubhsheg , J. L.
Lebowitz and J. K. Percus have given a formal derivation
of the Ornstein-Zernike equation (58) which they claim to
be exact. However, at present it is not yet clear whether this

leads to a successive approximation method which would
start with Eq. (69) as first approximation.
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d*g/ds® — k’g = 0, (62)
with
e 21%\( 8
1= [Cwa] (R,
K2 = +o = +o ) (63)
f_ dy yely) f_ dy y’e(y)
which has the solution [using (60)]
kT a1\ _,.
g(x) = K<‘ﬁ§ 52—)>e (64)

This can now be compared with the long-range
behavior of 7,(z; I) discussed in Sec. VI. Clearly,
the first approximation (54), agrees with (64) both
in form and in the dependence on the compressibility
dp/al. Since « depends on the unknown function
¢(z), we cannot proceed further. However, as
Lebowitz and Percus (see reference 7) have pointed
out, one can analyze the Ornstein-Zernike equation
(58a) in more detail by using the basic ideas of the
theory of van der Waals. In the first place, it is
clear that for large z, ¢(zx) should be proportional
to the potential of the attractive force ¢(z), and
that only for z close to zero will ¢(z) deviate from
#(x) due to the hard core. Then, since according to

van der Waals the equation of state has the form
p=p"" —a/l (65)

with

a=—[ dze@ = —1500),

1]

and since &(0) has to fulfill Eq. (61), a very plausible
ansatz for &(k) is

&k) = & (0) — ¢(k)/UT, (66)
with

& (0) = 1+ (I'/kT)@p™* /d1). (67)

From Eq. (66), we obtain §(k) by (59), and if we
now define the long-range behavior of g(k) by

g ) = gk — §0), 68)
where
gh.e‘(o) = &h.c.(o)/[l . zh«u.(o)]’
one finds
slorogy kT
70 = 50+ ven/ab
#(k) (69)

X 3 — #0) — Pop/ad

241

which is the result of Lebowitz and Percus. It is
easy to verify that for our model, where

¢(k) = —2a0v/(v* + &),
one obtains from (69) exactly the first approximation
to the long-range behavior of 7A.(z, [) derived in
Sec. V. For low density, I’(9p/dl) = —IkT is very
large, and Eq. (69) therefore becomes

gl e (k) = —gk)/IkT,
which is in agreement with the expected result

- ‘%(;—)] (70)

o@) = —ae” "]

fis(z, 1) = zli UYL z12 [1

Near the critical point 9p/dl is very small, and Eq.
(69) can then be approximated for small k& by

' (k) = KT/ 136" (k" ~ I'(3p/aD)]

which gives

al.r. ~ EZ (_ 3 a_p)-—i

zf_ T Qp)*]
X exp [_R (—2010 a) | D
where E is defined by
- 2°0(z) dx
2 _ __________% f“” ¢ = 95"(0)_
[ e

B 4a,

(72)

This has precisely the same form as the Ornstein-
Zernike result (64) except that now the range 1/«
is expressed in the intermolecular potential. In fact
(64) becomes (71) by setting

=l(__l"‘_ézz>*
TR\ 2 01/

We believe that Eq. (69) is an exact result in the
sense that it gives the long-range behavior of the
correlation funection in first approximation for any
long-range potential, and for the whole range of
density from the ideal gas to the critical region.
We are able to confirm this belief by generalizing
the discussion in Sec. V to the case that the attractive
potential is the sum of exponentials as in Part I,
Eq. (562). We found again that Eq. (69) is fulfilled
exactly. Since the calculations follow the same lines
as for one exponential, we will present only an outline
of the proof. For a potential

(73)

Garse/ KT = —y D v; exp (—oiyz),

i=1

where »; = o;/kT, the Kac integral equation is in
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m variables, and the kernel is given by

Kl(xl o Ty Y1 ym)
[V% ]
9 (@ + y4)

- [(are [W@q
re

s=l W(y)

X Pu'y(xs‘ l Yis 7).
To investigate the approach to the limit v — 0,
one has to “tame” the integral equation by the
substitutions

2 = =} + n@/ve)t,

where

¥ =yl + n@/vodt,

n(V/v)
Z Wi/’

with 7 defined as in Part I, Eq. (33). In zeroth ap-
proximation one then obtains, instead of Eq. (37)
in Part I, the differential equation

Qa
O (2 R
X H < 2, =0, (749
where z; = z/(s}) '*, and the matrix M is given by
M, = 18, — 0'.'0'1‘(01'01')*: (75)
with
¢ = Wl — 8%/alP. (76)

Since by an orthogonal transformation 2; = D Gl
one can diagonalize the matrix M, so that

Z M;ze; = Z Ak?ﬁc; (77
.97 *

one finds in this approximation,

Hy(-?)---n. = H Nquni(yz‘Ab) (78)

i=1

i w(s){l + 'yl[ Dy
- St pat] 4,

with N., = (n,)"'2rc,)7t. Since the maximum
eigenvalue is still w(s), one again obtains the van
der Waals equation of state as already noted in

Moo
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Part I. The van der Waals constant o, is given by
[see Part I, Eq. (53)]

& 1 (7 R
kT kT -/‘; dx ‘anﬂr.(x) —~ o, ) (79)
so that
Se=1- B/, (80)
where B is given by Eq. (38) in Part I.

With these results, the generalization of the
calculation of the long-range behavior of 7,(x; 1)
is straightforward and we find

.. (-9
maa; ) = (e ) + T
X Zsﬁ V2 exp [—AY 2], (8D
k=1
where
s = 2 au(c?/e). (82)
£=1
In the derivation one must use the identity
m B2 l2 - B2
Sas=EEZB g
=1

which follows immediately from (77) by setting
yx = ct/o,. For the discussion of Eq. (81), the 4,
are needed. It is now easy to show that the secular
determinant of the matrix M can be written in
the form

m 2
”Mu"‘ E—z—c_f—'Aj)

Hence the A, are the m real roots of the equation

m

2

i=10; —

2
Cia;

= 1.

By putting in the expression for ¢;, and by using
Eq. (79) and the expression for B, one can write

this as
(a;/o) _ 3(@2)
oy = 3 ol - (%) e
where r = A~} From (81) it can be seen that the

m roots r, of this equation are the ranges of the
exponentials in 7,(x; [). The function f(r) is plotted
in Fig. 1. For low densities —[’dp/al =~ kT, and
thus it becomes very large. Then r; — 1/¢; and
since ¢; — 0, one sees from (75) that the orthogonal
matrix a;; — 8,;, and from (82) it follows that the
amplitudes s;A? of the exponentials in (81) become
2v,/1, so that 7,(x; [) approaches the expected form
(70). Near the critical point, —*dp/dl is very small,
and from Fig. 1 we see that r,, becomes very large,
while all the other ranges remain finite. From (81)
we find that in this limit, r, is determined by
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1520 _ _pdp
aXE =ty

which can be rewritten as

3 3
L_ogr-L(Lay g

1

Tm vR (_zo ol
where R is defined by (72). The range of the mth
exponential becomes therefore the Ornstein-Zernike
range (73). To show that also the amplitude checks
with Eq. (71), notice that since according to (80),
near the eritical point D, ¢; — 1, the eigenvector
a:, must approach the value

1/2
(0) ¢’ /o

YT (el

because this will give the eigenvalue zero to which
A, approaches. From (82) then follows
2 Z S 2no(l — 5)2 'YZRZ;

sm - 2 lS (86)
i Oy
which leads to the amplitude of Eq. (71). Finally,
we can show that not only the ranges, but also the
amplitudes of the remaining (m — 1) exponentials,
remain finite near the critical point. This follows
from the identity (83), since it allows us to con-
clude that
m-1 2 4
E Aksi — ‘E. — Q _

& l2 l4

Amsri = 0(B4))

using (85) and (86), and noting that near the critical
point (—1/2a0)(dp/dl) = B?/P’. Hence, since all
the A, are positive, all the s must go to zero at
least as B, and from (81) it then follows that all
amplitudes except the mth remain finite at the
critical point.

We have seen therefore that Eq. (81) behaves
in the same way as the Lebowitz—Percus result (69)
in the ideal gas and in the critical region. To show
that the Fourier transform of (81) fulfills (69)
exactly, requires the proof of the identity
e A (e ) _e®
LT 4" (1 - Zc") 1 — o) ’

f=1 i=1

87

where

2
C;o;

q:n(k): ;10'%-'}-]92'

which is given in Appendix D.
VIII. CONCLUDING REMARKS

Although we have restricted ourselves mainly to
the one-dimensional case, it is clear that several
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aspects of the discussion can be generalized to three
dimensions.

1. The connection between the virial theorem and
the van der Waals equation discussed in Sec. IV
can be discussed in the same way for the three-
dimensional case. For a weak but long-range at-
tractive force, the virial theorem in the form of
Eq. (40) shows that one can separate, in zeroth
approximation, the effect of the hard core from the
effect of the attractive force. The 7,(d”; v) will be
determined by the hard-sphere repulsion, while in
the last term in Eq. (40), the 7i,(r; v) can be replaced
by the asymptotic value 1/+°; this leads to

p — ph&. — a/vz
with

° Aarir
a = %7,-[ arr® '—(od—“— = —3% | dr .0,
0 r

which agrees with the value C/2 derived in Part I,
Sec. V. Of course, 7:(d"; v) for a gas of hard spheres
is not known, so that as in Part I, Sec. V one can
only conclude that the equation of state is van der
Waals-like. One should note also that this derivation
is completely equivalent to the original considera-
tions by van der Waals and Lorentz.

2. The Ornstein—Zernike theory and especially
Eq. (69) are clearly valid in any number of di-
mensions. The first approximation of the long-range
behavior of 7.(r; v), which this theory gives, agrees
with the van der Waals-like equation (88) through
the fluctuation theorem, and it gives a correction
to the inner pressure (—a/v*) through the virial
theorem. If one could still find a physical (and
therefore generalizable) argument for (a) the next
approximation to the short-range behavior of
io(r, v), corresponding to the last term in Eq. (44),
and (b) the higher approximations to the long-range
behavior of #.(r; v), corresponding to Eq. (55),
then it would be possible, through the fluctuation
and virial theorem, to develop a successive approxi-
mation method for the equation of state which
would start from (88) as the zeroth approximation.

3. We believe that the linear relations (56) for
the distribution functions in the two-phase region
are also valid in any number of dimensions. We
have shown in Sec. VI that through the virial
theorem, these relations lead to the constant vapor
pressure in the two-phase region. Of course this
does not prove that there are two phases. The
linear functional equation (like the Kac equation),
whose maximum eigenvalue is doubly degenerate
in the condensation region with nonoverlapping
eigenfunctions, is lacking in the three-dimensional

(88)
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theory. Whether it will be possible to construct such
a functional equation from the set of distribution
functions as Mayer has tried to do, and whether
the degeneracy of the maximum eigenvalue and the
relations (56) can then be shown rigorously, remains
to be seen.

APPENDIX A—COMPLETION OF THE PROOF OF
EQ. (9b)

We must solve the integral equation (25) by a
perturbation calculation with the parameters €.
Setting

¥ = ‘I,(ooo) + Z er;/zé;/ze;n/z\I,(um)’

kim

— (000) k/2 1/2 m/2 4 (klm)
A = A + Z € € €3 A 3

kim

(AD)

one finds immediately that in zeroth order the
eigenfunctions and eigenvalues are given by

‘I,;ooo)(x) = ‘[/"(x; s+ N0y + nq0, + ’nsds)
3
X II N..D,.(z.),
i=1
A0 M(s + nyoy + Ny + Naos),

where n = (n, n,, n,, 73). The AlY and especially
Ayey . are needed. Since the calculation is lengthy,
we will only list the intermediate results which
are required for the final result. One easily sees
that ¥"° = ¥ = ¢‘“Y = 0 and that in
A, only the integral powers of ¢ contribute. One

finds
oooo (X) =

with

©

(110), (000)
Z G, Wao (X),
=0

i _ 1 Mo(8) + Na(s + 01 + )
" 20(8) = Nols + o1 + a3)

X<018|n:8+71+02>1

and similar expressions for Wio,' and ¥, In

the order ¢, one obtains

A 1 [ MG+ o + o)
)\0(8) 8 + Z )\0(8) - 7\71(8 + g + 0'2)

A(s + o1 4 03)
Ao(8) = N + o1 + a3)

X(O,sln,s+62+03)2:|+2 > >

A(s + o, + U'a)
Ms + o2 +

a=0

+

X No(8) —

0,8 |n,8+ 0y + o3)° +
3

)(n y 8§+ o+ oz | ms+ o + 0y)
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(2000 _ 71,0000 _ 1
o000 = 3000 = FNo(8),

@
IR A

n=0

(A2)
Foo00 (X) =
with

% — l>\o(8> + (s + 2a0)
" 4 2ofs) — M(s + 2qy)

and similar formula for the terms of order e and es.
Then in the order ¢ e, one finds

- A8 + oy + 03)
= “(s)[ + Z N — MG + o1 + o)

0,s|n,s + 26),

A(220)
0000

X {0,s|n,s+ o, + a2)2:|. (A3)

The only thing we need know about the eigenfunction
Vo2 (x) is the fact that the integral

f dx ‘péggg)q,(ooo)

is proportional to 8,,,.

In the order ¢ (ee5)?, one obtains for the develop-
ment coefficients, a{™' of ¥’ in Wi, that is,
for the integral

o — fdx W2 g 000

the expression
e,V = ~3:0,8ln,8+ 0r + 03)

1 2(8) + M(s + 03 + 03)

2 xo(s) - )\,,(S + Ty + 0'3)
X Z[(n78+02+73[m18+a'1+02>

m=0

An(8 4+ a0y + a3)

M) ~ N8 + 01 + o,
+m,s+ 0+ 0| ms+ o+ o)

Am(’g + a, + 03)
Ao(8) — Aul8 + o1 + 03)
No other development coefficients are needed. This
leads finally in the order ¢ €¢;, to

X )<’m,8+0‘1+0'2'0,8)

X (m,s+a,+03I0,s):l.

(0;8|n73+71+0'2>2

A8 + oy + ay)
Ao(s) - A,,(s + Oy + 0'3)

[(O,sln,s—i— a; + o3)

xm(s + o + 0'2)
N(S) = Au(8 + oy + 03)

X (m, s+ o1 + 0, | 0, 8) + 2 similar terms with (o, a3), (0., 3), replaced by (o, a3),

(¢4, 02), and by (g, a3), (02, 03)].

(A4)
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To calculate the left-hand side of Eq. (24), one
must still expand Eq. (27) by substituting for s
in the expansion for Ag(s),

s = p/kT = %(z, &, €, €)

= x@ +

k. l,m

Ic/2 l/2 m/2 (klm)

By equating in (27), equal powers of the e;, one can
then express the x*'™ in terms of the Alis’(s),
where now s = p/kT = %(2). One finds

2(200) — 2(020) = i(002) — 0’
l-(220) — 1 (220)() 1
- )\0( ) 0000 1y
and finally
1 1
S22y 4
x 4 + Aol(8)

X {Adoo. — $[Ao0 + Asoos + Adsno 1} (A5)
Substituting in this equation the results (A3) and
(A4), one finds that Ix*** is exactly equal to the
double sum in Eq. (A4). Since this double sum is
symmetric in oy, o3, o3, all the six terms on the right-
hand side of (24) are equal to each other, so that
one can write Eq. (24) in the form

61 ff dx d?/ 53(2:’ v z)e—vw—czu—n(zﬂl) — l2(222). (AG)
[¢]

Since the Laplace transform is over the two relative
distances z and y, we need only two ¢ variables.
Setting

1_7

= - 1 =
gy = 03 = 30, o =0 — 30,

one easily verifies that the three terms under the
double sum in (A4) become equal to each other
and hence that (A6) reduces to Eq. (9b).

APPENDIX B—PROOF OF THE IDENTITY (42)

From Eqs. (8) and (9) in Part I of this series,
one can easily verify that the kernel K,(z, y) of
the Kac integral equation fulfills the identity

K,,,/dy + oK,/ox
= 3" (K..y + K,) + }yK.., — 32K..

Multiply this equation with ¢.(y; s)v.(z; s + %),
and integrate over = and y. In each term, one of
the integrations can be performed. After a partial
integration of the second term, the result can be
written in the form

1 M8 + N5 4+ )
2 )\k(s) - )\,,(S + 7)

f_: dr ¥a.(x; s + v)dulz;s)
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1
1

73 f_w dz z¢.(x; s + Vu(z; s)

+o [ dr e+ N 2w,

Multiply this equation with

+ @

dy ¥.(y; 8 + Vy; 9,

—

and sum over all n. On the right-hand side, use the
completeness relation

Z::O V(s s + V(y;s +v) = 8 — 9).

The term with 8/dx then vanishes and one is left
with

1 &N + M6+ )
23N — N+ )

X l:fjm dz i (z; )¥a(r; s + ,y):l2

1 e 2
=g dz zyi(z; s).

This holds for all k. By letting ¥ = 0 and by using
(92), Eq. (42) follows. We leave it to the reader
to prove, in a similar way, the identity implied by
the virial theorem (40a).

APPENDIX C—PROOF OF EQ. (44)

After the “taming” substitution and after ex-
panding up to O(y), the contribution of the nth
term of the resolvent series (29) to Eq. (28a), can
be written in the form

1/2 Y
e_xp_%%m—] f do’ dy’ h(@)h(y)

[l s

[ fag-
é
W@ + 2P, | 2 1),
where
a=8+ ¢+ %?725

7 =2z,

dty [T e[l + "0,y + 27)

=1

a: = (301 ~ t);
o=y,
and where for A(s), h(z’) and h(y"), one should still

substitute the expansions (36) of Part I. We have
already seen that in zeroth order, one obtains (4 /w)"
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with
= (1/a) exp [—ad + 72(20)*].

There are six sources of terms proportional to v.

1. In zeroth order, s + 37° = 1/(I — &). Since
one develops at constant I, one obtains up to first
order,

s+ 39" = 1/(L+ Al - 9),

with Al = v dul’/ds, where pi’(s) is given by
Eq. (39) in Part I. From the zeroth approximation
one therefore obtains the contribution

—P'neAl/[1 4+ o(l — 9)],
where
P=c"/[1 + (1 - &)

2. From the Aj(s), one clearly obtains the con-
tribution

—Prypy” = —3ny(l — B)P".

3. From the v terms in the square brackets one

obtains
26+ + &(» +2§+-2—2)}.
Q. [+ 4 [s4

n ‘YVOZ
w22y

4. From the 4! terms in the square brackets
combined with the correction of O(y?) in the eigen-
functions h(z") and h(y’), one obtains

»éﬂ( _ _l)Q:_")_z
nP lg l é o B

€ 3 6_)]
X[ - +232( 4l+3l2 .

5. From the product of two v* terms in the square

brackets, one obtains
nn — VP IE (1~ 6 ~ 1/a)".

6. In all these contributions, the function
P,(z_, | 2, t;) was replaced by the zeroth ap-
proximation, which is 8(z/ — 2/_;). One must there-
fore still calculate the contribution due to the
deviation of P, from the § function. All other factors
can now be replaced by the zeroth approximation.
From the Markoff property of P, all the 2/ integrals

can be performed immediately. One then carries
out the y’ integral using the result that up to O(y),

[ av Fap.@ 1y, 0

= F(z') — vx'tF’' (') + yiF''(z’).
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The z' integral can be performed and one finally
obtains

Y 1 1 V(l—5)2:|
nP2<8+a)|:1—B+ B |

Combining all these results, and summing over n
then leads to Eq. (44). Here, as in many of the other
calculations, a principle of maximum simplification
seemed to be operative. If the final answer was not
simple, we invariably found that we had made some
algebraic errors!

APPENDIX D—PROOF OF THE IDENTITY (87)

For the proof we are indebted to Dr. J. H. Halton
of the Brookhaven National Laboratory. The first
step is to develop the left-hand side of (87) in in-
verse powers of k*. Using the fact that

2 Mz = 20 AT,
from which follows by putting z; = ¢!/s;,
= o, C7 - 3 g
one obtains for the left-hand side

E (er Z ( r+2)” (c cj) )

0i0;

(A7)

It is now slightly more convenient to introduce
instead of the matrix M [given by (75)], the matrix

1/2
L, = 1 (ﬁ) My = 84 — ¢

00 \C;

In this way, (A7) can be written

Ly »

r=0 Tef2  irdy, 7

¢:Lii, Ly, -+ L

iread
2 2
X 0;,0:, - Oirgar

The summation over ¢ and j can be performed
immediately and give the factor

¢ (1 — Z ;).

H

Call p; = —0o%/k® and for convenience of writing,
set ¢; = —d,. It is then easily seen that the identity
(87) can be written in the form

> Z diLiiLis o Lo,

r=1 431,12"

X pipi, v (A8)

where now
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By substituting L and by working out the product,
one can verify that the sum over the ¢, 7, -+ 4,
can be written as

> T ¥ Idu

s=1 $3i3°*°1s T1,73"*

where the summation over the integers r, go from

1 to (r — 1), and are restricted by the condition
(denoted by the prime)

Ty, =0

Interchanging in (A8) the summations over r and
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s, the left-hand side of (A8) becomes

where the summation over the r, are now unrestricted
and go from one to infinity. One therefore obtains

ZEH

8=1 i;***ts k=1

u,Pu

l_P”,

©

- 3(x

am]

d;p;)'= P
l—P.' 1—"1)’

which verifies Eq. (AS8).
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The pair distribution function in a uniform classical fluid is equivalent to the one-body density
when one particle is fixed. An implicit relation for this nonuniform density is found by a functional
expansion of the difference of chemical potential and external potential about its value for a system
of uniform density. A linearization of this expansion, followed by retention of, at most, second
derivatives of the inhomogenity, reproduces the Ornstein-Zernicke relations for the asymptotic
pair correlation. Linearization alone calls for the sum of internal potential and direct correlation
function to vanish asymptotically. This relation is developed for the case of weak long-range forces,
resulting in the Debye-Huckel expression for an electron gas, and reproducing the asymptotic cor-
relations of the Kac-Uhlenbeck-Hemmer one-dimensional model. The relation is also shown to
follow from the virial expansion for the direct correlation function.

1, INTRODUCTION

HE qualitative properties of the radial distribu-
tion function in a uniform classical fluid are still
incompletely understood. Whereas the short-range
character must depend explicitly upon the inter-
action potential, presumably in a quite complicated
fashion, it has been suggested' on numerous occasions
that the form of the radial distribution function well
outside the range of the potential is essentially
universal, with at most a few parameters determined
by the potential. Indeed, as a critical point is ap-
proached, and random fluctuations predominate, the
specific form of the potential might be completely
masked in the asymptotic region. There are however
only a few instances’’ in which the asymptotic
correlation function has been rigorously determined.
It is the aim of this paper to consider the problem
of asymptotic correlations from the point of view
of local characterizations of nonuniform systems,
which we have previously presented.* This enables
us to discuss the assumptions of the basic Ornstein—
Zernicke theory,” and to weaken these assumptions,
giving rise to a formulation of particular use in the
case of weak long-range potentials. A comparison

* Supported in part by U. S. Atomic Energy Commission,
Contract AT(30-1) 1480. .

1 F. H. Stillinger and H. L. Frisch, Physica 27, 751 (1961);
M. Fischer, Physica 28, 172 (1962); M. 8. Green, J. Chem.
Phys. 33, 1403 (1960).

2 B, Kaufman and L. Onsager, Phys. Rev. 76, 1244 (1949).

3 M. Kac, G. E. Uhlenbeck, and P. C. Hemmer, J. Math.
Phys. 4, 216 (1963).

4 J. L. Lebowitz and J, K. Percus, J. Math. Phys. 4, 116
(1963), hereafter referred to as I. .

§ L. 8. Ornstein and F. Zernike, Proc. Acad. Sci. Amsterdam

17, 793 (1914).

with the rigorously derived correlations of the Kac~
Uhlenbeck model® provides support for the essential
validity of the approach used.

2. REVIEW OF FORMALISM

A method previously developed* for examination
of distributions and thermodynamic parameters of
nonuniform classical systems will be used here. In
this study, it was shown that if

'Y(r) =X+ Bu — ﬂU(l'),
\ = % In @rmkT/k?), @.1)
g = (kT)_I:

for a system with external potential U, chemical
potential x in a grand canonical ensemble, then the
multiparticle distribution functions are obtainable
by successive variational differentiation of the one-
body density n(r):

§.(r) = nlr) (2.2a)

Folty, I2) = no(ty, In) — n(r)n(rs)
+ n(r)ér, — ;) (2.2b)
= on(t,)/ oy(r.)
Fa(ry, Iz, Is) = 85,(r,, T0)/8y(Ls), -+ - . (2.2¢)

Here &, is the sth Ursell function,* in which however
the component ordinary distributions are allowed to
refer to identical particles:

Ary) = n(ry), 7a(ty, 1) = no(ty, 1o) + n(r) 8(r — 1),
Ta(T1, T2, Ts) = Ma(Ty, T2, T5) + no(fy, T2)8(12 — 13)

+ oo Fal)ér, — 1) dE — 1).
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ASYMPTOTIC BEHAVIOR OF RADIAL DISTRIBUTION

- The principal technique for examining nonuni-
form systems consisted of transforming from an
initial (uniform) n,(r) to the final desired n(r) by
a functional Taylor expansion

fin) = fiuad + [ L] ane) a,
+ % f f Ol _ An(r,) An(r,) dr, dr, + - - -

an(r,) on(r.) o
‘ 2.3
where

An(r) = n() — nor).

The required density derivatives were obtained in
terms of known + derivatives by the chain rule

5§ () 8
on(r) on(r,) ov(ro)

The quantity &y(r,)/én(r,) was written as

57(1'2) _ 5(r1 — rz)
) - a)  AGu T,

and, as the matrix inverse to (2.26), thereby satis-
fied®

dr,. 2.4

2.5)

na(Ty, Ty)
n(r)n(r,)

Na(Ty, Tp)
+/ [n(rl)n(ra
so that X is to be identified with the generalization

to nonuniform systems of the direct correlation func-
tion of Ornstein and Zernicke.®

- 1 = X(rl,rg)

}u(rs)X (rs, 1) drs, (2.6)

3. ASYMPTOTIC FORM OF RADIAL DISTRIBUTIONS

We now make use of our general formalism to
investigate some properties of uniform fluids. This
will be done by considering the response of the
fluid to an external potential U(r) induced by keep-
ing a fluid particle fixed at r = 0,7 i.e. U(r) = (1),
the intermolecular potential. Then n(r) becomes the
density of particles at r when it is known that there
is a particle at the origin:

n(®) = p(®/p = p + G, 3.1

where p and p,(r) are the singlet and pair densities,
and G(r) the normalized radial correlation function
in the uniform fluid.
An implicit equation for the density G(r) can now
be obtained by applying (2.3) to ¥(r) of (2.1),
¢ Equations (2.5) and (2.6) are identical to Eqs. (2.10)
and (2.12) of I w1th the relation between X and C (used in I)

given in Eq. (4.1) of 1.
7 See, e.g., J. K. Percus, Phys. Rev. Letters 8, 462 (1962).
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which is known to within the constant chemical
potential u. If the uniform comparison system is
that at density p, then u is unaltered by the potential,
and we have, from (2.2)-(2.5), with An(r) = G(r),

Y@ — Bu — N = —Be(r)

f (78 — %) — X — D0k dx

]

f §.(x, X1, X,)

X [p“B(rl - x) — X — x)]

X [p7'8@; — ) — X2 — X,)]

X [p78( — x) — Xr — x)]

X G)G(;) dry -+ dx, + --- . 3.2

A superior expansion for many purposes, using a
generally smaller expansion parameter, is obtained
by taking the uniform comparison system for
evaluation of y(r) as that at the local density n(r).
Then

An(x) = n(x) — n() = G — G@), 3.3
so that
70 = = (3.9
B — Bold) = Buo + G@) + [ @ — ¥

- Xo(r — x]Gx) — G@)] dx

f Fao(x, X,, X,)[n ') 8(r — x)

— Xor — D)@ — x) — Xo(r, — x1)]
X [T @8 — x,) — Xo(r: — x,)][G) — G@)]
X [Gr) -~ GO)dr, ---dx; + -+,

where subscript zero indicates that the quantity
is to be taken in a uniform system of density
n(r) = p + G(r).

To the extent that X, and &;, of (3.4) are short
range, G(x) — G(r) may be expanded in a Taylor
series about r within the integrals, and we find

1 A8

= Bo(r) + Buolp + G) — 60 F O \valel
1 l§ B 2
BYPENCY ( )(VG) -, (3.5a)

where

A2 = f 2 Xo(x) dx / f [ 0)6%) — Xox)] dx
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= /B [ FX(a) dx
- f 2Go(x) dx / f [6x) + Gox)] dx,  (3.5b)

B = [ S, 31, )0 03

— Xo(@)Ix: - X, dx dx, dx,. (3.5¢)

Here xo = n~' (8p/dn)™" |, is the isothermal com-
pressibility, entering through the relation

[ 5@ - X@)dx = /6. (39)

The earliest work on the asymptotic behavior
of G(r), where G(r) is small compared to p, was done
by Ornstein and Zernike® (0.Z.), and is essentially
equivalent to (a) keeping only terms linear in G,
and (b) cutting off the series in (3.5) after the V*
term. This yields

———a'j;ff) GO — 55 V.0 = —el),  (3D)

where @, is the asymptotic value of @. Since ¢(r)
is the intermolecular potential, it will generally have
a short range, i.e., it will vanish in the region in
which G assumes its asymptotic form, and the right-
hand side of (3.7) can be set equal to zero. This
leads at once to the usual O-Z equation (noting
pdu/dp = dp/dp)

VG, = (6/AD)G,. (3.8)

The ‘“advantage’” of our analysis over a purely

macroscopic derivation of Eq. (3.8) is that we

have here an explicit expression for the coefficient

of V*G,, in terms of G (but not necessarily of G,),

an advantage shared by other treatments as well.®
The solution of (3.8) in three dimensions is

G, = Ar! exp [—(6!/A)r], (3.9)

and in one dimension, where the factor 6 in (3.5),
(3.8) should be replaced by two,

G, = A exp [—(2}/A)]. (3.10)

It is easily verified that the use of @, itself for
computing A in (3.5b) leads to a contradiction which
becomes less severe when the integral of G,, which
in this approximation would be proportional to the
compressibility, is very large. This is consistent

% See, e.g., L. J. Goldstein in Symposium on the Many-
Body Problem, edited by J. K. Percus, (Interscience Publishers,
Ine., New York, 1963), Chap. XIX.

J. L. LEBOWITZ AND J. K.

PERCUS

with the O-Z theory which was developed for the
vicinity of the critical point, where the compres-
sibility is indeed very large, (see also Sec. 6 and
reference 11).

4. LONG-RANGE POTENTIALS

We may attempt to minimize the assumptions
leading to (8.7) by avoiding assumption (b) and
supposing only that (3.4) can be linearized in G.
This leads directly to the result

—Bole) = BOR(/09G + [ 1675 — )

- X@ - ]l6® — GO)] dx
= X0, (4.1)

where the subscript one indicates the result of
linearization in G. If one again restricts attention
to the asymptotic region, in order to justify re-
taining only linear terms in @, then, for a short
range o(r), (4.1) implies that X(r) also vanishes
asymptotically. This arises from the fact that in
(3.4), it is not sufficient to know G,(r) alone even
where r is large, since G appears in integrals over
the whole domain of r. Indeed there may be no
general way of separating the asymptotic part of G.
However, when the intermolecular forces are weak
everywhere, i.e., when ¢ is always small, then (4.1)
does become correct, representing the lowest order
in ¢ in an expansion of X. In fact, a virial expansion
of X starts with the term X = ¢™*®* — 1, which is
precisely what one obtains by expanding exp [y(r)]
rather than v in Eq. (3.2) or (3.4) [see Appendix].

When ¢ is not only small but also has a finite
range, the corresponding G must also assume the
form G = —pBe ~ p(e?® — 1). It is only when o
has a very large range, i.e. the moments of ¢ are
not small even though ¢ is, that we get an interesting
situation. This can be seen most easily by going over
to the Fourier transform of X and G. We have then
from (4.1)

X&) = —Bolk), (4.2)
but since from (2.6)
Glk) = pX(&)/[1 — pX(E)], (4.3)
then correspondingly
Gi(k) = —Bpek)/[1 + Bpok)]. (4.4)

If o(r) has a finite range, then ¢(k) will be small
everywhere and (4.4) can again be expanded to
give Gi(K) = —Bpe(k). However where ¢(r) has
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a long range, ¢(k) will be large near k = 0, and
such an expansion cannot be made.

The Electron Gas

An example of the foregoing is the case of an
electron gas embedded in a uniform positive back-
ground. Here

o) = (dre)¢r, (.5)
olk) = {(62/ W I/ kX0 g
0 k=0.
Thus
G® = —[1 + /BN,  (&7)
and

Gi@) = ‘p(1362/41re0)r—1e_'m = p(g — 1),
where
D = (fo/ﬁpg)%,

and ¢ is the radial distribution function. Equation
(4.8) is the well-known Debye-Huckel’ form of @
to lowest order in ¢’. As is also well-known, (4.8)
does not give a sensible result near r = 0, ie.,
for r < (4we,/Be’) = 1o. This is not surprising since
¢(1) near the origin is not only not small but is in
fact infinite.

The difficulty of infinite ¢(r) and correspondingly
infinite —y(r) can be overcome as previously men-
tioned if the expansion (3.4) of y(r) is replaced by
an expansion of . Doing so, (4.4) is replaced by

Gi(k) = pfk)/[1 — of(k)],

4.8)

where

f@) = e —1, (4.9)
but the anomaly of a negative g is still not elimi-
nated, for the “effective” By, while not infinite, does
reach unity at the origin. Indeed, (4.8) is expected
to be correct at most asymptotically, ie., for
r > D > ro. Furthermore, in a real system, o is
strongly modified near the origin. It is thus more
reasonable to consider the case of an intermolecular
potential made up of two parts: a strong short-
range part and a weak long-range part.

* P, Debye and E. Huckel, Z. Physik 24, 185 (1923).
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5. THE KAC MODEL

An example of a potential with strong short-
range and weak long-range parts has recently been
studied in detail by Kae, Uhlenbeck, and Hemmer
(K-U-H).* This one-dimensional model is of great
interest because it can be solved rigorously (with
great skill and great labor), and it leads to a first-
order phase transition, something never before
found rigorously. The potential has the form

o(@) = eu®) + oi(7),

< 6
¢h<z>={°° =l <3
0
vz

x| > 6
@) = —agve "7,

6.1)

where z is now a one-dimensional variable and
48 & 1. The asymptotic region is defined by z > v
and there is a parameter of smallness v8. In the limit
v — 0, this model exhibits a phase change described
by the van der Waals equation:

p=B"p/(1 — pd) — ap’
=87/ — &) — a/0.

If (4.1) is now considered in the asymptotic
region, where G and X are small, then X,(r), which
we shall now call X,(r), has the form

(5.2

X.0) = —Ber = aoBye””" (5.3)

and

X.(k) = 28a0/(1 + v7°K). (5.4)
It is seen from (5.3) and (5.4) that the even moments
of X,(r) will be of order (1/4*)™. Stated differently,
if we expand X,(k) in a power series in %, we find

X (k) = 2Bao[l — (K*/7") + (&*/+")* + ---]. (5.5)

Hence all coefficients in the series (5.5), except for
the zeroth, will be very large. The correct X(k)
would presumably have a power series expansion
whose coefficients, except for the zeroth-order term,
are essentially the same as those given in (5.5).
This would, for example, be the result of a virial
expansion of X (or G). (It is a peculiarity of this
type of potential that the moments of @ or X, other
than zero, diverge for all densities in the limity — 0,
which may limit the inferences that can be drawn
from it.)

For the purpose of finding the asymptotic form
of @ for x > 47, it is thus sufficient to modify
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X.(k) at k = O to have its correct value there':
X(k) = X.(k) + [X(0) — X.(0)]
= 2Bao/(1 + ¥ k%) + ps. (5.6)

Using (5.6) to find G(k), in order to obtain the
asymptotic form of G, yields

Gk) = pX(k)/(1 — pX(¥)]

2Bpaq [
1 —9?

- _8
1—s

L ek e 23pao]-1

+ %: 1 — s

(6.7)

and this in turn leads to

Beagy <1 -8 - zﬁpao)}
1 —s)? 1—s

— e — ]
x o | {13 23) |

We now employ Eqs. (3.6) and (5.2) for X(0) and p
to find s:

(X(©0) — X.(0)p =
=1—(1—p0)2=

G.(r) =

(5.8)

(1 - ﬂdp/dp) — 2Bpay
1 — Bop./dp, (5.9)

where p, is the part of the pressure which comes from
the hard core alone. There finally results

- 9! dp, /dp |}
Ga(r) = 'Y( 14 ) Bao[:i?l_h FI;]

L]
X exp I:——yr[c—(ligl %] :I, (5.10)

which is precisely the expression obtained by K-U-
H. when the system is not too close to the critical
point, at which dp/dl vanishes. Had we taken s to
be a function of %, independent or weakly de-
pendent on v, with the correct value for &k = 0,
the exponent and coefficient in (5.10) would have
been modified by terms which vanish when y — 0.

We may perhaps understand the region of break-
down near the ecritical point by considering that in
the derivation of (4.1) from (3.4) we have neglected
terms of order G° compared to (3u(p)/dp)G. Near
the critical point, dp/dl and, hence, du/dp, of course
vary as (I — 1.)°, and as T — T., where [, and T,
are critical volume and temperature. Since G ~

8

10 The corresponding modification in the case of the
electron gas would yield corrections to G, of higher order in 2.

11 Note added in proof: The ad hoc prescription given here
for obtaining G, from X,, to lowest order in v, can be made
rigorous and generalized to obtain also higher-order terms
in G, from a limited knowledge of X. It is interesting to note
from Eq. (5.10) that when « is negative, i.e., we have a weak
long-range repulsive potential, then, the range of the radial
distribution function is smaller than that of the direct corre-
lation function.
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v(dp/dl)™}, we are assuming (in suitable units) that
¥ (dp/dl)* K v(dp/dl)}, ory K (dp/dl)}. We are thus
limited to the region v < (I — 1), v K (T — T,
which are the same as the limits found by K-U-H.

6. DISCUSSION

G, as given in (5.10) is of the same form, ex-
ponential, as that given by the O-Z theory for a
short-range potential, Eq. (3.10). It is clear, how-
ever, that (1) when the O-Z theory, Eq. (3.7), is
applied to this potential, it will yield a @, which is
the sum of two exponentials with the wrong ex-
ponents and coefficients, and (2) the simple expo-
nential form of (5.10) is here due entirely to the
precise form of the assumed long-range part of ¢.
This is certainly so if our method of arriving at
(5.10) is essentially valid and can be used as well
for other forms of ¢;. It is easy to construct ¢,’s—
shallow square-well sum of exponentials—for which
G, would be a sum of exponentials, or decaying
oscillatory exponentials, or change from one to the
other as a function of density. We may also surmise
that the single exponential form is not universal
from the fact that (5.10) may be expanded in a virial
series the lowest-order term of which —pBe; is given
correctly by the usual expansion; presumably the
higher-order terms also follow correctly. This would
not be true if G, were a single exponential, but ¢,
were not."”

There remains the question of the validity of the
linearization of (3.4). If we are interested in the
asymptotic region from the outset, we may equally
well use (3.2) as our starting point. Combining
terms as before, this reduces to

o) = X0 — & [[[ 1(x, 31, %)X @)X

X [p7'8r—x) — X(r—x)] dx dx, dx,+ ---, (6.1)
and this may profitably be rewritten as
1 o
~8o) = X0 — 5 [[ 1886x, x)/5n0)]
X X(xl)X(X2) dx, dXQ + °. (6.2)

Keeping the Kac-Uhlenbeck model in mind as pro-
totype, it is clear that for large r, the regions
Ty ~ Xy ~ T2, ~ 1,z far from r; and z, ~ 7,
2, far from r in the second term of (6.2) all con-

12 P. C. Hemmer has shown: (1) that our analysis yields the
correct result for G, when ¢; consists of a sum of exponentials
and (2) that near the critical point (but still (I — 1.)® > +,
(T — T.)* > «) one exponential will dominate the long-range
part of G. There is thus approximate agreement with the
O-Z theory in this range, though there is no way of determining
both A & A appearing in (3.10) from the O-Z theory alone,
c.f, discussion at the end of Seec. 3.
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tribute 0(y®). In the first case both X(z,) and X(x,)
would be of order v while in the second case %, and
one of the X’s would be of order y. We still have to
show that when z, and z, are both far from r then
8%,(x,, X,)/6n(r) is of order ¥°. To do this we con-
sider an expansion of y(r), similar to (3.2), with the
nonuniform density n(r) caused by keeping two
fluid particles fixed at x, and x,. In this case,

n(r) = ps(T, X1, X5)/p2(X, X2), (6.3)

where, as in section three, p, refers to the l-particle
distribution in a uniform system of density p. Thus,
to lowest order,

~Blole — %) + ol — %)
= [ 175 — 0 - X - %)
% [Pa(xy Xy, Xg) _

p(X;, X2)

p]dx+ cee (6.4)
After some manipulation, started by expressing p;
in terms of &,, Eq. (6.4) may be put in the form

85, (x,, x2)
én(r)

+ X(r — x;) + B — x,) + p7' [0(r — x,)
+ 8 — x,)]} + 6@ — x)r — x5). (6.5)

We see that taking X(y) = —Boe(y) + 0(y°) for
y > 8 leads to 8%,(x,, X,)/6n(r) ~ 0(°) for r far
from x, and x, which in turn makes the second term
in (6.2) of 0(y*). We have also verified this explicitly
for the lowest order in the density.

The virial expansion of X(r) may actually be
used to verify (4.1) directly to lowest order in 7.
As is well-known, all the clusters appearing in the
virial series for X must be at least doubly con-
nected. In fact,"”

gz(xl X) (X — x,) + Belr — x))

X(r,) = f(r) + ki: k —

xfsk(1,2, okt 1) dey e df,
where S, is the irreducible cluster sum of the f’s
connecting (at least doubly) & + 1 particles. It is
easy to convince oneself that for r,, large, i.e. of
order y™', all the terms in the sum will be of order

v* at least. Thus the term proportional to p is

) [ feitew) drs

13 M. J. von Leeuwen,
Physica 25, 792 (1959); F
J. Chem. Phys 37, 1 (1962).

Growenweld and J. de Boer,
St.lllmger and F. P. Bufi,
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For large r,,, f(r,;) will be of order » and so will
the integral. In general it is sufficient to look at the
ring diagrams for clearly none of the other clusters
will give (lower)-order v contributions. In the term
proportional to p® there will be a ring diagram which
contains f(r,;) and this will behave essentially like
the three-particle ring. Similar considerations show
that the term

f F(@12)f (1) f(T2a) f(r24) dr, dr,

is again of order v°, for r,, large (we simply have to
enumerate all the possibilities: 13, r, close to r, or r;
1; close r, far, etc.) and the same holds for all other
ring clusters.' The same analysis will also apply to
the case where ¢; is the sum of exponentials.”
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APPENDIX. ALTERNATE EXPANSIONS

We describe here several alternate expansions to
the one developed in Sec. 3 for obtaining the
properties of a uniform system in terms of a non-
uniform system with an external potential induced
by keeping one of the particles fixed at the origin.
We have already referred to the expansion of e”.
This yields according to (2.2)—(2.5) with

Anfr) = G(), (A1)
567(') oy 5"/(1')

@ ¢ )’ (42)

€™ —1) =f@r) = X + 5 X"’(r)
L [EC %) pie) X dr e+ . (A3

on(r)

It is interesting to note that the series in (A3) can
be partially summed to start with (X — 1),

We consider next the inverse process of Egs.
(3.2) and (A3), ie., instead of expanding 4(r) or
e’™ in a Taylor series in An(r') we expand n(r)
in a series in Ay(r’) or Ae”“” (ef. Sec. 3 in I). In

1 Note added in proof: Similar results for the lowest v
order in X, were also obtained by E. Helfand and M. Flscher
We have _also obtained a very simple expression for the 42
term in X, from graphical consideration. This agrees with
the second-order term in G, obtained by Uhlenbeck, Kac and
Hemmer, first from their integral equation, and Jater from
direct graphical analysis of G..
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the first case we find for

n@ = G@) + o,

(A9)
M) = —Beld),
G0) = — [ 5.tc, Dol®) dx
+ g f Far, x,, X)oX)e(Xe) dx, dx, + - - -
= —Bo0d) — 6o [ Gl — Do) dx
+ %2 f 5i(r, X1, Xo)p(X)e(X:) dX, dx; + - (A5)

When ¢ is both weak and short range then, to
lowest-order G = Bpo, as discussed in Sec. 4, which
results from the first term in (A5). For the electron
gas where ¢ is assumed weak everywhere but is
long range, the first two terms in (A5) would again
yield the Debye-Huckel result. For the Kac poten-
tial, however, where ¢(z) is long range and in
addition is infinite for |z| < &, (A5) cannot be used
at all even for r large. This indicates that we try
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expanding n(r) in Ae”” = &***f(r). Writing thus

=7 (x) M
(@)’

nle)

567(:) =€

(A6)

we find

6@ = [ .0, 000 dx + {— [ e, 07 dx
+ [ 56, x4, xR x) dxy dxz} + e

= #f) + o [ Gl ~ 0/ dx
~ $of® ~ 4o [ G ~ DF ) dx

+ % f Fi(r, X, X,)f(X)f(X,) dx, dx, + --- . (A7)

It is seen from (A7) that, unlike (4.1), the higher
terms in the Taylor expansion will contain terms of
order v, so that terminating the expansion after
one or two terms will not yield G, correctly even
to the lowest order in v. This agrees with our analysis
of Secs. 5 and 6.
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Thermodynamical functions are expressed by perturbation theory as stationary functionals of
the 1-, and 2-body potentials; the stationary conditions yield the 1-, and 2-body correlation functions
in terms of the potentials. Through the use of diagramatic methods, it is possible to explicitly invert
these relations and express the potentials in terms of the correlation functions; in turn the thermo-
dynamical functions become stationary functionals of the correlation functions. This procedure is
carried out for normal (quantum and classical) systems. For superfluid systems, }-, $~body potentials,
and correlation functions need also be considered and the above procedure becomes imperative to
eliminate the nonphysical 3-, $-body potentials. Its first two steps are illustrated, and various features

of this formulation and its usefulness are discussed.

I. INTRODUCTION

E are concerned with equilibrium statistical

mechanics of classical and quantum systems.
First we discuss how the thermodynamical functions
can be considered as the solutions of a variational
problem and then we explicitly construct these
functions. Equilibrium statistical mechanics may be
viewed variationally in several different ways.

1. For definiteness we consider a system the
Hamiltonian of which is the sum of a one-body
potential’ v; and a two-body potential »,. Perturba-
tion theory expresses the grand partition function

Z = Tre?,

or rather its logarithm Tog Z = W as an explicit
expansion in powers of v, and 8v,,

W{Bvly Bra}, (1a)

and the one- and two-particle distribution functions
@y, G, are then defined by

G: = —(8/56v)W{Bvy, Bun}. (1b)

Instead of W, one may consider
F = W{Bvlyﬁ”z} + f By, (la,)
S = W{ﬂvly Br} + E f Bv.G:, (1a)

where S is the entropy .and F (although slightly
differing from its usual definition) is considered as a

! In which we include the kinetic energy minus the chemi-
cal potential u.

free energy. These expressions, for fired values of
G, or G, and G, satisfy

(8/88v)F = 0,
(5/860:)S = 0.

(1b)
(1b")

These relations express, for example, that the right
hand side of (1a”’), considered as a functional of
B7;, becomes equal to the entropy S for the particular
values B89; = Pv; which satisfy Eq. (1b”’) and, for
fixed values of G, render that functional stationary.
In a short but less precise way, we state that for
fixed values of G,, S is a stationary funectional of
the potentials Bv,.

2. A partially reciprocal point of view is obtained
by considering the free energy as expressed in terms
of G; and Bv,:

F{G,, Bv.}, (2a)
which satisfies
Bv, = (8/8G)F{G,, B2} . (2b)
We then have
W= PG, 6 — [ @G, @)
which, for a fized value of v,, is such that
(8/8Bv)W = 0, (2b’)

ie., W, for a fixed value of v,, is a stationary func-
tional of @G,. '

Equation (1.b’) expresses the one-particle dis-
tribution function in terms of the potentials; Eq.
(2b) expresses the one-body potential », in terms
of the one-particle distribution function, an ex-

255
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pansion first found for classical systems by Yvon’
in 1935. The stationarity property, Egs. (2a’, b'),
was first pointed out by Lee and Yang® in con-
nection with quantum systems. Formulations in-
volving not the one-particle distribution function,
but the one-particle Green’s function ***® lead to
explicit’ expansions of (2a, b).

Yvon®*® had previously pointed out the usefulness
of Eq. (2b) in relation to phase transitions in classical
systems, and (2a’) involves only a slight rewriting
of the virial expansion for inhomogeneous systems
derived by Yvon. Self-consistent approximations are
constructed by approximating (2a) with

F© {a,, B}, (2¢)
and determining G, by the implicit equation
Bor = (8/8G)F'” (G, Bos} . (2d)

Thus a generalization to nonzero temperature of the
Hartree-Fock approximation is obtained by keeping
in F', terms up to first power in v,.

3. The fully reciprocal point of view is obtained
by considering the entropy as expressed in terms of

S{aG,, G»}. (3a)
Clearly we also have
Bv; = (8/8G)8{G,, Ga}. (3b)
If we now write
W = 8{G,, G;} — g f Bv.G; (3a)
for fized values of the potentials v;, we obtain
(8/3G)W = 0. (3b")

Explicit forms of (3a, b) have been derived for

2 J. Yvon, Actualités Sec. et Ind. 203 (1935).

3T. D. Lee and C. N. Yang, Phys. Rev. 113, 1165 (1959);
117, 22 (1960).

4 E. Montroll and J. Ward, Phys. Fluids 1, 55 (1958).

§ P, Martin and J. Schwinger, Phys. Rev. 115, 1342 (1959).

A. Abrikosov, L. Gorkov, and I. Dzyaloshinsky, Soviet
Phys.—JETP 36, 900 (1959).

¢ J. Luttinger, J. Ward, Phys. Rev. 118, 1417 (1960).

7 It should be pointed out that for quantum systems,
no ezxplicit expansion of F or v , in terms of the one-particle
distribution function (average occupation number) is known
80 far. Formulations of references 3 and 8 lead to explicit
functionals of the occupation number, but the kinetic energy
at least, is still explicitly present. Expansions (2.a) and
(2b) could of course be constructed term by term through
the type of iterative process described by Paul Martin.

The Green’s function formulation on the other hand,
leads to explicit expansions for (2a, b) but through the use
of (time-dependent) Green’s function instead of the more
physical occupation number; as a consequence one loses
the maximal property of W which is a feature of the formula-
tions of references 3 and 8.

8 R. Balian, C. Bloch, and C. De Dominicis, Nuclear
Phys. 25, 529 (1961); 27, 294 (1961).

9J. Yvon, Colloque de Thermodynamique Statistique,
Bruxelles, 1946.
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classical systems'®''' and, in the Green’s function

formulation, for quantum systems.'" The entropy
functional is free from any reference to equilibrium,
which may be an interesting point in relation to
nonequilibrium situations; it is also free from any
reference to the Hamiltonian. Practically speaking,
the self-consistent approximations formulated by
limiting the expansion of S{@,, G.} to a certain
class of terms S’ {G,, G;} [and calculating G, G»
through (3b)], are expected to be particularly in-
teresting in the case of singular potentials. Con-
vergence of the expansions is also expected to im-
prove when going from (1a) to (2a) and from (2a)
to (3a).

4. The case for a reciprocal point of view becomes
even more compelling with anomalous systems. By
definition we call anomalous the class of systems
for which the prescription given by Bogoliubov*
applies, i.e., systems for which the usual grand
ensemble must be replaced by a more general one
where the possible degeneracies are removed.
Paul Martin has discussed at this conference the
kind of new ensemble suited to describe Bose systems
in the condensation region, so that we only mention
the essential features: the Hamiltonian is supple-
mented by a source term potential »; (and a sink
term potential v%) which is eventually set equal
to zero. Such terms lead, for example, to non-
vanishing averages of single annihilation (or creation)
operators. These averages are called Gy (or G¥).
If one goes now to a reciprocal point of view, ex-
pressing for example v; as a functional of Gy and G%,
it becomes possible for nonvanishing solutions for
Gy, G% to persist, even after vy is set equal to zero.
In this way one constructs the quasi-averages of
Bogoliubov which remain nonvanishing in the
“degeneracy” region i.e., below the transition tem-
perature. Paul Martin has shown how to write
generating equations which construct order-by-order
expansions of the reciprocal formulations e.g., the
expansion of v} in terms of Gy, G% (and vy, v;). Here
we use diagram techniques,” which offer the ad-

10T, Morita and K. Hiroike, Progr. Theoret. Phys.
(Kyoto) 25, 537 (1961).

11 C, De Dominicis, J. Math. Phys. 3, 983 (1962).

12 N. Bogolubov, Physica 26, S1 (1960); T. D. Lee and
C. N. Yang [Phys. Rev. 117, 897 (1960)] had also introduced
an extended ensemble to treat condensed Bose systems
through the condensation point and succeeded in expressing
the thermodynamical functions in terms of the condensate
density and the average occupation number. However the
transformation to the reciprocal forms is more conventiently
carried out” in terms of the Green’s function formulation.

13 Such techniques have been standard in field theory
for many years; more recent approaches use ‘“‘anomalous”
diagrams of the type considered here (J. Goldstone, private
communication).
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vantage of immediately displaying the character
of the general term in the expansions.

5. In the following, we examine first the case of
anomalous systems and calculate the thermody-
namical functions (and distribution functions) in
the partial reciprocal formulation (where the »; and
v, variables are replaced by G, and G,). We sketch
how to obtain the complete reciprocal formulation
and quote some results for the normal case. Finally,
we mention the corresponding results for classical
systems. At each stage of the transformation into
the reciprocal formulation, we display explicitly the
variational properties of the thermodynamical
functions.

An expanded version of the new material presented
here will appear as part of a joint publication with
Paul Martin.

II. ANOMALOUS SYSTEMS: PERTURBATION THEORY

We consider a Bose system characterized by its
Hamiltonian in momentum representation (2m = 1),
and second-quantized form
H= 3 & - u+ wk)aia

k

+ 3 > vk, 1;m, naia}0.0.

klmn

2.1)

+ :Z, @ ®ar + vikay);

eventually we let v;(k) — 0, the nonvanishing part
of the Hamiltonian being translationally invariant.
With the notations of previous paragraph, we have

Ul(k; D)= 5k1(k2 —u + u, (k).

31, (k) and v,(kl; mn) are the matrix elements in
momentum space of a one-body (diagonal) external
potential and a two-body interaction potential
respectively. We recall now the results of pertuba-
tion theory as applied in the Green’s function
formulation.**®

Wick’s theorem establishes a one-to-one corre-
spondence between algebraic terms of the perturba-
tion expansion and a set of diagrams to each ele-
ment of which, algebraic factors are associated
according to well defined rules.

Diagrams are built with a vertices (a =
represented as shown below

K--e

Fic. 1

51,2

,F—>- \{;—(- ;———.—ﬁ

and solid lines with a single arrow (unperturbed
propagator) connecting the various vertices. They
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are Feynmann diagrams: two diagrams are con-
sidered distinet only if their topology is different
(i.e., if the connections between various vertices are
different; the relative position of the vertices is ir-
relevant). To each ¢ diagram (diagram with 2¢
external lines), an algebraic contribution calculated
with the following set of rules (rule A) is associated:

(Ai) to each a vertex (@ = %, 1, 2), associate
—Bv}(k) or —pBvy(k), —Bu.(k), —pv,(k, 1; m, n) re-
spectively.

(Aii) to each line j, which is characterized by a
momentum k; and an energy w;, associate the un-
perturbed propagator

G?(kn wi) = [ﬂk? B R 13#]_1; (2-2)

where

w;, =2mr n=0,=+l,£2-...

(Aiii) keep fixed momenta and energies to the 2¢
external lines, sum over momenta and energies
relative to internal lines, with (a) conservation of
energy at each « vertex (i.e., a line j ending at or
emerging from a 1 vertex has w; = 0). (b) conserva-
tion of momenta' at each “physical” a vertex
(e =1, 2).

A weight s™' where s is the symmetry number of
the diagram,” is also associated with each diagram.

Perturbation expansion around the unperturbed
system (v; = u, = v, = 0) gives

Z/Zy, = Z (all distinct 0 diagrams), (2.3)
W — W, = Z (all distinct, connected, 0 diagrams).
(2.4)

We also consider average values over the ensemble
defined by

(A) = Tre™?4.
1. Let

Gy, wy) = (dx,(wy)), (2.5)

where

+ " -
dx,(wy) = " ag, "

kY

is the Heisenberg representation of the creation oper-
ator ax,, w; playing the role of a “time” (0<w,<1).

14 If we had chosen a translationally invariant source term
v1/2(K) = 8k 0017,

momentum conservation would also hold at % vertices
(ie., a line j ending up at or emerging from a } vertex would
have k; = 0).

s Alternatively one could label all vertices with labels
1, 2 -+ n; the weight for such labeled diagrams would then
be (n!)™, a procedure which is most convenient for carrying
out proofs. The representation adopted in the text also
:irpphes an extra factor () for each symmetrical (Jadder-like)

iagram.
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Consider its Fourier-series transform

Gk, @) = f dwe™ @, w),  (2.6)

which due to translational invariance in time, can
be written

G’;(kn w;) = 5,,“,00";(1{1);

we then have from perturbation theory,
Gyk,) =

2.7

T (all distinct, connected } diagrams
with one outgoing external line), (2.8)

2 (all distinct, connected % diagrams

G4 (k)
2.9)
expansions which could also have been derived from
Eq. (2.4) by noting that
Gyk,) = [8/8(—Bv§(k))IW {—PBoy, —Bv§}. (2.10)
2. The usual Green’s function is defined by
(Ték; (w))ds,(wn)) (2.11)

where T stands for the usual T product. This Green’s
function depends upon only w;, — w! (not upon
w, and w] separately) and its Fourier series trans-
form can be written as

G (Klw,, ki) = T (all distinet, connected 1
diagrams with one incom-
ing line 1 and one outgoing
line 1)

+ 8.,.0G3 (KD GY(ky),

with the usual relation to the total number of
particles

with one incoming external line),

(2.12)

N = Z Gl(klwh klwl)-

ki, w2

(2.13)

The separation in Eq. (2.12) between a part con-
taining completely connected diagrams and a part
containing diagrams disconnected into two parts
(one connected to the incoming line 1, the other to
the outgoing line 1), corresponds to the separation
into cumulants made by Paul Martin at this
conference;

(@,-8%) = (& — @)@ — @1)), (219
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ie. it corresponds to the splitting of the one-
particle density matrix for superfluid systems as
introduced by Onsager and Penrose.'®

III. ANOMALOUS SYSTEMS: FIRST RECIPROCAL
FORMULATION

Perturbation theory has allowed us to write the
thermodynamical functions and the average values
of a number of basic operators (¢* and a) in terms
of the potentials v}, u,, v,. Here we wish to express
the same quantities in terms of Gy, u,, v..

1. To do this, we analyze { diagrams (diagrams
with 2¢ external lines):

An articulation line is such that by cutting it, a
connected ¢ diagram falls into two disconnected
parts (a single 3 vertex is not considered as a
separate part).

A 1l-irreducible ¢ diagram is such that it has no
articulation line. We call X{—G3Bv;, —GiBvy} the
contribution of all the 1-irreducible 0 diagrams. Such
a functional contains both normal diagrams (con-
taining no % vertices »; or %) and anomalous dia-
grams (containing an equal number of } vertices
vy and v%). The contribution of all the 3-irreducible
% diagrams with a single outgoing line e.g., is ex-
pressed in terms of the functional derivative

[6/8(—GiBv)1%Y { —GlBv;, —GiBv%)

= KPk; 6,65 @1

as

@k, OKP (ks; Gy, G4 3.2)

The general 3 diagram with a single outgoing
line, (besides the trivial 3 diagram of first order in v;)
is then generated by replacing inside the 1-irreducible
 diagram and each % vertex (and its attached line)
by the most general } diagram, ie., replacing
~GiBvy or —GBvy by Gy or G¥% respectively. This
operation yields

Gyk) = Gk, O)[—Buyk) + KiP {k,; Gy, GY}1.
(3.3)
x®, K{P (and K{P*) are now functionals of G,

G% and are represented by all distinct, connected
% irreducible, 0 or 3 diagrams, i.e.,

\K(l/z){GUz, GT,2}=@-~—-0 +¥O--O+ @ 4 oo

SR S c R I S }_‘:@+ -

16 O. Penrose, L. Onsager, Phys. Rev. 104, 576 (1956).

3.4
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K“/z){k.;G./zGDz}= L T"G’ * {?—3/ +t"I+%—_'©/+

Associated contributions are now calculated with
rule B differing from rule A through point (7)

(Bi) to each incoming or outgoing (heavy) half-
line associated factor G% or Gy; to each 1- or
2-vertex associate —pBu,, —pBvs.

Naturally, instead of (3.1) we now have
[8/6G3k)1%Y Gy, GF} = K3¥ (k5 Gy, G} (3.6)

The inversion of relation (2.10) is thus achieved in
(3.3) which we may rewrite

Bvi(kl) = _[G;J(kn O)]_IG}(kl)
+ K k; 64,65, @)

2. We now express W as a functional of Gy, G§.
Although this may be done by direct functional
integration of (3.7) over G¥%, we use a more detailed
analysis."”

Consider the three following expressions:

@ - T Byk)61k) + pkIGE)]:  (33)
This quantity may be thought of as represented by
all connected 0 diagrams (calculated with rule A)
but with one 1 vertex distinguished. The contribution
to (3.8) of a class of 0 diagrams containing N (3 v)
1 vertices is thus N (3 v) times its contribution to W.

(b) x®{Gy, Gy} (3.9)

This quantity may be represented by all 0 diagrams
(calculated with rule A but with one 1 srreducible
part distinguished. The contribution to Eq. (3.9)
of 0 diagrams with N(x¥) i-irreducible parts (i.e.,
0 diagrams falling into N (% ¥’) parts after suppres-
sion of all articulation lines) is N(%Y) times the
contribution of the same diagram to W.

(¢) Consider finally a general 0 diagram where we
distinguish one Li-irreducible part and one § vertex
(or one articulation line) attached to it. This may be
generated by taking a j-irreducible part, replacing
the marked % vertex (and its attached line) by the
most general 3 diagram (Gy or G%) and then per-
forming the same operation with the other 3 ver-
tices, i.e., we have

B(k.z-u,(kp-,u)G.,z(k|)+'t——1+ TGO+ 2y -0.

17 ¢f, the method used in references 8 and 11 and C. Bloch,
Physica 26, S62 (1960).
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(3.5

2 G)K P [k Gy, GY)
+ &K ky; Gy, G3). (3.10)

Let N(x?® .m) be, in a 0 diagram, the number of
ways in which the above distinction can be per-
formed;'* N (%P -m) is also the extra weight carried
by the distinguished diagrams contributing to (3.10)
as compared with their contribution to W.

We now consider the following relation, which is
easily proven by induction and holds between the
three different weights introduced

INGo) — Nx®.m)] + NxP) = +1.  3.11)

This relation allows immediately to construct the
proper weight for 0 diagrams contributing to W;

W—W,= -} ; [y (k)G (k)

+ Brik)Gyk) + Gyk)K(P*{k,; G, G}
+ F&)KP {k; 6y, 6311 + xP {6, 6%} (3.12)

Equation (3.12) is verified to be stationary under
changes of K{¥ [G; itself being expressed in terms
of K{¥ through Eq. (3.3)] and this stationarity
property is easily traced back to the structure of
the diagrams (tree structure).””

Using Eq. (3.6), one can eliminate K{¥ and re-
write Eq. (3.12) as

W= Wy = = T ()G + A6yl
+ (G105, 0)]7'Gyk)G3k)] + %P {6463}, (3.13)

an expression which, with Eq. (3.7), is now stationary
with respect to variations of Gy (or G¥). Also, the
second variation is easily shown to be negative
definite.

3. In the ensemble considered, v; and v% are
eventually set equal to zero, and Eq. (3.7) (and its
complex conjugate) becomes a homogenous equa-
tion determining (3. A normal system would lead
only to the trivial solution G = 0; a nontrivial
solution characterizes an anomalous system (in this
case, a Bose system below its transition tempera-
ture). The lowest order approximation to (3.7) is
the Hartree—Fock approximation:

(3.14)

18 j.e. the number of 3-irreducible parts each one weighted
by the number m of its attached articulation lines or } vertices.



260

When the density of the condensate |Gy(k,)|* is
considered close to the total density (small deple-
tion), one may neglect the last two terms, and the
equation obtained is then identical to one presented
at this conference by Gross, for the wavefunction
of the condensate. For zero depletion, G} is normal-
ized to the number of particles N; otherwise we have
(2.12), and (2.13) which may be rewritten

N = ; lGi(kl)P + kZ Gk, w;; kyw,).

1, Wy

(3.15)

If one assumes that the overall space translational
invariance is to be preserved, then only the com-
ponent k; = 0 is allowed, momentum is conserved
at all vertices and (3.7) becomes an equation for u,
i.e., (when G} # 0),

Bu = [G]'KP{k, = 0;G,,G%}.  (3.16)

This is an expression for the chemical potential
which is the natural extension at nonzero tem-
perature of Belyaev’s" results.

1IV. SECOND RECIPROCAL TRANSFORMATION
(MASS RENORMALIZATION)

Here we want to transform explicitly, from a
functional dependence upon the 1-vertex wu;, (or
rather v, as introduced in Sec. I) into a functional
dependence upon the reciprocal function, i.e., the
one-particle Green’s function. This transformation
is the analog of the mass-renormalization operation
as used in field theories.

1. First we recall how this transformation is
performed for normal systems. The same procedure
as used in Sec. I1I leads to consider in the expression

}C(”{Gl}= OO + @ +6£j_©,+ .
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of W, the class of 1-irreducible 0 diagrams %’ {G?}
i.e., 0 diagrams such that by cutting two lines, one
cannot obtain two different pieces (the diagram of
first order in u, is not included in that class). The
corresponding class of l-irreducible 1 diagrams is
then given by

G?(kly wl)K{I) {kl, w5 G?}G?(kl, @),
where
K;l) {kly wl; G?} = [5/6G(1)(k1; wl)]x(l) {Gg} ’

and the most general 1 diagram is then generated by

(a) making the most general insertion in each in-
ternal line, i.e., replacing the unperturbed Green’s
function G by the exact @, in the argument of
5 (l), K: l);

(b) iterating this new mass operator; ie., by
writing the analog of Dyson’s equation for statistical
mechanics,

Gk, 1) = G?(kl; w) + G’f(k,, @)

X [—Buk) + KV {koy; G )16 (&, w).  (4.2)
This equation expresses v, as a functional of Gi.
o) = BT + w(l) — w)

= + [Gi(l, )] + KV {ly, 05 Gh) . (4.3)

The same proof as used above,'” or direct inte-
gration,® leads to W in its stationary form:

W = z [log [Gl(kl) ‘-"1)]

kl,wl

+ [ — 31)1(k1)]G1(k1;w1)] + Jc“){Gl}, (4.4)
With
(4.5)
Ki"{wiei}= O+ & s fQ{ 4.6)

where the associated contributions are calculated
with a rule C differing from rule A through points
@ @)

(Ci) to each 2 vertex, associate a matrix ele-
ment of —fv,.

(Cii) to each heavy line j, associate a function
Gi(k;, w;).

Notice that here the second variation of Eq. (4.4)
with respect to G; no longer has a definite sign.”

12 §. Belyaev, J.E.T.P. 7 289, 299 (1958).

2. For anomalous systems the procedure is similar.
Here however we also have nonvanishing average
values of pairs of creation or annihilation operators.
For example the Fourier series transform of

(Téx. . (wdk.(wy))

is represented by

a. the sum of all distinct connected 1 diagrams
with two outgoing external lines 1 and 1’ (their
energies are w,, —w, respectively due to trans-
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lational invariance in time). Associated contributions
are calculated with rule A (or with rule B if the
first reciprocal transformation has been performed).

b. the sum of all distinct 1 diagrams disconnected
into two % diagrams, each one connected to an ex-
ternal outgoing line 1 or 1’ i.e., contributing

84, 0G3 (k)G (ky).

The possible average values of two operators or
rather their connected part are usually written in a
matrix form

(G,(17, 1)),
= F.T. (&) — (BN@Es — @9)). @)

We use variables 1, 1’ for kv, k{w] with the ap-
propriate conservation laws of energy (and mo-
mentum) implied; for simplicity here we keep the
anomalous terms off diagonal by choosing

fOI‘ w: ﬁ(l) — (i, ﬁ(z) — d+,
for v ﬁ(l) — d“‘, ﬁ(Z) = 4.

The complete Green’s function matrix, (i.e., in-
cluding the contribution of diagrams made of two
disconnected parts) is, with obvious notations,

@1, D) = (G:(1, D) + @1))GHD),

G,(1,1) = G,(1I’, 1) + G;(1)GK(1).

Corresponding to the possibility of these nonvanish-
ing values in the anomalous case, one must keep
two arrows on the lines (propagators), one arrow
for each of the two operators. Thus the average
values occuring in (4.7) are respectively represented
by the heavy double-arrowed lines

I

e=l,v =1) (1,2)  (2,1) (2,2)
Fia. 2

or

]

The corresponding average values over the un-
perturbed ensemble would be represented by thin
double-arrowed lines

Lo

To thin lines of the type (1, 2) or (2, 1) in a diagram,
is of course associated a vanishing contribution, and
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to thin lines of the type (1, 1), (2, 2) an unperturbed
propagator (rather its cumulant part G9). The
matrix form of this unperturbed propagator would
be, e.g., for a translationally invariant system,

Gi(1’,1) = G3(1", 1)
— [ﬁkf - w ABI‘]—I 0
0 [6(—1{1)2 + w — Blll]—l

Consider however, among all the 0 diagrams con-
structed with heavy half lines (G, G%), 1 and 2
vertices joined by all the possible double-arrowed
thin lines, the class of l-irreducible 0 diagrams. It
corresponds to a well defined functional of (G?),,
[it is irrelevant for our purpose that the actual
value of a large number of terms of that functional
vanish with (G?),, and (@2),.].

Let this functional be

K163

Also the sum of all connected 1-irreducible 1 dia-
grams, classified according to the nature of their
two external lines is given by

> G, 29KV {27, 2; G162, 1),
2.2

61’1

where
[6/6G2, 21k {GY} = K{V{2/,2;GY), (4.8)

the elements of the 2 X 2 matrix (K{"’),, being
thus obtained by functional derivation of &’ with
Tespect to the matrix element (G?),,.

The sum of all distinct, connected 1 diagrams is
then generated by

(a) making in each internal (double-arrowed) line,
the most general insertion, i.e., replacing the matrix
elements of G¢ by the corresponding elements of
G, in the arguments of K®;

“(b) iterating this new mass operator K{V ie.,
by writing a generalization of Belyaev’s equation
to nonzero temperature,

G, ) =G, ) + 26, 2)
% [[Ig’l‘q(kz) 0

0 Bu(—ky)
x G.(2, 1). 4.9)

This equation is readily solved for », as a functional
of G, (and Gy). In matrix form we have,

[ﬁv,axl) 0 JB ,=[wl 0
0 Bvl(_kl) 0 -
+ 6., DI + K17, 1; 6,64

] 62/2 + Kl(l) {2,, 2; Gl G,}}}

b1/

(4.10)
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As in Sec. III and above, by direct integration or through the use of a topological relation, one obtains

W in its stationary form: ‘

W =

D=

0

Here

and, for example,

@ + o) 0

J G, + G*G*;]J
-, + 61)1(‘_1{1)

+ T 1oy)G) + B0§)Gy )] + % (G4, Gl (.11)
/AN CUR-D R B S I = = R =
N ] (4.12)
+ @"@ + @ + & + 1_0+£_0 e
(K“(116,.8)) - T2+ o T“@ i .
. o

The above equations display explicitly, the general
terms of the expansions. Expression (4.11) for W
is now stationary with respect to wariations of G,
G% and (G,),,; the stationarity with respect to G,
implies Eq. (4.10) and with respect to G¥, it implies
a modified version of Eq. (3.7), namely

ﬁva(kl) = _ﬂvl(kx)G&a‘x)
+ (8/86H)%V{Gy, G,}. (4.19)

Again the quadratic form of the second variations
has no definite sign.

Systematic matrix notations would simplify equa-
tion writing and diagram representation. We keep it
here to a minimum to avoid introducing a machinery
disproportionate to short exposé.

3. For the ensemble considered, v, is eventually
set equal to zero. Self-consistent approximations are
generated by keeping only a certain class of terms
in the functional %"’ leading with Eqgs. (4.10) and
(4.14) to an approximate but self-consistent pair
of coupled equations defining the approximations for
G; and G,. Following the pioneer work of Bogo-
liubov®® (8 = «, small depletion), the first-order
approximation has been studied particularly by
Girardeau and Arnowitt” (8 = «), and Tolma-
chev®; the second-order has been worked out in 1958
(for B = =) by Belyaev'® and has been studied more
generally by Martin and Hohenberg® using the

20 N. Bogolubov, J. Phys. Moscow 11, 23 (1947).
(1925191;/1. Girardeau and R. Arnowitt, Phys. Rev. 113, 755

2V, Tolmachev, Doklady 135, 41, 825, (1960).

28 P. Martin and P. Hohenberg, to be published; P.
Hohenberg, Thesis, Harvard University, Cambridge, Mas-
sachusetts, 1962.

generating equation method discussed at this con-
ference by Paul Martin.

V. THE COMPLETE RECIPROCAL TRANSFORMATION
(VERTEX-RENORMALIZATION)

Now we would like to perform the last steps of
the reciprocal transformation, i.e., explicitly trans-
form the functional dependence upon the 2 vertex
(and the “effective” 3 vertices such as v,G;) into
a functional dependence upon the reciprocal func-
tions; i.e., the average value of three operators G,
and four operators G,. This operation leads even-
tually to an explicit expression of the entropy in
terms of Gy, G,, G;, G (or rather the corresponding
cumulants) where there is no trace left of u, B8 or
vy, v, v2. This functional is then fourfold stationary
(with the appropriate constraints) under variations
of Gy, G, Gy, G; leading to four coupled self-
consistent equations to determine these functions
(matrices). For clarity, we shall here consider only
normal systems where the algebra is much simpler
and leave the results pertinent to the anomalous
systems for separate publication.

1. In normal systems the only further reciprocal
quantity involved is the usual two body Green’s
funection,

<Tdk x'(wi)dk z'(w‘:’)d; ;(wl)d;:(w2)> 1

and its Fourier series transform (G,(1’2’, 12) which
is represented by the sum of all connected 2 diagrams
with two incoming lines 1, 2 and two outgoing lines
1’, 2'. We separate diagrams made of two discon-
nected parts from the completely connected dia-
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grams and we write (for the translationally invariant
system)

G (1'2,12) = Gi(1)G1(2)[011: 8220 + 812821-]
+ Gi(1)G,(2)C(1'27, 1 2)G1(1)G4(2). (6.1

C, is a two particle correlation function and G, (1) =
G.(1, 1) the nonvanishing, diagonal part of the
one-body Green’s function. The analysis proceeds in
very much the same way as in Sec. III and we shall
just quote two results from reference 10 (See. II iii).
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The inversion formula for the two-body potential
becomes '

6”2(1,2,, 1 2) = _02(1,2,’ 1 2)
+ L,{1'2",12;G,, Co} + N.{12/,12; G4, C,}
+ KP{1'27,12; G,C»}, (5.2)

where L, is represented by ladder 2 diagrams (with
alternate sign):

N. by nodal (or ring) 2 diagrams (with alternate sign):

K3 by 2-irreducible 2 diagrams:

Finally, the entropy may be written

Lz{l',Z',I,Z;G,,C2}= Q —8 + o (5.3)
¢ 12
. 1y 2" 1’ 2!
Nlida el - O+ ”
' i’ 2' i
- O - OO
Ka {112,1,2;6,,C,}
I 2 2 ' <2 2 .2 (5.5)
B8 BR&
17 2 172 2 27 172
S = Z [log (Gi(1)) + w,Gh(1)] — % u;l ) [ (1)G,(2))Cx(1727, 1 2)G,(1)G(2)C,(1 2, 1727)]
| + (G, G} + NG, G} + %P6, G}, (5.6)

where
L16,c,} = @ - @ R
N{6icz} = @ - @ TP,
K60, - @ . @ 69

%@ represents the sum of all 2-irreducible** 0 dia-
grams, i.e., 0 diagrams which cannot be separated
into two disconnected parts by cutting four lines

24 Strictly speaking, a rigorous definition of 2 irreducibility
requires a more detailed analysis of 0 diagrams. The definition
given here will be complete if it is further required that the
2 diagram, obtained by cutting out a 2 vertex, is such that
it cannot be separated into two pieces by cutting two more
lines. Notice that the definition of 2-irreducible diagrams of
reference 11 [Section IT (ii)] is incorrect.

(a single 2 vertex is not considered as a separate
part).

These diagrams are calculated with a rule D
differing from rule A through points (i), (ii)*

(Di) to each vertex, associate a matrix element
of the correlation function C;,

(Dii) to each line j, associate the one particle
Green’s function G,(j).
Clearly, L,, N,, K are functional derivatives of
£, 7, X with respect to C;—more precisely,

G.(1)G,(2)Lx(172', 1 2)G,(1)G4(2)
= 4[5/8C.(1'2", 1 2)]8{G,, C2}, etec --- . (5.10)

25 Counting factors are also slightly different since we use
now 2-vertices where exchange is not distinguished (C. is
symmetrical under exchange of 1, 2, or 1/, 2’). Instead of
the extra factor } accompanying each ladder, one has now
an extra factor (2)~¢ where ¢ is the number of pairs of parallel
lines in the diagram (¢ = p — 1in Ly, ¢ = pin £&; ¢ = 0
elsewhere, p is the order of the diagram).
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Under the constraints of constant energy and
particle number, S is stationary with respect to
changes in C,, implying Eq. (5.2). Stationarity with
respect to changes in G, implies the first equation
of the hierarchy of equations satisfied by Green’s
functions. Similarly, for anomalous systems, station-
arity of the final form of the entropy with respect
to G4 and G, would lead to the first two equations
of the corresponding hierarchy for anomalous
systems.

2. A number of self-consistent approximations can
be generated by truncating the functional form of
the entropy. Thus, if besides the first line of Eq.
(5.6) one keeps £, 3 or £ + I, one obtains self-
consistent ladder, ring, or hypernetted approxima-
tions. A word of caution is perhaps necessary here
concerning the approximations generated by trunca-
tion of the functionals. In these approximations the
usual functional relations between successive Green’s
functions no longer hold exactly (i.e., relations be-
tween successive functional derivatives of W with
respect to the potentials, remain only approximately
true) and in cases where these functional relations
are required to hold, a compromise between the self-
consistent and the perturbative approach must be
worked out.

Finally, before turning to classical systems, it
may be remarked that anomalous Fermi systems,
i.e., superfluid or superconducting Fermi systems,
can be generally treated with the same method as
used for anomalous Bose systems.

VI. CLASSICAL SYSTEMS

1. The same methods may be applied to classical
systems. The first reciprocal transformation leads
to the Yvon equation,®**

Bvi(1) = lspf + Bu,(r) — Bul

= —log m;(1) + K" {1; p}, (6.1)

N2{|,2;/J.,,C2}= A —n+<}_ ..... ,
K(ZZ){|,2;/.L,.C2}= ‘¢: - .

10,11

Finally, the entropy is given by

S= [ 1w —log w@) +3 [ d1 &2 w0

X [C:(1,2) = (14 C:(1, 2)) log (1 + Cx(1, 2))]

+ m{/‘l’ 02} + Gc(z){”'l: CZ}: (67)

26 See also J. Yvon, Cours de Mecanique Statistique,
Saclay 1950.
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where the one-particle distribution function in con-
figuration space is called” u,(ry, p1) = wmi(1). Dia-
gram representations are in terms of Yvon-Mayer
¢ diagrams, i.e., sets points, (¢ of which are fixed
“external’”’ points) connected by single lines. Thus
the mass operator K{V{1; u,} is represented by all
connected 1-irreducible 1 diagrams, (i.e., 1 diagrams
such that by cutting one point, they cannot be
separated into two disconnected parts),

KO {m} = o v A+ 1T+ N -
(6.2)

The contributions associated with each 1 diagram
are calculated with the set of rule @:

(i) to each heavy black dot j, associate g, (5)
(i) to each line 2, associate exp [—Bv.(, )] — 1
(iii) keep fixed the argument 1 of the white dot
(external point); sum over the arguments j of
the heavy black dot j (internal points) with
a weight factor s™', where s is a symmetry
number of the diagram.

Eqgs. (6.1) and (6.2) were originally constructed,
term by term, by Yvon, using a method parallel
to the one described by Paul Martin for quantum
systems. These equations were subsequently derived
by several authors®’*'*® using different methods.

2. The second reciprocal transformation leads to*

Bv2(11 2) = _10g [1 + Cz(l) 2)]
+ No{1, 2; u, G} + K2{1, 2; 1y, Co}, (6.3)

where C, is the correlation function related to the
two-body distribution function p,(1, 2) by

#(1,2) = m(m@ + C:(1,2)] (6.9)

and
(6.5)

(6.6)

0 27 Rather than G, to conform with notations of reference

* F. Buff and F. Stillinger, J. Chem. Phys. 25, 312 (1956)
(where a special system is studied), and to be pubhsh

29 Variants of Eq. (6.3) may be found in partlculat, in:

J. Van Leuwen, J. Groeneveld, and J. de Boer, Physica 25,
702 (1959); E. Meeron Phys. Fluldsl 246 (1958), J. Math.
Phys. 1, 192 (1960); M. S. Green, Hughes Aircraft Company
Report (1959) (unpubhshed), Morita and K. Hiroike,
Progr. Theoret. Phys. (Kyoto) 23 1003 (1960). L. Verlet,
Nuovo Cimento 18, 77 (1960). Early work in that direction
may be found in J Yvon, Rev. Sci. 662, (1939), Nuovo
Cimento Suppl. 9, 144 (1958).
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with

Ni{wcl=-A-O-C- 69
J{(z){#“cz}= E s

where 9 is the sum of polygonal (also called nodal)
diagrams with alternate signs, % the sum of 2-
irreducible diagrams (diagrams which cannot be
separated into two disconnected parts by cutting two
points, a single line being not considered as a separate
part). Such diagrams are calculated with a rule ®
differing from @ through

(®ii) to each heavy line ¢, j associate C,(z, j)
The quantities N, and K.® occurring in Eq. (6.3)
are clearly functional derivatives of 9% and x®
respectively,

Ml(l)Nz(l ) 2)#1(2)
= 2[8/8C,(1, 2)]0{m, Cs), (6.10)

Equations (6.3) and (6.4) are in close analogy with
(5.2) and (5.6), the analog of the ladder term being
contained in the log term of Eq. (5.6). Again self-
consistent ladder, ring or hypernetted approxima-
tions may be generated by truncating the right-
hand side of Eq. (6.3).

The entropy functional is stationary under con-
straints of constant energy and particle number with
respect to changes of u; and C,, and the quadratic
form of the second variations is negative definite.
The variation with respect to C, leads to (6.1) but,
contrary to the quantum-mechanical case, the varia-
tion with respect to u, does not reproduce explicitly
from the first equation of the Yvon hierarchy (i.e.,
the equilibrium limit of the B-B-K-Y hierarchy).

It appears plausible that, outside of and not too
far from equilibrium, the functional form of S could

6.9

ete « - -
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be used as a generalized Boltzmann H function, a
conjecture which becomes obvious for systems in-
finitesimally displaced from equilibrium. The case
is not as clear for the functional derived for quantum
systems since its second variation has no definite
sign.

VII. CONCLUSION

We have expressed the thermodynamical funec-
tions, and the successive potentials in terms of dis-
tribution functions. This is carried out in an explicit
way for quantum and classical systems, the ex-
pansions being given in terms of diagrams, simply
characterized by their topological properties. We
have carried out only the transformations necessary
to eliminate the potentials assumed (v,, v,), and the
one potential necessary to remove the degeneracies
of anomalous systems (v;). Clearly we could have
introduced 3-body (or higher) potentials, allowing
them to be eventually vanishing or nonvanishing.
The thermodynamical functions would have become
functionals of a 3-body distribution function and
stationary with respect to changes of that extra
function. Although there seems to be no apparent
compelling reason to introduce such higher distri-
bution functions, this procedure will probably be
useful for treating in a fundamental and consistent
way, the formation, dissociation, and interactions
of few-particle bound states.
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The Van Hove master equation to general order is solved, making a special ansatz for the function
Wu-(kk'). Approximate solutions are found for strong and weak coupling, For A = 1, a comparison

is given with the exact numerical solution.

I. INTRODUCTION

HE purpose of this paper is to present a survey

of recent work in the investigation of the
evolution to quantum statistical equilibrium for
special quantum systems, and some preliminary
results of numerical work performed on a special
model. The survey deals with articles of Van Hove,’
Janner,® Van Hove and Verboven® and a forthcoming
paper by Janner, Van Hove, and Verboven.*

In references 1 and 2, the general formalism is
developed. In these papers it has been shown that
for special classes of operators, certain quantum
mechanical many-body systems reach microcanonical
equilibrium. In reference 1 the random-phase as-
sumption for the initial state was used. This assump-
tion is dropped in reference 2 and the proof uses
only the special properties of the interaction be-
tween the many degrees of freedom in large quantum
systems. However, very little is known of how the
equilibrium value for special observables is reached
in the general coupling case. For weak coupling,
the evolution is well known; it is given by the
solution of the Pauli master equation and reveals
an exponential tendency in the evolution to equilib-
rium. A first attempt to study this aspect of the
problem for general coupling has been made in
reference 3, where a highly simplified model was
introduced and a rough investigation made of its
time evolution for general coupling. In reference 4
a more accurate study of the behavior in time is
given, which is valid for large values of the coupling.
Because both references 3 and 4 give approximate
results, there still remains a region of values for
the coupling constant for which neither reference 3
nor 4 give satisfactory results. Therefore, an entirely
numerical solution is proposed. Preliminary results

* Present address: Instituut voor theoretische fysica der
Katholieke Universitat, Nijmegen, Netherlands.

1 L. Van Hove, Physica 23, 441 (1957).

2 A. Janner, Helv. Phys. Acta. 35, 47 (1962).

3 L. Van Hove and E. Verboven, Physica 27, 418 (1961).

4+ A. Janner, L. Van Hove, and E, Verboven, Physica
(to be published).

of these calculations can be found in this survey.
These results are preceded by a sketch of the
general formalism and a short discussion of the
simple model.

II. GENERAL EXPRESSION FOR THE DIAGONAL
AND THE INTERFERENCE TERM

Here we recall briefly the derivation of an ex-
pression for the diagonal and the interference term
of the probability density.'” The Hamiltonian of
the system is supposed to be the sum of two terms

H=H,+\V, (2.1)
with
Ho la) = ¢, o).

In the limit of an infinite system we adopt the

normalization
(a | @) = 8 — o). (2.2)

Consider the wavefunction |p,) of the system at
time ¢ = 0:

| oy = f | &) ¢(a) da. (2.3)

The evolution in time is given by
led = U. | o), (24
U, = exp [—i(H, + AV)¢). (2.5)

For an operator A diagonal in the |a) representation
we can consider

Gl Ale) = [ Apied das,  @6)

which introduces the probability density p.(ao)
(course-grained because we suppose A(a) to be a
smooth function of a). We can also write Eq. (2.6)
in the form
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<¢t | A |¢t> = ((00 l U_,AU, I¢0>

= [ Aty da [ P (o) da o)

+ f Alay) dag f I(xp0e’) do'c*(@)cle’), (2.7)
where we have separated U, AU, in its diagonal and

nondiagonal part. Comparing Eqgs. (2.7) and (2.6)
we have

pilag) = fPt(aoa) le(@) |2 da

+ f T(ae!) da dod'c*(@el@).  (2.8)

At this stage the ‘“random phase assumption” is
usually introduced, reducing Eq. (2.8) to

p.lag) = fP,(aoa) da le(@) . 2.9

In reference 2 it has been shown that this assumption

is unnecessary. P,(a,@) and I,(aoaa’) can be written
in the form

P (a) = —(—Qi?ﬁdp fy' dp’

X exp [i(p — )X, (@),  (2.10)
I (apaa’) = _(2_7105[ dpf' dp’
X exp [i(p — p")E]Y,, (a00a’), (2.11)

v being a counterclockwise contour around the real
axis. Y,, (apa) can be expressed by X,, (a.e) and
another function V,, (aeea’):

Y, (aoea’) = fdal X (@0) Vo (0100, (2.12)
where V,,. (apaa’) is defined from
{a |{1 — AD,V + \’D,VD,V ---)

X A(l = AVD, 4+ N°VD, VD, — -}l @)

- f day A(ao) Vo (cga’).

From now on, we restrict our investigation to
P.(aoe). The extension to I,{(aexa’) can be found
in reference 4. X,, (@) can be expressed by ir-
reducible diagonal parts, giving

. X,,,,'(aoa) = D,,(ao)D,,:(ao) é(ag — a) + )\ZDP(O‘O)D;:'(“O)

X [W,,,,(aoa) 4+ f day W, (o) D, (@)
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X Dy(a)W () + --']Dp(a)Dw(a) 2.13)

The function W,, (aa) occurring in Eq. (2.12),
is defined by

{(V=AVD,V+ - )A(V =AVD, V+ -} uale)

= |a) [ dos AW, o), @19
and D, is the diagonal part of the resolvent operator
R, = [H, + \V — p]™*. D, is usually written in terms
of another function,

D, = (Ho — p — NG,)™; (2.15)
@, obeys the equation
G,={VD,V —AVD,VD,V 4+ ---}.,. (2.16)

Relation (2.10) can also be written

P (a0) =f_ dE Pg (a);

Py () = 55 f dp exp (2ipl) X gry.5-y(co) (2.17)

[s(t) = ¢ £7].

In reference 1, a generalized master equation for
Py .(apa) has been derived. In reference 2 the same
has been done for the interference term, using
essentially Eq. (2.12).

An important relation between G,(a) and W,,. (aox)
is given by

NG, (@) — NG,.(a)
= X [ da [Dyfe0) = D)W ypilae), (2.18)

which is easily obtained from Eq. (2.15).

III. SIMPLE MODEL

In this section we apply the general theory to a
simple situation: an electron in a system of randomly
distributed, static, elastic scattering centers. The
quantum numbers « are simply given by the three
components of the wave vector k of the electron
(the spin is neglected).

We make for the basic function W,,.(k,k) a very
simple ansatz

W for
0 for

|k |
lko| or

k| <a
k| > a,

and

W, (ko) = { 3.1)
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with a and W given positive constants. This ansatz
simplifies X,, (k;k) extensively. Indeed, the series
(2.12) can be summed giving

X,, (ko) = D,(ko)D, (k)d(k, — k)
+ N'WD,(k)D, (k) D, (k) D, (k)
-1
X [1 — N W f dk, D,,(kl)D,,(k,)] T
We remark that from now on all vectors are re-
stricted to a sphere of radius a, which is also the

integration range.
Using Eq. (2.17) and the ansatz (3.1) we obtain

6,1 — G, = W [ disy [D,G6) — D)) (3.3

In the limit p’ — = we find

6o =W [a D) =g (34
such that D,(k) becomes in our model
Dn(k) = (ek - p >‘zgp)—ly (35)

& being the unperturbed electron energy (we put
2m = 1, m being the electron mass). Substitution
of Eq. (3.5) in Eq. (3.4) gives a transcendental
equation for g,:

g, = 4N f dky (e, — p — Ng)"".  (3.6)
0
Using the relation
Dn(kO)Dn'(kO) = (P + )‘2917 - p’ - )‘2gﬂ')_l
X [Dy(ko) — D, (k))], (3.7

we obtain for X,, (kk) the simple expression
X,y (kok) = D,(ko)D, (ko)

X {o(ke — k) + W'W/(p — p)[D, (&) — D,.(k)]}.
(3.8)

Applying Eq. (2.16) we obtain the partial transi-
tion probability Pz .(kk) to general order. For

t > 0, this formula becomes

Pg, (kk) — Pg o(lok) =

_i exp [204(&, — E + tvs,)]

™ 2(51,0 - E)
X {3k — k) + NW[2E, — E + i7:.)]7'[& — &,
+ i/ exp [2iUE — &, + i) 12(8, — E)]—l

E. VERBOVEN

Py (k) = 2—;2 f, dp exp (2ipt) Dy, (ko) Dy, (ko)

NW
2p

X {5(ko -k + [Dg.,k) — DE-p(ku)]}- (3.9)

The asymptotic value of this expression at { = 4+
is immediately obtained as the residue of the pole
at p = 0. It is

iLV_DE—iO(kO) - DE+iU(k0)

2 Jeg—io —

P, (ko) =

JE+i0
X [Dz«:—so(k) - DE'+i0(k)]'
Using Eq. (3.3) and the definition

(3.10)

8s(E) = 5= (Do ol — Do),

this expression can be written

1
Pg o(kk) = [ f Ag(K') dk’] Ap(ko)Ag(k), (3.11)
in agreement with the corresponding result of the
general theory [Eqgs. (7.6) and (7.7) of reference 1].

IV. TIME VARIATION OF P,(kk)

To study the behavior of Pg ,(kk) and P,(kk)
for all times, one needs an explicit expression of g,
which would require solving the transcendental
equation (3.6).

In reference 3 this was avoided and replaced by
an (incomplete) investigation of the general be-
havior of g, in the complex p plane. By so doing
it was found that D,(k) has a pole in its analytic
continuation in the second sheet of the complex
p plane. The pole is given by

pe = K — 4eWXa + 2aN°Wk In [(a + k)/(a — k)]
2N Wk (4.1)
= & + i’)’k,

where & is the real part and v, the imaginary part
of pe(v: > 0). Py, (koK) is then evaluated by contour
deformation. Taking only the contribution of the
pole, and simplifying the residue to one, the follow-
ing result for Py ,(k.k) has been obtained in ref-
erence 3:

— e, + ?:‘Yk)—l - @& + &, — 28 4 vy, — 'l:'Yk)_l]}
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X {5(ko - k) + )\ZW[Z(E — €, + ’i‘)’k.,)]-l[(gk + €, — 2E — ’i‘Yk., + 7:710)_1 - (ék — &, + i’Yko - ’iYk)_I]}

— (W /2x) exp [2ite — E + ivo)ll(&., —
— (W /2x) exp [2iHE — & + iv.)]

X [&, + & — 2E — iy + 1)(& — & + v — 7)) E — & + i)

& — e + )@ + & — 2E + iy, — ivi e — E + iv)]7

The integration over E may be carried out, giving for P,(k.k):

P(kk) — Po(kk) = exp (—2v.t)o(k, — k)

— 2N°W exp [—(vi, + v l{[E — &)° + (oo — 7)1 — &° + (e + W17

X {{E. — Ek)2 + (7:0 - )] cos [(&,

+ VW /i) exp (=27, D)0, — Y@ — &)° + (e — 717

In the limit of weak coupling for ¢ of order A7,
Eq. (4.3) becomes

P,(kok) — Po(kok) = exp (—2v:8)é(k, — k)
— (@N°W /y,) exp (—2vi.0) 8(ex, — &), (4.4)

which is a solution of the Pauli master equation in
the simple situation treated here.
From the value of the residue

I:l = []- + Xz(dgp/dp)],-,“ (45)

it is seen that the coupling may not become too
large for the validity of the approximation.

Therefore in reference 4 another approximation
was proposed, valid for large values of A\. If A is
very large it is shown in reference 4 that g, for p
real, takes the form

g, = (1/2X%)¢gp
(—p + (4% — pAt for p = Re p + 0,
vo = 3 “ASRers A6
—p — (4% — p)ifor p = Re p — 40,
—A<Rep< A4,
and
(—p 4+ (o — A} for p = Re p = 10
Yo = Rep2 4 4 6y
—p — (" — AD¥for p = Re p & 40
Rep > 4,
A = (16xWa*\/3) . @.7
The strong coupling condition is given by
A > 3a/4aW. 4.8)

Under this condition D, becomes independent of k

4.2)
— &)l] + 2vi(&, — &) sin [(&, — E,,)t]}
4.3)
and hence
D, = (4\°/A%g, = (2/AD)y,. (4.9)

In this approximation we may evaluate the coeffi-
cient of the é(k, — k) function in Pg . (kok) for

E =0.1Itis
2/xA)J,(2tA) + (2/xA)J:(2tA4), (4.10)

showing, as found before, an oscillatory behavior
in time. The decrease with time is however much

TasLE I. ) integrations.

T = 241 P(t) Precision
0 1.000000 108
0.5 0.984474 103
1 0.939105 10-7
1.5 0.967349 10—
2 0.774577 108
2.5 0.667485 108
3 0.553409 108
3.5 0.439616 108
4 0.332611 108
4.5 0.237604 108
5 0.158146 1077
5.5 0.095974 108
6 0.051093 103
6.5 0.022017 108
7 0.006162 108
7.5 0.000314 108
8 0.001090 10-8
8.5 0.005358 10—3
9 0.010546 10~
9.5 0.014826 10—3

10 0.017169 10-8
10.5 0.017274 108
11 0.015415 10-3
11.56 0.012230 107
12 0.008505 10—#
12.5 0.004988 108
13 0.002240 10-8
13.5 0.000566 108
14 0.000001 10-8
14.5 0.000357 10-8
15 0.001300 108
15.5 0.002444 108
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slower than was found in the previous treatment;
the function (4.10) decays as ¢! whereas in the
pole treatment we found an exponential decay. The
strong coupling limit of P.(k.k) may be written as

P kk) = ok, — K)P() + Pi(¥), (4.11)
with

P(t) = ‘*12%)2 f dE f dp exp (2ipt)Dg.,Dp-,, (4.12)

P.(t) = s(t))\W f dE f dp

X exp (27'Pt) DE+pDE e (4.13)
The unitarity condition
[ o Ptk = (4.19)

requires

(4xd*/3)[P\()] + P(t) = (4.15)
This implies that P, (k.k) can be expressed by P(t):
P.(kok) = 3/4ma® + {3(k, —k) — 3/4xd’ }P(§). (4.16)

In reference 4, the following expression was found
for P(t):

E. VERBOVEN

P(t) = 3.7 { f dp sin 2A40t[(0" — 1)K(p)
+ (0" + DE(p) — &np]

+ f dp sin 24 pf — p[u - pZ)K(lp)

+a+ (k) - a]

+ fo dp cos 24 (1 + p)[sz<

_ 2 1—- P):I}
1+ )E(l v lg
In this formula K(p) and E(p) are the Legendre
complete elliptic integrals of first and second kind

defined by

1—-p>
1+ o

(4.17)

K®=fm-w?—ww

- [ i [T'-‘F%ﬂ?’ 4.18)
E() = f dx[ - _k; ]

- fo ol - KFaint . (419)

In the evaluation of P(¢), use has been made of
Grébner and Hofreiter.®

The p integrations in Eq. (4.17) have been per-
formed by computer. The results are collected in
Table 1.

In Fig. 1 we plot the results for the coefficient
of the delta function in P,(k.k).

The lowest curve gives this coefficient for k = 0.5
A=1a=1,W = 1/4r in the pole approximation,
and, one observes a rapid exponential decay. The
dashed curve is the strong coupling approximation
P(t), which coincides for small time values with the
exact numerical solution. For larger time values,
the strong coupling approximation exhibits small
oscillations not present in the analytical solution.
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It is shown that the asymptotic formula for the structure function obtained by Khinchin for the
case of a system of n noninteracting components, also holds for a classical system of N interacting
particles. It is essential for the derivation that the interactions be such that the system behaves
in the limit ag N tends to infinity, as a thermodynamic system.

I. INTRODUCTION

N his monograph on the mathematical foundations

of statistical mechanics, Khinchin' has shown
that the structure function for a system consisting
of a large number of noninteracting components
has asymptotically a very simple form: it becomes
proportional to the product of an exponential and
a Gaussian. With the help of this asymptotic form
it is possible to demonstrate the equivalence of the
canonical and the microcanonical ensemble. Al-
though Khinchin states specifically that the com-
ponents of a system considered by him are only
approximately energetically isolated components,
and “that it is precisely their presence (of inter-
action terms) that assures the possibility of an
exchange of energy between the particles on which
is based the whole method of the statistical me-
chanics”, he entirely neglects these interactions in
the mathematical analysis leading to the asymptotic
formula for the structure function, on the grounds
that such interaction terms in the expression for
the energy are, in the great majority of points in
phase space, negligible as compared with the energy
of the components. It is however well known that
‘“small” interaction terms may give rise to large
effects (e.g. phase transitions). In this paper we
wish to establish the asymptotic form of the struc-
ture function of a real system without neglecting
the interactions between its constituting particles.

II. FORMAL PROPERTIES OF THE STRUCTURE
FUNCTION AND THE GENERATING FUNCTION

We consider a classical system consisting of N
identical particles of mass m, confined in a volume
V¥ and having coordinates 1;, 15, +-- , ry and mo-
menta P;, Pz, ‘- , Py. LThe Hamiltonian of the
system is given by

1 A. I. Xhinchin, Mathematical Foundations of Statistical
Mechanics (Dover Publications, Inc., New York, 1949).

Hi", pY) =

=1 2m
N pg N
- E;ﬂ“F mz;l wlr — 1), Q)

Here ¥ and p” denote the sets of all coordinates
and momenta respectively, U(r") is the total po-
tential energy of interaction and u(jr; — r;|) the
pair interaction energy between particles Z and j.

The structure function of the system (or normaliz-
ing factor of the microcanonical ensemble) is de-
fined as

WE) = o [ & " slHE, 8 - B, @

where h is Planck’s constant. The integration over
coordinates is confined to the volume V of the
system. The physical systems under consideration
are such that the potential energy U(r®) has a
finite minimum E;”. It then follows from (1)
and (2) that

0 f FL (°’
szN(E){ Ex 3
>0 if F> Eﬁ?).

Let us now define the Laplace transform &y(c)
of the structure function, or generating function
of the system

o) = [ o, ab. @

We require this integral to converge for any a such
that 0 < a < «. [In other words we require that
Qn(E) does not increase too fast as E — .] There-

fore also in view of conditions (3),
0 < Byl < » for 0 << o, 5)

This condition is satisfied in all actual physical sys-
tems. With the definition (2) the integral (4) may
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also be written as

By(e) = f dr" dp" exp [—aHE", pY].  (6)

haN N'
(The function ®y() is identical with the partition
function of the system if o« is replaced by 1/kT,
where k is Boltzmann’s constant and T the absolute
temperature). Let us also consider the first and

second logarithmic derivatives of ®y(a). We have
[ef. Eq. (4)],

d log ®y()
dat
=~ 5@ f_m Ee *E QuE) dE = — Ay(@), (7)
& log d4(0) 1
da.z - @N(a)

X [ 1B ~ Av@)e " ouB) dE = Bu). ©

In view of conditions (3) and (5),
(0) < A N(a) < @

}for 0<a< o, 9)
O<BN((1)<°°

In fact it can be shown' that the generating func-
tion ®y(a) has logarithmic derivatives of all orders.

Let us now extend the definition of ®y(a) to
complex values s of the argument,

By(s) = f e Qy(E) dE, (10)
or, with (2),
) =iz [[ " dp” exp [~sHEY, 7). D)
It follows from (10) or (11) that
[®n(s)| < @y (Res), (12)
and thus together with condition (5}, that
[®x()] < © for 0 < Res < . 13)

The integrals (10) and (11) therefore converge for
0 < Re s < ». On the other hand one finds from
expressions (11) and (1) that
2
() = ( ""”) Qu(s), (14)

with
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@0 = 3 [ @ ew [~V (19)
(For real values a« = 1/kT of the argument the
function Qx(s) is identical with the configurational
integral of the system). Again it follows from (15)
that

[Qx()] < Qv (Res), (16)
and in combination with (14),
o] < [BE5 AN &y (Res),  (17)

which is stronger than the previously obtained con-
dition (12).

III. ASYMPTOTIC PROPERTIES OF THE
GENERATING FUNCTION

Let us now consider the function

o) = 7 1o 24(9). (18)
According to expression (14) one has
on(s) = § log (A’s/2rm) + fu(s), (19)
where
fuls) = log Qn(s). (20)

Now Van Hove® has shown that for particles with
a hard-core and short-range interaction and for
s = a (real and positive), the function (20) has a

finite limit as N — o, V — o and V/N = v is
kept constant,
lim fy(@) = flo), 0<a< =, (21)
N-oe

[In Eq. (21), fy(a), and f(a) are considered as func-
tions of o and of the specific volume v.] As a conse-
quence of (21) and (19), the function ¢y(a) also
possesses a finite limit as N tends to infinity and V/N
is kept constant. (The existence of this limit implies,
according to statistical thermodynamics, the exist-
tence of a free energy per particle in an infinitely
large real system.)

2 L. Van Hove, Physica 15, 951 (1949). A proof of (21),
under very general condltlons has recently been given by
D. Ruelle and independently by M. E. Fisher (to be pubhshed)
This proof does not seem to suffer from the difficulties en-
countered in Van Hove’s demonstration.
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In the remainder of this section we shall investi-
gate whether all derivatives of the function fy(a),
and thus of ¢x(a), also have finite limits as N tends
to infinity. To this end we shall consider a system
with the following potential of pair interaction u(r),
r being the distance between a pair of particles:

= ® if 0<r<a,
ulr)i= —e, (e > 0), if a <r<b, (22)
=0 if b<r< =.

This so-called Herzfeld potential, is of course highly
unrealistic. The discussion in this section may how-
ever be generalized in a straightforward way to
potentials u(r) such that u(r) = « for r < @ and
u(r) = 0 for r > b, while for a < r < b, the curve
of u(r) consists of a finite number of upward or
downward steps of height e¢ and may be either
positive or negative. One can thus obtain a fairly
good model to a realistic pair potential, approxi-
mating the true potential curve by a large enough
number of these finite steps. Note however that
the potential function (22) has all the characteristic
properties of any realistic potential function u(r):
it becomes infinite (strongly repulsive) as r tends
to zero, it has a negative (attractive) tail, and it
tends to zero ‘“‘sufficiently fast’’ (short range) as r
tends to infinity.

With (22), the function (15) for s =
positive) becomes

a (real and

0@ = 37 [ @ IT ol — 1l - a]

X exp [n(r")ae]. (23)

Here o(r) is the unit stepfunction; due to the
occurrence of the product of these in the integral
(23), the contributions of configurations, with one
or more interparticle distances smaller than a,
vanish, and n(r") is the number of pairs of particles
which, in a given configuration with nonvanishing
contribution to the integral (23), have distances
lying between a and b. Due to the hard cores of the
particles, [the presence of the ¢ functions in (23)],
the integral (23) will vanish whenever more than a
finite number m of particles lie within the range of
attraction of any particular particle. We therefore
obtain the following upper bound to the maximum
My of n(r™),

n@") < My < 3Nm. (24)
We now introduce the new variable defined by
z =", (25)
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The integral (23), (in fact a sum of exponential
terms), then becomes a polynomial in z;

Q@) = 3 wona”,

n=0

(26)

with coefficients

N

vif
n = 3n drN 1
On. N! n(t¥)=n i<1i_£1 a[lr

The integration at the right-hand side must be per-
formed over that part of phase space for which
n(r") is equal to the integer n. Since the coefficients
w, v are positive, the zeros 2,(N) of the polynomial
(26), for complex values z of the argument

-1,/ —al. @7)

. My " My 2
Q%@ = ;w».zvz = Wo,N ,I=Il (1 - 271\75)’ (28)
do not lie on the positive real axis: they are either
situated on the negative real axis or occur for com-
plex values of z (in complex conjugated pairs). We
shall assume that as N tends to infinity (V/N
being kept constant), these zeros may get arbitrarily
close to the real axis forz > 1 (¢ > 0) only in a
finite number L of distinct points, say x,, 2, - - - , zz.
An attempt to justify this assumption by analyzing
Eq. (28) lies outside the scope of this paper. [How-
ever, it should be noted that the asymptotic dis-
tribution of zeros must be such that the limit (21)
exists.] We shall return later to the physical signi-
ficance of this behavior of (26). [We remark here
that the behavior of (26) near the real axis for
0 < z < 1 concerns a system of which the pair
potential u(r) satisfies condition (20) with ¢ < 0,
and is therefore purely repulsive.]
We now expand the function

1@ = (1/N) log Q%()

into a Taylor series around a point 2z, > 1 of the
real axis and situated at a finite distance from any
of the points z, (\ = 1, 2, ... | L), i.e. with the
property that there exists a p(x;) > 0 such that

(29)

[,(N) — 2| > p(xo) (30)
for all v and all N. We then obtain
f@ = f¥(xo) + ; by w(xo)(z — xo)l:
e — 2| < plzo),  (31)
where
1 [d'1 %
by, wlxo) = m <&O§Z§M>ﬂ’ (32)



274 P. MAZUR

or, with Eq. (28),

1 A 1
b (@) = —73 ;m (33)
With (30) and (24) it then follows that
My 1 m
bl <O Ll < Blar

Using this result and the expansion (31), one ob-
tains the following inequality:

156 — i) < m[ﬁg;—ji / ]

’z - xOI < p(o),

|

p(xo)
(35)

which establishes the fact that the sequence of
functions f%(z) — f%(z,) is uniformly bounded for
lz — zo| < plzs) — 8, (8 > 0), that is to say, in the
interior R,(8) of the circle |z — o] < p(z,). On the
other hand we also know that f£(z) — f#(z,) has a
finite limit as N tends to infinity (V/N constant)
on the positive real axis for z > 1, [cf. Egs. (21)
and (25)]. According to the Vitali convergence
theorem (used in a similar case by Lewis and
Siegert’), we may then conclude that f%(z) — f%(xo),
and fy(z) itself, tend to a finite limit, as N — o
(V/N constant), everywhere within the region Eo(4):

lim f56) = %@, (36)

with f*(z) an analytic function of z in R,(3). As a
consequence we also have

i @) _ )

o dxg dxg P Z 1: (37)
for all z, > 1 unequal to z, (A = 1,2, --- | L),
and [cf. Eqgs. (19) and (25)],
. don(@) _ dele)
lel}»g dap - dav p 2 17 (38)

for all @ > 0 unequal to ay, = ¢ ' log 2, (A = 1,
2, --- , L). Here the function ¢(e) is given by

ole) = 3 log 2% + f(a).

(39)

Equation (38) contains the result we set out to
prove in this section. At a point «, the derivatives
of (39) do not exist for p > P,: according to sta-
tistical thermodynamies, this corresponds to a phase
transition of order P,.; occurring at a temperature

3 M. B. Lewis, and A. J. F. Siegert, Phys. Rev. 101,
1227 (1956). For the Vitali convergence theorem, see, e.g.,
E. C. Titchmarsh, Theory of Functions (Clarendon Press,
Oxford, England, 1939).
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T\ = 1kay. Our assumption concerning the location
of the zeros z,(N) of the polynomial (28) as N — ,
therefore physically implies that “phase transitions”
(of any order) occur at most at a finite number of
temperatures T in every finite temperature interval.

We wish to remark that the analysis leading to
the result (38) is similar to Yang and Lee’s analysis
dealing with the grand partition function.*

In the next section we shall use (38) to obtain the
asymptotical expression as N tends to infinity for
the structure function (2).

IV. THE ASYMPTOTIC FORM OF THE
STRUCTURE FUNCTION

Consider the function

Uy (®) = N* exp [—a(4n(a) + N

X Qn(Ayla) + N/du(@),  (40)
where £ is defined as
£ = [B — Ax(@)]/N?, (41)

with Ay(a) given by (7). Since the function (40)
is positive, [cf. (3) and (5)], and has, according to
(4), the property that

[ vewa-1, (42)
it may be interpreted as the frequency function of

the random variable £ Its characteristic function
is given by

uwow = [ ueeta @)
which has the inversion
a 1 e a —1t
Uy'® = 5 f_ e . (44)

From (10), (40) and (41), we find the following
relation between the characteristic function ¥ (f)
and the generating function ®y(s):

_itAN(a)] ®yla — it/N)
N} Byle)

The moments of the frequency function (40) are
given by

(@ [d'al/}v“’(t)]
r,N d(’Lt)r -0

¥ (1) = exp [ (45)

=f_ FUS@® A,  r>1.  (46)

The first two are, according to (7), (8), (40), and (41),
4+ C. N. Yang, and T. D. Lee, Phys. Rev. 87, 404 (1952).
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pir =0, @7
piiv = N7'By(a). 48)
They are related to the cumulants
kpow = @ log Y47 (O/d(it)’)ico, D21, (49)
by the set of relations’
my =y =0,
B2, = K2,
Ha.n = K3,N, (50)
Baw = Kax + 3w,
us,v = Ks,x T 103, nkz w,
fo.w = Koy + 15ks wko.v + 1035 + 153 5, ete.
Now from (45) it follows that
Kprw = N™P(=1)(@ log ®y(a)/da”)
= N'"P(=1y(@en(@)/de?), p=2, (51)

where we have also used the definition (18).

At this point we shall explicitly make use of the
results of the previous section. With Eq. (38),
we obtain

do(e)

lim N*”_‘xf,f’zl' = (_l)p do® /4 2 2: (52)
Noroo
and, in particular,
lim % = lim pi%
Now N—os
. -1 do a) -
= lim N7'By(a) = z = g(a): (563)
N—a
lim «{% = 0, > 3. (54)

N—o

According to the relation (50), these conditions imply,
for the moments p%), that

lim pi% = 1-3.5 -++ (p — Dg* forp even,

N—w

Il

(35)

lim pi% = 0 for p odd,

N-oo

i.e. they become asymptotically the moments of a
normal (Gaussian) distribution function with vari-
ance g(a). By combining the first and second limit
theorem® of probability theory, we have

lim 37 (1) = exp [—3g7],

N~

(56)

& See e.g. M. G. Kendall, The Advanced Theory of Statzstzcs
I, (Griffin and Company, Ltd London, England, 1952).
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uniformly in any finite f-interval. This formula ex-
presses the fact that the sequence of characteristic
functions ¥ (f) tends, in the limit as N — o
(V/N constant), to the characteristic function of
the normal distribution function with variance g(e).

In order to investigate whether also the frequency
function U (§) is asymptotically equal to the
frequency function of the normal distribution func-
tion with variance g(e), we consider the function

27r{ Uv'® - @rla;exx) —%g“‘f]}
-
= [ (W0 — exp [~301) exp [—ite] at

+ j;”z

- exp [—3g® — dtE] dt

te2T

W8 — exp [—1gf°]} exp [—itg] d¢

Y (0 exp [—itt] dt

(67

where T is an arbitrary positive constant. In the
second member of (57) we have used formula (44).
From (57) we obtain

U@ ~ 5, g)* exp [—3g7'¢]

< f 19RO — exp (30| at

+ j;‘lZT

Using (45) and (17) we get for the second integral
at the right-hand side of the inequality (58)

'/;H> I‘p(a)(t)[ dt < ‘/;”>T

olae+ [ em[~3gf1at (59)

v

di

a-—%x‘«N*

- dt
“ e GF N AN O

Butif N > 2, then
(1 + N"a‘zf)i” Z (1 + N—xa—ztz)g{m
> 1+ NTEN»E > L+ 372 > 2072, (60)

where [V] is the integral part of the number 3N. We
therefore have, for all N,

[ wola<e|

and consequently [cf. (58)],

CEdE, (61)
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r | U ©) — (—27-:9—); exp [—3¢7'F]
<[ RO — exp (=392 at
+ ﬁ (e [—of] + 207 dr,  (62)

or using the result (56),

lim 2x

N-oo

U@ — (—2;35; exp [—397¢]

< (exp [—3g#] + 22°t7%) dt.

1e12T

(63)

Now since T is arbitrary, the integral at the right-
hand side can be made as small as one wishes, so
that the limit of Uy (¢) for N going to infinity is
indeed equal to the Gaussian frequency function
with variance g(a). By substituting into this result
(40), (41), and (53), we obtain for N — «

Q(E) ~ By(@)e"® ———;[%Bi o

B~ AN@F}_ 64

X e"p{‘ 2B, (@)

This is the desired asymptotic form of the structure
function derived for all « > 0 unequal to an (A = 1,
2, .-+, L). It has been obtained by Khinchin
for a system consisting of a large number of non-
interacting components by making use of the central
limit theorem of probability theory. The systems
considered by Khinchin correspond to the case that
the functions log ®y(c) are additive for all N (e.g. the
ideal gas represented by Eq. (14) with Qu(s) = V¥
for all s) and not to the more general case con-
sidered here, that these functions are asymptotically
additive. (Yamamoto and Matsuda’s® attempt to
justify Khinchin’s procedure for the case of inter-
acting components cannot be considered to be
satisfactory.)

V. CONCLUSIONS

The derivation of (64) given above, shows that
due to the short range of the interactions, the system
behaves, for almost all values of «, as if it consists
of a large number of noninteracting components.
One might think of subsystems consisting of large
numbers of particles; the interaction between these
subsystems is then a surface effect and very small
compared to the energy content of the subsystems

¢ T. Yamamoto, and H. Matsuda, Progr. Theoret. Phys,
16, 269 (1956).
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themselves. The result (64) expresses the fact that
forall « unequaltoan (A = 1,2, - - -, L) the energies
of these subsystems behave as ‘‘almost independent
random variables” so that a central limit theorem
still applies. We see however, that for a =
(A =1,2, ---, L), this is no longer the case: even
though the interaction energies between the sub-
systems may be negligibly small, their effect may
become important. Physically this simply means
that a system of interacting components may
undergo a phase transition, which implies a strong
dependency and not an almost statistical inde-
pendency between the components. (Obviously the
systems considered by Khinchin can never undergo
a phase transition).

In all our previous considerations the parameter
a is completely arbitrary, having as yet no physical
meaning. We shall, on Khinchin’s footsteps, choose
a in such a way that in (64),

E - AN(“) = 0; (65)

which equation has one single positive solution
a = 8. One then obtains from Eq. (64), in the limit
asN - o, E > o, V—> o (V/N = v constant,
E/N = e constant),

(e, v) = ¢(B,v) + e, (66)
and consequently
dnle, v)/de = B, (67)
where
e, ) = lim 3 log 9y(E, V),
N-ro
E |4
(X’ = g, A v). (68)

The following conclusions can be drawn from the
relations (66) and (67):

1. The existence of the function ¢(8, v) [cf. (21)
et seq.] implies the existence of the function n(e, v);
no separate proof, analogous to Van Hove’s proof
of the existence of ¢(8, v), is needed to establish
this result. The fact that relation (66) is not ob-
tained for 8 = an (A = 1, 2, --- | L) does not con-
stitute a restriction on this statement since (8, v)
is a continuous function of g.

2. If the wvalidity of thermodynamics has been
established in the microcanonical ensemble, that is,
if n(e, v) (or rather A™'n(e, v)) is to be interpreted
as the entropy per particle of the system, we may
conclude from (66) and (67) that 8 (or rather kB)
is the reciprocal absolute temperature, and 8™ '¢(8, v)
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represents the free energy per particle. This however
justifies the use of the canonical ensemble, since all
the thermodynamic quantities of the system can
also be obtained from the function ®5(8, V) defined
by (4). The singularities ax A\ = 1, 2, --+ , L) of
¢(B8, v) are indeed to be interpreted as singularities
of the free energy and thus correspond truly to
phase transitions.

Finally we wish to stress the fact that all our
results are based on the assumption (30) concerning
the asymptotic distribution of zeros of the poly-
nomial @%(2). [This assumption has also been made
in the related cases considered by Yang and Lee*
and Lewis and Siegert.’] If this distribution were,
for instance, such that these zeros are asymptotically
everywhere dense on some segment of the real axis,
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our results would break down for that segment.
This point, therefore, also requires further analysis.
Another question to be answered is whether it is
possible to reformulate the present classical deriva-
tion of Eq. (64) for the quantumstatistical case, as
we did on basis of Khinchin’s method in a previous
paper.”
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Progress in the theory of lattice statistics is reviewed with emphasis on the use of series expansions
to study the critical behavior and on the exact results obtained by transformation theory. Recent
work is reported which indicates that the magnetization of the three-dimensional Ising model vanishes
as (T. — T) with 8 ~ &, while the low-temperature susceptibility diverges as (7. — T)~r with
v = 2 (y = ¥ in two dimensions). An Appendix is devoted to a detailed tabulation of the exact
numerical values and best estimates for the critical temperatures, energies, specific heats, entropies,
magnetizations, and the ferro- and antiferromagnetic susceptibilities of four plane lattices and the
simple, body-centered, and face-centered cubic lattices.

A square lattice gas with infinite nearest-neighbor repulsions and weak second-neighbor attrac-
tions (across alternate squares) is solved exactly for one particular temperature by transformation.
The gas undergoes a transition at a density p; = }+/2, the corresponding form of the isotherm being

p—p: _ _alpr — p)
kT Inalee — 0|’

(1 4+ 34/2), so that the isothermal compressibility becomes logarithmically infinite.

where o =

1963

1. INTRODUCTION

N this paper, I would like to review briefly some

recent progress in lattice statistics and to de-
scribe, in particular, a two-dimensional lattice gas
of hard squares for which an isotherm can be
calculated exactly. Present day interest in lattice
statistics, centers of course, on the behavior in the
transition regions. The Ising model is one of the
most fundamental examples of a system exhibiting
a phase transition and although it is not a realistic
model in all of the many physical situations to
which it can be applied, I believe there is still much
to be learned about phase transitions by its study.

To determine the true properties of the model
there are basically two approaches. On the one
hand, one can attempt to obtain exact, rigorous
analytic results; the major landmark in this direction
is, of course, Onsager’s closed expression for the
partition function of the plane square lattice in zero
magnetic field which was published over eighteen
years ago, in 1944." One should also remember that
in 1936 Peierls® had shown generally why a transi-
tion should take place and that Kramers and
Wannier® had located the exact critical point in 1941.

The alternative approach to the problem is to
employ systematic, successive approximations which
may be studied numerically. I have stressed the
adjectives ‘‘systematic” and ‘‘successive’” since I
believe that the day of the ‘“one-shot’ approxima-

1 L. Onsager, Phys. Rev. 65, 117 &1944).

2 R. Peierls, Proc. Cambridge Phil. Soc. 32, 477 (1936).

3 H. A. Kramers and G. H. Wannier, Phys. Rev. 60, 252,
263 (1941).

tion, however elaborate or ingenious, is past. Simple
approximations like the mean-field and Bethe ap-
proximations® are useful general guides, especially
in correlating experimental data, although the
rigorous results have shown them to be seriously
misleading in the transition region. Recently, how-
ever, some rather lengthy and complicated approxi-
mate treatments of the Ising model have appeared
the results of which are no better than those of the
Bethe approximation. While such treatments are
probably useful in throwing light on the deficiencies
of methods which are also applicable to other prob-
lems, they do not add to our knowledge of the true
nature of the Ising model transitions. Successive
approximations, on the other hand, enable one, by
studying their trend, to obtain numerical informa-
tion of known reliability.

Such approximation methods may be roughly
grouped into two classes: those which yield closed
formulas and those based on power-series expansions.
Of the former, one should mention, in particular, the
method of Kikuchi,"* which has been developed by
Hijmans and de Boer’ and Kruseman, Aretz, and
Cohen,” and the method of Yvon and Fournet.*®
The first Kikuchi approximation is usually rather

fFor a discussion of the approximations and gener
review of the field, see C. Dombr,)pAdvan. Phys. 9, Ngos. 321
35 (1960). ’
® R. Kikuchi, Phys. Rev. 81, 988 (1951).

(19"5 .51) Hijmans and J. de Boer, Physica 21, 471, 485, 499
7F. E. J. Kruseman Aretz and E. G. D. Coh i
26, 967, 981 (1960). en, Physica

8 J. Yvon, Cahiers phys. No. 28 (1945), Nos. 31, 32 (1948).
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accurate except near the transition point, but un-
fortunately, higher approximations are very much
harder to compute and the rate of convergence seems
disappointingly slow. Direct series expansions are
relatively easier to calculate and the labor of ob-
taining higher terms does not, in practice, increase
as rapidly. Furthermore, the trends of successive
approximations are more regular. The use of ex-
tended series to derive information about the transi-
tion region has been developed particularly by Domb
and Sykes and their collaborators’™*? and has proved
rather fruitful. Since it is not always realized how
much accurate information is obtainable in this
way, especially in the light of recent developments,
I would like, before going on to discuss some progress
on the exact analytic approach, to outline the present
state of numerical knowledge of the Ising model. A
table summarizing the information for one-, two-,
and three-dimensional lattices is presented in
Appendix A.

2. THE SERIES APPROACH
By expanding the partition function at high tem-
peratures, low temperatures, or high fields one ob-
tains* the specific heat, the reduced susceptibility,
etc. as power seties,

Aw) = 3 au".

n=0

(1)

In practice, one can normally calculate from eight
to twenty-four exact coefficients a,. To analyze such
a power series numerically, there are now two tech-
niques available: the ratio method of Domb and
Sykes' and the Padé approximant procedure, more
recently developed by Baker and Gammel.”*'**
(This latter is, effectively, a generalization of Park’s
method.'®)

The ratio method is applicable when the series
of coeflicients a, (or those of some transformed series
such as the logarithmic derivative) are of one sign,
in which case the dominant singularity of 4A(w) lies
on the real axis and corresponds (normally) to the
transition point. It is found, in many cases, that the
ratios

#n = an/a'n—l

rapidly approach linear behavior with 1/n. The
gradient of the corresponding line then determines

¢ C. Domb, Proc. Roy. Soc. (London) A199, 199 (1949).

10 G, Domb and M. F. Sykes, Phys. Rev. 108, 1415 (1957).

11 C, Domb and M. F. Sykes, Proc. Roy. Soc. (London)
A240, 214 (1957).

2 . Domb and M. F. Sykes, J. Math. Phys. 2, 63 (1961).

13 3. A. Baker, Jr., J. L. Gammel, and J. G. Wills, J. Math.
Anal. Appl. 2, 405 (1961).

14'G. A. Baker, Jr., Phys. Rev. 124, 768 (1961).

15 D. Park, Physica 22, 932 (1956).
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the nature of the dominant singularity (pole or
branch point) and the intercept with the 1/n = 0
axis yields the transition point.'” Application of this
method to the high-temperature susceptibility series
has lead to estimates of the critical temperatures
accurate to 0.19, or better (see below) and has
shown' '** that the susceptibility divergesat T = T,
as :

x(T) = (Nm*/kT)CH/[L — (T/T))" (T > TJ), ()

where v = T in two dimensions and v = % in three
dimensions. The former result has since been con-
firmed by analytic arguments'® based on the exact
results of Onsager and Kaufman for the correla-
tions.” (Values of the amplitudes C} are given in
the Appendix.)

It has proved possible in some cases to remove the
dominant singularity in a function in order to study
the behavior at other singularities. In this way, for
examples, Sykes and Fisher'® have examined the
analytic behavior of the antiferromagnetic suscepti-
bilities at 7', and obtained values of x...; accurate
to 0.59% or better, even in the critical region. (Some
of these results are presented in the Appendix.)

The second technique, the Padé approximant pro-
cedure, is basically a method of analytically con-
tinuing a power series. The [L, M] Padé approximant
to a function A (w) whose power series expansion is
known, is the ratio of two polynomials P(w) and
Q(w) of degrees L and M, with coefficients chosen so
that the expansion of P(w)/Q(w) agrees with the
exact expansion of A(w) up to the term in w™*¥,
(The calculations for the coefficients involve the
solution of M simultaneous linear equations.) The
distribution of zeros and poles of successive approxi-
mants reveals the analytic behavior of A(w) and
evaluation of the approximants yields accurate esti-
mates of A (w) well beyond the radius of convergence
of the original series. The Padé approximants may
be regarded as closed-form approximations derived
from the series; since they agree with a greater
number of the exact terms than do the usual closed-
form approximations they may be expected to be
correspondingly more accurate.

Using this technique to investigate x(v), (d/dv)-
In x(), and [x(»)]”, Baker" confirmed Domb and
Sykes’ estimates for 7. and for the behavior (2) of
the susceptibility at 7'.. The two methods, in fact,
vield estimates for T, agreeing with one another (and
with the exact results in two dimensions) to within

16 M. E. Fisher, Physica 25, 521 (1959).

17 L. Onsager and B. Kaufman, Phys. Rev. 76, 1244 (1949).

18 1;11 F. Sykes and M. P. Fisher, Physica 28, 919, 939
(1962).
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1 or 2 parts in 10, so that for most practical purposes
the critical points of the three-dimensional lattices
may be regarded as known exactly. (The values are
tabulated in the Appendix.)

The real power of the Padé approximant pro-
cedure, however, has revealed itself in its ability
to deal with series, such as the spontaneous magneti-
zation of the body-centered and face-centered cubic
lattices, in which the signs and magnitudes of the
coefficients are so irregular that all direct analysis
seemed hopeless! Baker** showed, in this way, that
the magnetization of the three-dimensional lattices
vanishes as

IT) & D;[1 — (T/T)F, T <T), @

where 8 ~ 0.30. More recently, this problem has
been re-examined using longer series and we have
concluded” that @ is probably exactly equal to
& = 0.312500 for all three-dimensional lattices
(compared with 8 = % in two dimensions). For a
simple lattice gas with nearest-neighbor attractions,
(3) should give the shape of the liquid-vapor co-
existence curve near the critical point. Consequently,
it is interesting to note that the coexistence curves for
the classical rare gases can be fitted with 8 = 0.33.%°

Among other results derived from the series ex-
pansions, one may mention the low-temperature
susceptibilities (evaluated in the limit of zero field)
which, for a lattice gas, correspond to the (reciprocal)
slope of the isotherms at the condensation point.
As at high temperatures, the behavior is found to be

xo(T) =& (Nm?*/kT)C2/[L — (T/TI)", (T <T.), 4

where ¥ = ¥ in two dimensions and % in three
dimensions. The amplitudes C7 are, however, much
smaller than above T, (see Appendix).

The specific heats of the three-dimensional lattices
exhibit weaker singularities than the susceptibilities
and it is more difficult to draw accurate conclusions.
Above T,., the specific heats are relatively much
smaller than in two dimensions (where they are
symmetric about 7,) and the evidence suggests*'*°
that

CT) =~ A/L — T/, T >T). (B

The series can, however, be fitted quite well by a
logarithmic singularity which suffices to yield
reasonably accurate estimates for the critical energies
and entropies. These differ characteristically from the
two-dimensional results*'® (see Appendix). Below
T., the specific heat is much greater in magnitude
and recent work on the diamond lattice as well as
" 19 J. W. Essam and M. E. Fisher, J. Chem. Phys. 38, 802

(1963).
20 E. A. Guggenheim, J. Chem. Phys. 13, 253 (1945).

MICHAEL E. FISHER

on the cubic lattices indicates that the logarithmic
singularity, originally assumed somewhat arbitrarily
by Wakefield,” is probably correct.

3. TRANSFORMATIONS

Onsager’s work gave us the exact partition func-
tion of the plane square Ising lattice in zero magnetic
field. Similar relatively complicated calculations
soon afterwards yielded the partition function for
the plane triangular lattice.”® The partition function
of the honeycomb lattice could then be derived in a
few lines by using the ‘“star-triangle” transforma-
tion discovered by Onsager.'**'*® This transforma-
tion which replaces a “‘star,” consisting of a central
spin connected by bonds to three outer spins, by a
“triangle,” made of direct bonds between the three
outer spins, admits of considerable generalization.*
As we will indicate, solutions can be obtained in this
way for many other types of Ising model, some of
which are of considerable physical interest.

The basic idea of the transformation is to replace
a function ¢(sy, 8., - - - 8,) of n discrete spin variables
s; = =1, by a function y*(s,, s,, - - - s,) of different
functional form chosen, however, in such a way that
¥ = y* for the 2" distinct values of the arguments.
The mathematics is then essentially unchanged, but
the different functional forms lead to different
physical interpretations. In practice, one also uses
the fact that the variables s; commute, so that the
summations in the partition function

Ov(K,L) = '__Zﬁl exp [K (Z) s8; + L Z s, (6
K = J/kT, L = mH/kET 7

can be performed in any order.

The simplest example of this principle is found in
Van de Waerden’s* method of expanding the parti-
tion function in zero field. To avoid the appearance
of “repeated bonds” in the graphical expansion,
one must linearize the Boltzmann factor ¢ (s,, s,) =
exp Ks;s,. If we write

Y(s1,8) = exp Ks;8: = a + fs;s, ®)

and impose the identity for the values s,, s, = =1,
we obtain the equations

YL, D=¢"=a+8, ¢1,-)=e¢"=a-24,

9)

which are immediately solved to yield the well-

2 A, J. Wakefield, Proc. Cambridge Phil. Soc. 47, 419,
799 (1951).

2 R. M. F. Houtappel, Physica 16, 425 (1950); H. N. V.
Temperley, Proc. Roy. Soc. (London) A202, 202 (1950);
G. H. Wannier, Phys. Rev. 79, 357 (1950).

23 G, H. Wannier, Rev. Mod. Phys. 17, 50 (1945).

¢ M, E, Fisher, Phys. Rev. 113, 969 (1959).

% B. L. Van der Waerden, Z. Physik 118, 473 (1941).
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known result
a = cosh K, 8 = sinh K. (10)

(By an obvious generalization for the case of spin
one, when s; = 1, 0, —1, it is only necessary to
consider single bonds and double bonds.)

To extend this bond transformation, consider a
lattice in which each bond is “decorated” with an
arbitrary physical system which interacts only with
the spins at the ends of the bond and with external
fields. We aim to show, by summing over the states
of the decorating systems, that the partition func-
tion of the decorated lattice can be reduced to that
of the underlying simple Ising lattice. For each bond
of the decorated lattice, the partition function has,
in virtue of the commutation, a factor

Y(s1, 82) = Tr {exp [—3C(sy, 82)/kT]}

= X exp [—E(s, s)/kT],  (1D)
where 3C(s,, s,) is the Hamiltonian and E.(s1, s.)
the energy levels of the decorating system for a
fixed spin configuration. We now attempt to satisfy
the identity

|[/(Sl, 32) =g exp [K’Slsz + 6L131 + aLzszl, (12)

where the exponential factor corresponds to a direct
(undecorated) bond of the underlying lattice with
additional magnetic fields acting at the vertices.
Imposing the identity for the four possibilities s,,
s, = =£1 leads to four equations for the four param-
eters g, K’, 0L,, and 6L,. These are readily solved
to yield

e = Vel /¥ ¥y, (13)
64'“'1 = l//++l//+—/¢——‘/’—+; (14)
e’ = ¢++¢—+/¢——-\I’+—)
and
94 = Yo ¥V ¥y, (15)

where Yu. = ¥(1, £1). With these results the
partition function of the decorated lattice may be
written

Zu(T,L) = ¢g"Qu(K', L) (16)

where M is the number of decorated bonds and
Q~(K’, L") is the partition function of the under-
lying lattice of N sites, with bond parameter K’, and
field parameters L’, that include the increments éL,.

As an example of this transformation, consider
a decorated square lattice in which each bond carries
a quantum-mechanical spin (S = 1) which is acted
on by parallel and perpendicular magnetic fields,
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H, and H,, and which is coupled anisotropically to
nonmagnetic vertex spins. The bond partition func-
tion is then

¥(81, 8) = Tr {exp [Koi(s; + 82) + L,og + L.acl}
= 2 cosh [(Ks, + Ks, + LY + Li]”z. an

(Similar expressions could obviously be written down
for arbitrary higher values of the spin on the bond.)
If we now suppose that the spins on the vertical
bonds are coupled ferromagnetically to the vertex
spins, whereas those on the horizontal bonds are
coupled antiferromagnetically (i.e., K — —K) we
obtain a ‘super-exchange” antiferromagnet. (The
bond spins form a square lattice which orders anti-
ferromagnetically, in virtue of the indirect coupling
through the vertex spins.) Now the operation
K — —K induces the changes ¢., — ¢__ and
¥__ — .., so that by (14), 8L — — L. This means
that when all the decorating bonds are removed,
the additions to the magnetic parameter L, at each
vertex cancel one another. Consequently, the parti-
tion function of the superexchange lattice in an
arbitrary magnetic field is obtainable from Onsager’s
solution in zero field. The explicit relationship is

ZzN(K: L., L)= gzNQN(K’; 0); (18)

where K’ and ¢ are given in terms of K, L,, and L,
by (13), (15), and (17).

The thermodynamic and magnetic properties of
the model follow from the partition function (18)
in the standard way, and have been investigated
in detail for parallel fields.*® The correlation functions
for the model may be related to those for the stand-
ard square lattice by extending the arguments.”” As
might be expected, the specific heat in zero field for
the superexchange lattice becomes logarithmically
infinite at T',. The transition temperature is lowered
in a field and goes to zero at the critical parallel
field H, = 2J/m. The specific heat in a field still
exhibits a logarithmic singularity, but its strength
falls with increasing field.

The most interesting results concern the mag-
netization and the susceptibility since these are
only known approximately for the normal Ising
lattice. The zero-field parallel susceptibility has a
vertical tangent at 7', and passes through a maximum
about 409, above T.. The critical behavior is

xi(T) ~ (Nm’/kT) (¢, + BT —T,) In [T —T.|}, (19)
where
£,=1—3V2. (20)

26 M. E. Fisher, Proc. Roy. Soc. (London) A254, 66 (1960).
27 M. E. Figher, Proc. Roy. Soc. (London) A256, 502 (1960).
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The more modern experimental work™ with anti-
ferromagnetic crystals confirms that dx,/07 be-
comes infinite at 7T, and that the maximum in x,
lies above T',.

One can show,'® by expressing the antiferro-
magnetic parallel susceptibility in terms of the
correlation functions and using the results of On-
sager and Kaufman,"” that the critical behavior (19)
is also valid for the standard plane Ising models in
zero field. The constants £, and B have not been de-
termined exactly in these cases but quite accurate
estimates can be obtained from the series'® (see the
Appendix).

The perpendicular susceptibilities of the plane
square and honeycomb lattice can be calculated in
closed form (in zero field) by an extension of the
transformation technique.’®*® The partition func-
tion of a lattice with a single magnetic spin in a
perpendicular field is replaced by the zero-field
partition function and a set of near-neighbor-pair
and higher order correlation functions.*® The result-
ing formula for the honeycomb lattice is relatively
simple, but that for the square lattice is lengthy
and involves sums and products of elliptic integrals.
In the critical region the behavior is similar to (19).
(Numerical values of the corresponding constants
are given in the Appendix).

For the exactly soluble superexchange model, the
magnetization i a field is continuous at the transi-
tion but its gradient in the (H, T') plane becomes
infinite as In|H — H,| or In|T — T.|. It seems likely
that, as for the zero-field properties, this result is
also true for the standard plane Ising models in a
field. If this is so, it has some interesting con-
sequences for the behavior of the corresponding
plane lattice gases with repulsive interactions
(see Sec. 4).

28 M. A. Lasheen, J. van den Broek, and C. J. Gorter,
Physica 24, 1061, 1076 (1958).

29 M, E. Fisher, Physica 26, 618, 1028 (1960).

30 M. E. Fisher, J. Math. Phys. 4, 124 (1963).
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4. HARD-SQUARE LATTICE GAS

One of the simplest models with which one might
hope to study the steric effects arising from the
finite “hard core’” radius of the atoms and molecules
in real gases, is a plane lattice gas of hard squares.
The grand partition function for this model is equi-
valent to the canonical partition function of the
corresponding antiferromagnetic Ising lattice in a
finite magnetic field evaluated in the limit 7 — 0.%'~**
Because of the repulsive interactions, Yang and
Lee’s powerful theorem on the zeros of the grand
partition function® no longer applies, and the loca-
tion and nature of the transition from ordered to
disordered state is not known. Approximate treat-
ments by Burley®® using the Bethe and related
approximations indicate a second-order transition
with a discontinuous gradient in the isotherm.
Temperley,®” on the other hand, has suggested that
the transition might be first order.

An obvious extension of the model is the intro-
duction of attractive forces between squares which
touch along a side. (This is equivalent to intro-
ducing second-neighbor interactions in the Ising
lattice.) One might expect this model to exhibit a
gas-liquid condensation as well as solid-gas (sub-
limation) and solid-liquid (melting) transitions. If
we modify this model slightly, it turns out that we
can calculate an exact isotherm for one particular
temperature. The modification is to weaken the
attractive forces so that they only come into play
across alternate squares of the underlying square
lattice, as indicated in Fig. 1. (This is equivalent
to deleting the diagonal second-neighbor interactions
in every other square of the lattice.)

The first few terms of the Mayer expansion of the
grand partition function in powers of the fugacity

z=¢"° (21)
are easily derived for this model and yield
T, f) =p/kT =2 — & — HZ
4108 = 8f 4+ A+ o, (22)

where, as usual, if V, is the depth of the attractive
part of the potential,

f=e°—1, 4C = Vo/kT. (23)

[For simple hard squares f = 0 and (22) reduces to
the known expansion.**"**] The density is given by

3T, D. Lee and C. N. Yang, Phys. Rev. 87, 410 (1952),

2 H. N. V. Temperley, Proc. Phys. Soc. (London) 74,
183, 432 (1959); and preprint (1961).

% D. M. Burley, Proc. Phys. Soc. (London) 75, 262 (1960);
77, 451 (1961).
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n/2N = (2 8/32)T
=z—(5-2)"+ @1 —24f+3"+ -+, (24

where 7 is the mean number of atoms on the lattice
of 2N sites. Hence, the virial expansion is

p/kT = p+ 3 — Do’
+ @ -4+ + . (29

Expansions can also be obtained at high densities
by considering holes in the close-packed configura-
tion at p = ppa = 3.

To derive an analytic expression for the grand
partition function

5
]

E f) = E@,C) = exp 2NT(, f),  (26)
Wwe may write
Z¢, C) = lim =, C, G, G¥), 27

Goo

where E' is the grand partition function of a gas
with soft repulsive cores, of strength V, = 4GEkT,
and an additional “four-body’”’ repulsive interaction,
of strength V* = 4G*kT which comes into play
between adjacent atoms when the remaining two
sites in the alternate squares are unoccupied. This
last interaction is merely introduced as a device

U(s,, S2, 83, 84) = €xp I:_%d’ t 31+ si):l

i=1

X exp {C[(1 + &)1 +83) + A + 8)A + )]} e
+ 1+ s)A +8) + (1 + )X + s)]} exp { —G*1 — s,8)(1 — 8580},

which can be rewritten as

¥ =

Now, by performing the summations over the
vertex spins, the partition function for the super-
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Py ¥, ‘
’/ \, ’/ ~ 741 . .
,C) F1a. 2. Distinet config-

} -
@ b urations of atoms around
. v . . y a square in the soft-
g{f{/"é 5’4% %) square gas.
V3 B
T ter f

which enables us to transform the problem into the
superexchange model discussed in the previous
section.

The corresponding Boltzmann factors for the six
possible distinet configurations of atoms around a
square, as shown in Fig. 2 are:

(@) 1, (b) 1, (0) €,
(d) ooio-46t (e) g30+4C ) 8-‘1604-80
H b .
Introducing the spin variables s; = &1 and asso-
ciating s; = -+1 with an occupied site and s; = —1
with a vacant site, we can write

N
Et(ﬁﬁ, C,Gq,G% = Z H W(Sk1, Skzy Sasy Ska),  (28)

8;==x1 k=1

where the product is taken over the N alternate
squares across which the attraction takes place, and
where

Xp {_G[(l + )1 +8) + A + 32)(1 + s3)

exp [—¢ + 20 — 4G — G*] exp [-(—1—¢ —C+20 Zs,.]

(29)

X exp [(C + G*)(8:85 + 828,) — G818 + 8285 + 855, + 8481) — G*5,8:8584]. (30)
satisfy the identity

¥, C, G, 6% = (K, L) (33)

exchange lattice in a parallel field (L, = 0) can be
written

N
Zn(K, L) = E H Y(Si1, Skzy Skay Ska),

gi==1 k=1

@D

where the summation is over the configurations of
the 2N bond spins, the product is over the N
vertices, and where

4
\0(31; 32783734) = 2 eXp [%‘L Es;]

i=1
X cosh K(s; — s, + 83 — 84). (32)
As in the previous section, we next attempt to

for the 16 possible combinations of s,_, = =+1.
Since ¥ involves four parameters but ¥ only con-
tains two, we cannot satisfy (33) in general. It is
easily found, however, that the necessary and suffi-
cient conditions for the identity to be valid are

G = % In cosh 4K, (39)
G* = } In cosh 2K — % In cosh 4K, (35)
C=G—G*

= —311n cosh 2K + % In cosh 4K,  (36)
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Fiec. 3. Variation with density of the pressure (a) and
isothermal compressibility (b) of the lattice gas at a fixed
temperature T = V,/k In 2.

= —1¢ — In cosh 2K, @37

Inh = —¢ — 21In cosh 2K — In 2. (38)

To obtain the hard-square gas we have to take
the limit G — o, so that by (34) we must consider
|K| — . For large K > 0 one finds

G=3K—3tIn2+ 06, (39)
G*=1K - 3In2+ 0@*"), (40)
= -3 —2K+In24+ 0", 4
Inh=—¢—4K +1In2+ 0@™*"), (42)

and finally
C=1In2+ 0E*". 43)

This last relation restricts our solution to the single
temperature T = V,/k In 2, for which

f=1 (44)
It does not seem possible to avoid this limitation.
For this case we find, by comparing (28) and (31)
and substituting in (27),
5, 1 In2)
= lim 2" ™ *"*Z,x(K, —3¢ — 2K + In 2).

K-

(45)

But, by the analysis of the previous section,
Z,x can be re-expressed in terms of the partition
function of the standard square lattice. Thus,

Zw(K, L) = ¢""Qu(K"), (46)

where by (13), (15), and (17) with L, = L and
L, = 0 we have

¢'™ = cosh @K + L) cosh 2K — L)/cosh’® L, (47)
and

g* = 2* cosh (2K + L) cosh (2K — L) cosk’ L. (48)
Substituting L = —3¢ — 2K + In 2 and taking
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the limit K — o, yields

e =144 =1+ 42,
and finally

E@,1In2) = 271 + 42)"°Qu[} In (1 + 42)], (50)
which expresses the grand partition function of the
gas in terms of the partition funetion of the plane
square lattice in zero field as calculated by Onsager.'

By expanding the logarithm of the left-hand side
of (50) in powers of z, one easily checks (22) for
f = 1. The exact results for the model follow by
using Onsager’s formulas. The pressure and the
density are conveniently expressed as

(49)

X
Iz, 1) = p/kT = K’ + f w(K) dK,  (51)
0
and
p@) = 1 — )1 + w, (KN, (52)
where K’ is given by (49) and where w,(K) is the

reduced energy (or first-neighbor correlation func-
tion) of the plane square lattice. Thus,’

w(K) = % coth 2K(1 + (2/m)k{’K(k,)],
where

(53)

k, = 2 tanh 2K/cosh 2K,
!’ = 2tanh’ 2K — 1,

and K(k,) is the complete elliptic integral of mo-
dulus k,.

It follows that the gas undergoes a transition to
an ordered state when the fugacity is

2. = 31 + V/2) = 1.207107. (55)

The Mayer expansion in 2, however, diverges owing
to a closer singularity on the negative real axis at

% = 31 — V2) = —0.207107, (56)

(A similar situation prevails when f = 0.) The other
critical parameters are

I, = p,/kT

=1In @&+ V2 + G/r = 0.558061,
and

(54)

(57)

e = 1V2 = 0.353553. (58)

The equation of state is obtained formally by
eliminating the fugacity z (or K’) between the rela-
tions (51) and (52). It does not seem possible to
express the result in closed form, but it is easily
seen that the pressure is a smooth continuous func-
tion of the density as shown in Fig. 3. In the transi-
tion region we find

alp: — p)

LN&._’_ ,
Ina [p, — ol

with



LATTICE

a=r1+3V?2), (60)

so that the isotherm levels out and has a horizontal
tangent at the transition. Correspondingly, the iso-
thermal compressibility

k= p ' 3dp/dp = 1/kTp(dT/dp) (61)

becomes logarithmically infinite at p=p, (see Fig. 3).

The ‘‘second-order” transition revealed here is
evidently a “fluid-solid” transition, but whether
the “fluid” is ‘“gas” or “liquid” we cannot say,
since only the isotherm for f = 1 is known. It seems
likely, however, that f = 1 corresponds to a tempera-
ture above the gas-liquid critical point (if it exists)
rather than to one below the triple point (if it
exists). Thus, unless f = 1 is some other kind of
singular point, the nature of the transition should
remain essentially unchanged as f is reduced to
zero. We conclude that the transition for the simple
hard square lattice gas (with no attractions) is
probably rather similar. (This is in agreement with
a suggestion of Burley.**)

It is difficult to judge whether these results have
any relevance to continuum gases of hard ecircles
and spheres. Indeed, there are indications that the
situation is somewhat different even for a gas of
hard hexagons on the triangular lattice, which should
be a better approximation to a gas of hard circles.
On the other hand, the possibility that the transi-
tion in a gas of hard spheres is of similar type should
be borne in mind since, if so, it might be rather
difficult to detect it by Monte Carlo studies or by
approximate theoretical calculations.

By extending the analysis along the lines used to
calculate the correlation properties of the super-
exchange model,” it is also possible to determine the
energy and long-range order of the gas as a function
of density for the case f =

Finally, we note that when f = —1, so that the
atoms exert infinite repulsive forces across alternate
squares of the lattice, the model reduces to the
dimer problem® (on the underlying lattice). This
has recently been solved rigorously for the case of
maximum density (p = 1) by the use of Pfaffians.***’
It is also possible to calculate certain correlation
properties for this case with the aid of perturbation
techniques but the problem of dimers at intermediate
densities has so far resisted attack.

# M. E. Fisher and H. N. V. Temperley, Revs. Modern
Phys 32, 1029 (1960).
N. V. Temperley and M. E. Fisher, Phil. Mag. 6,
1061 (1961)
W. Kasteleyn, Physica 27, 1209 (1961); J. Math.
Phys 4 287 (1962).
w M. E. Fisher, Phys. Rev. 124, 1664 (1961).
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APPENDIX A—EXACT AND ESTIMATED NUMERICAL
PARAMETERS FOR THE ISING MODEL

The exact results in the table below, derived from
the work of Onsager,®® Yang,* Houtappel,*® Syozi,*!
and others,**™*® are given in most cases to six or
more decimal places. The estimates for the three-
dimensional lattices (and for the parallel suscepti-
bilities in two dimensions) are based on the series
obtained by Domb and Sykes*""*® and extended more
recently by Essam and Sykes.*” Critical point
parameters have been obtained by numerical analysis
based on the behavior of the ratios**”* and the
sequences of Padé approximants.’''>* The errors in
the estimates are generally confined to the last one
or two decimal places. (Many of the entries in the
table are reproduced from a similar table in reference
49.)

The lattice types considered are: linear chain (c),
plane honeycomb (h}, plane square (sq), kagomé (k),
triangular (t), simple cubic (sc), body-centered cubic
(bee), and face-centered cubic (fce). Definitions of
symbols used in the table are given below. A blank
entry indicates that the numerical value has not
been computed, three dots that the category is
inapplicable.

38 .. Onsager, Phys. Rev. 65, 117 (1944) [zero-field properties
of the plane square lattice].

3 C, N. Yang, Phys. Rev. 85, 808 (1952) [magnetization
of the plane square lattice].

. F. Houtappel, Physica 16, 425 (1950) [zero-field

propertzes of the triangular and htmeycomb lattices).

4 1. Syozi, Progr. Theoret. Phys. (Kyoto) 6, 306 (1951)
[zero -field properties of the kagomé lattice].

2 R. Potts, Phys. Rev. 88, 352 (1952) [magnetization
of the triangular lattwe]

4 8. Naya, Progr. Theoret. Phys. (Kyoto) 11, 53 (1954)
[magnetization of the honeycomb and kagomé lattzces]

41 M. E. Fisher, Physica 25, 521 (1959) [critical behavior
of the plane lattice susceptzbzhtzes]

4 M. E. Fisher, Physica 26, 618, 1028 (1960); J. Math.
Phys. 4, 124 (1963) [perpendzcular susceptzbzhtzes of one- and
two-dimensional lattices).

46 A, Danielian, Phys. Rev. Letters 6, 670 (1961) [anti-
ferromagnenc fecat T = 0]

# C. Domb and M. F. Sykes, Phys. Rev. 108, 1415 (1957)
[specz fic heat series].

4 C. Domb and M. F. Sykes, Proc. Roy. Soc. (London)
A240] 214 (1957); J. Math. Phys. 2, 63 (1961) [susceptebility
series

4 J. W. Essam and M. F. Sykes (to be published).

8¢ M. F. Sykes and M. E. Fisher, Physica 28, 919, 939
(1962) [antzferromagnetw susceptibilities, energies, etc]

51 G. A. Baker, Jr.,, Phys. Rev. 124, 768 (1961) [magnet-
1zations and high- temperature susceptzbzlztzes]

&2 J. W. Essam and M, E. Fisher, J. Chem. Phys. 38, 802
(1963). [magnetizations and low-temperature susceptibilities).
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TasLE 1. Table of exact and estimated numerical parameters for the Ising model
Lattice
c h 8q k 8¢ bee fee
q 2 3 4 4 6 6 8 12
1/v. 1 1.7320508 2.4142136 2.296630 3.7320508 4.5840 6.4032 9.8280
Ve 1 0.5773503 0.4142136 0.4354206 0.2679492 0.21815 0.15617 0.10175
2. 0 0.2679492 0.4142136 0.3933198 0.5773503 0.64183 0.72985 0.81529
K. © 0.6584788 0.4406868  0.4665661 0.2746531 0.22171 0.15746 0.10208
6. 0 0.5062173 0.5672963 0.5358297  0.6068256 0.75172 0.79385 0.81617
a e 0.7603459 0.8813734 0.8683772  0.9514269 0.96797 0.98366 0.99308
Energy
/U 1 0.7698003 0.7071068 0.7440169 0.6666667 0.328 0.270 0.244
+ 0 0.6366198 0.6366198 0.5924414 0.6366198 0.343 0.343 0.345
A_ 0 0.6366198 0.6366198 0.5924414 0.6366198 ~1.0 ~1.0 ~1.0
Entropy
Se 0.26471 0.306470 0.28052 0.33028 0.541 0.586 0.597
So — S 0.6931472 0.42844 0.386677 0.41263 0.36287 0.152 0.107 0.096
So 0 0 0 0.50183 0.32306 0 0 0
Magnetization
‘e 3 1 1 1 ~0.3125 ~0.3125  ~0.3125
Dy 1.264904 1.2224099 1.2+ 1.2032700 1.570 1.491 1.488
Ferromagnetic Susceptibility
¥ 1 I k4 1 1.250 1.250 1.250
C, 0.6480 0.77184 0.7962 0.8473 1.0181 0.9727 0.967
Cpt 1.0466 0.96272 1.0176 0.9244 1.0604 0.9929 0.975
Cr~ . 0.0280 0.0261 0.0249 0.196 0.190 0.189
Antiferromagnetic Susceptibility (Parallel)
¢ 0 0.1214 0.1570 (0.18943) (0.1389) 0.3397 0.3692 (0.000)
Xe/Xo 0 0.2398 0.2768 () () 0.4519 0.4651 (0.000)
B .. 0.332 0.3174 0.115 0.111
B_ .- <0.33 <0.317 0.301 0.316
Omax 1.000000 0.8544 0.8720 KR v 0.8255 0.8457 0.14
Twmax/T 1.6877 1.5371 1.0981 1.0653
Xmax/Xo 0.183939 0.41628 0.42957 s oo 0.46444 0.47310 0.73
Xmax/Xe 1.736 1.552 1.0277 1.017
Perpendicular Susceptibility
X1e/X0 s 1.154701 1.136951
T e 0.4840- - 0.4701715
Omax 0.416779 0.558- - - 0.617625
Twax/T. 1.104--- 1.08872- -
X Lmax/Xo 1.199678 1.2126-- 1.183144

NOTATION
¢ is the coordination number,
v = tanh K = tanh (J/kT), z=(1—v)/(1 +v)=exp(—2K),
K = J/kT, 6 = kT/qJ,
Tlin;l 1 = (v/e)l/11 — (Te/T)],
Energy: ‘
U, = lim U(T) = lim U(v),
T—-0 -1

A. = lm [U@) — UJ/Udl — (v/v))In |1 — (v/v.)]. @

ve— 0=

o

Entropy:

80 = lim 8(v) = lim 8(T) (J < 0).
s——1 T-0

Magnetization:

8 =limlnI(»)/In{l — (v./¥)] = — lim In I{T)/In {1 — (T/T.)],
PR P T-T.

Dy = lim I(T)/[1 — (T/T)A.
T—T.

Susceptibility:

¢ = (kT/Nmd)x, xo = Nm?/gJ = x,(0),

v = —lmn {)/In [l ~ (v/vc)] = — lm ln x(7)/In {1 - (T./T)),

T—ve T—T¢

C. = Hm &)1 — (v/vo)l", Cr= = lim ¥T)]1 —(T/T),
re—7—0= T—Tem0=

B. = Im [&v) — &]/I1 — (v/v )l 1011 — (v/ve)f,®

re—p—=

im  [x(T) = x1ed/x0(OT/Te) — 10 (T/Te) — 11.®

T—~Te

by

» This may not be the exact form of the singularity in three dimensions.
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After the introduction of the concept of lattice graph and a brief discussion of its role in the theory
of the Ising model, a related combinatorial problem is discussed, namely that of the statistics of
non-overlapping dimers, each occupying two neighboring sites of a lattice graph. It is shown that
the configurational partition function of this system can be expressed in terms of a Pfaffian, and
hence calculated explicitly, if the lattice graph is planar and if the dimers occupy all lattice sites.
By the examples of the quadratic and the hexagonal lattice, it is found that the dimer system may
show a phase transition similar to that of a two-dimensional Ising model, or one of a different nature,
or no transition at all, depending on the activities of various classes of bonds. The Ising problem is
then shown to be equivalent to a generalized dimer problem, and a rederivation, of Onsager’s expres-
sion for the Ising partition function of a rectangular lattice graph is sketched on the basis of this

equivalence.

I. INTRODUCTION

ANY aspects of the Ising model have been
investigated by exact methods' since the
publication of Onsager’s solution of the two-di-
mensional problem.? In addition to their direct
significance for the theory of phase transitions, the
results thus obtained were important as a test for
the various approximation methods which have been
developed for the study of cooperative systems. It
was found that approximate theories, though de-
scribing the overall properties of the model in a
rather satisfactory way, fail to yield an adequate
description of its most characteristic behavior, viz.
that in the neighborhood of the transition tempera-
ture. This knowledge has, in turn, led to an increased
interest in exaect solutions of other combinatorial
problems on crystal lattices. By studying a variety
of problems one might hope to get some insight into
such questions as: (a) Why, by the methods de-
veloped thus far, can the Ising problem be exactly
solved for a one-dimensional lattice in an arbitrary
magnetic field and for two-dimensional lattices with
nearest neighbor interaction in the absence of a
magnetic field, but not for any other system?
(b) What determines the mathematical form of the
singularities in the properties of the Ising model,
and can the behavior at the singular point be pre-
dicted if the lattice and the interactions are known?
(a) The first question has been answered only
partially thus far. It is easy to see that the applica-
bility of the existing methods depends not only
on the geometrical arrangement of the lattice sites

1 For a general review, see C. Domb, Advan. Phys. 9,
149 (1960).
2 L. Onsager, Phys. Rev. 65, 117 (1944).

(and thus, e.g., the dimensionality, in the usual,
geometrical sense), but also on the way in which
the sites combine to interacting pairs. On the
other hand, it is obvious that when we represent
the resulting structure by a graph, connecting any
two interacting sites by a line, only the topological
and not the metrical properties of this lattice graph
are relevant.’ We now know the determining
property, at least for the success of the determinantal
approach to the Ising problem introduced by Kac
and Ward*: the partition function of a system can
be expressed in terms of a single determinant only
if its lattice graph is planar, i.e. can be imbedded
(drawn without intersecting lines) in a plane. For
lattice graphs which can be imbedded in a torus
but not in a plane, one needs four determinants to
express the partition function; more generally, for
a graph which can be drawn on a surface of genus g,
but not on one of genus ¢ — 1 (and which is, there-
fore, called® a graph of genus ¢), one needs 4° de-
terminants. In the limit ¢ — o, application of the
method is impossible even in principle. It can easily
be seen that the lattice graphs for which the Ising
problem could not be solved are all of infinite genus.
We thus see that the genus of the lattice graph

% A system in a magnetic field is equivalent to a system
with a more complicated lattice graph in zero field; it 1s this
graph which will then be called the lattice graph of the
original system.

‘¢ M. Kac and J. C. Ward, Phys. Rev. 88, 1332 (1952);
R. B. Potts and J. C. Ward, Progr. Theoret. Phys. (Kyoto)
13, 38 (1955); S. Sherman, J. Math. Phys. 1, 202 (1960).

5 The genus g of a surface is the maximum number of
nonintersecting closed curves which one can draw on the
surface without disconnecting it. A plane and a sphere
have ¢ = 0, a torus g = 1, ete.

¢ D. Konig, Theorie der endlichen und unendlichen Graphen
(Chelsea Publishing Company, New York, 1936, and 1950),
p. 198.
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plays a dominant role in the solubility of the Ising
problem.

On the other hand, it is well known that several
other combinatorial problems defined with respect
to a lattice graph can be solved for arbitrary graphs,
both planar and nonplanar. Among these we mention
the problems of random walks on a lattice,” the
distribution of electric current and potential in an
infinite resistance network,® and the enumeration
of trees, or branched polymers, in a lattice graph.’

It might be a real step forward if we understood
clearly why in the Ising model the genus of the
lattice graph plays such an important part, whereas
in other problems it does not.

(b) There are various reasons for conjecturing
that the behavior in the critical region is primarily
determined by the dimensionality of the lattice
graph.' The dimensionality dim L of an infinite
lattice graph L can be defined with the aid of the
asymptotic behavior, for n — «, of the number
N, of lattice sites whose shortest path to a fixed
site consists of # bonds of L: dim L = 1 + lim,_.
(In N,/In n). It is not necessarily equal to the
geometrical dimensionality of the underlying point
lattice. Thus, if in a two-dimensional, quadratic
point lattice only horizontal neighbors are con-
nected by a bond, the resulting (nonconnected)
lattice graph has dimensionality 1. In those cases
where exact solutions are available, they generally
bear out the conjecture; numerical calculations seem
to support its validity for three-dimensional lattices,
and a comparison with other combinatorial problems
shows that analogous quantities have singularities
of the same mathematical form. However, no general
relations between dimensionality and eritical be-
havior of the Ising model have been rigorously
established thus far.

In order to contribute to the discussion on these
two points, we consider in this paper a cooperative
problem which has recently been solved for a certain
class of systems. It concerns the statistics of dimers
on a crystal lattice, when each dimer occupies two
neighboring lattice sites, and no dimers overlap.
This ‘‘dimer problem” arises in the theory of liquids
consisting of molecules of different size,’® in the
cell-cluster theory of the liquid state,'* and in the

7 E. W. Montroll, J. Soc. Ind. Appl. Math. 4, 241 (1956).
aH Dayvies, Quart J. Math. (Oxford) 6, 232 (1 55).
N. V. Temperley, Discussions Faraday Soc. 25,
92 (1958)
10 . A. Guggenheim, Miztures (Clarendon Press, Oxford,
England 1952) Chap. X.
E. G. D. Cohen, J. de Boer, and Z. W. Salsburg, Physica
21, 137 (1955).
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theory of adsorption of diatomic molecules.’” We
concentrate mainly on the case of the dimers com-
pletely filling the lattice. A method for solving this
problem for a rather general class of lattice graphs
is developed in Sec. 2; as no use is made of the
regular structure (periodicity) of a lattice graph,
the terms “graph” and “lattice graph” are inter-
changeable in this section. In Secs. 3 and 4, two
applications to particular lattices are given, and
the phase transitions occurring there are discussed.
A connection between the dimer problem and the
Ising problem is derived in Sec. 5. The case of a
quadratic lattice has been dealt with in defail in an
earlier paper;'® an alternative approach, leading to
results identical to ours, has been independently
developed by Temperley and Fisher.™

II. DIMER CONFIGURATIONS AND PFAFFIANS

Consider a lattice graph 1. consisting of N sites
(points, vertices), connected by R bonds (lines,
edges), which are divided into several classes,
Cy, Cs, - -+, C, (e.g. the “horizontal” and “vertical”
bonds in a simple quadratic lattice). Dimers (figures
consisting of two points linked by a line) can be
placed on L so as to ocecupy two sites connected
by a bond. A (close-packed) dimer configuration on L
is an arrangement of dimers on L such that all
sites are singly occupied. Obviously no such arrange-
ment is possible if the number of sites is odd; there-
forelet N beeven, N = 2M. Let g (N, Ny, - -+, N,)
be the number of dimer configurations occupying
N, bonds from the class C,, N, from C,, --- , N,
fromC, (N, + -+ + N, =32 N = M). We want to
derive an expression for the generating function for
dimer configurations on L,

Zuz, 2, 0 )
- ZN gLy, -y N,,)ziv‘ cee 3ivh~ 1)

ETRRARYLA Y
The variables z, (e = 1, , k) may be con-

sider as activities, and Z. as the configurational
partition function of the dimer system. If all z, are
set equal to 1, Z, reduces to the number of ways
in which L can be filled with dimers.

It is not difficult to find a certain analogy with
the Ising problem. There the determinantal method
of Kac and Ward* was based on the fact that,
by their cyclic character, configurations of polygons
on a lattice are reminiscent of the terms in the

12 T, S. Chang, Proc. Roy. Soc. (London) A169, 512 (1939).
13 P, W, Kasteleyn, Physica 27, 1209 (1961).
14 H, N. V. Temperley and M. E. Fisher, Phil. Mag. 6,
1061 (1961); M. E. Fisher, Phys. Rev. 124, 1664 (1961).
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expansion of a determinant. Here, the pairwise con-
nection of lattice sites in a dimer configuration re-
minds one of the terms of another mathematical
form, the Pfaffian.'® The Pfaffian of a skew-sym-
metric n X n matrix A with elements a(k, k')
(n even = 2m) is defined by'®

PfA = 3/ epalky, k)alks, ko) « - - alk_s, k)

P

= [m‘ 2’"]_1 E Gpa(kl, kz) A a(kn-l; kn)' (2b)

P

(2a)

The first sum runs over those permutations P =
kik, --- k, which satisfy &k, < ks; ks < kq; -+,
koor < kyyand'k, < k3 < -+ < k,_,; the second
sum runs freely over all permutations, and ep is
the signature of the permutation P (ep = +1or —1
according as P is even or odd). The equivalence of
Egs. (2a) and (2b) follows from the skew symmetry
of A. An important property of Pfaffians is their
relation to determinants:

[Pf AJ* = det A. 3)

By analogy with the Kac-Ward method we shall
now try to construct a skew-symmetric N X N
matrix D with elements d(k, k") such that Pf D is,
in absolute value, equal to the generating function
for close-packed dimer configurations on L:

[PfD| = Zi(ar, + -+ , ). @

This will have been achieved if (a) there is a one-to-
one correspondence between the nonvanishing dif-
ferent terms of Pf D and the dimer configurations
on L; (b) to a dimer configuration occupying N,
bonds from C,, N, bonds from C,, etc., there cor-
responds a term in Eq. (2a) of absolute magnitude
27'zy* -+ zv*; (c) all terms have the same sign
(either + or —).

To satisfy condition (a), let the row and column
indices of D correspond to the sites of L (numbered
in an arbitrary way), and let

d(k, k') = 0 if the sites k and %’ are not (58)
connected by a bond. 2

Condition (b) can be fulfilled by defining

dlk, k') = —d({', k) = £z, if kand k¥’ are (5b)
connected by a bond of the class C,.

From Egs. (5a) and (5b),
PEID= 3 292" -4, (6
N”.--’NA C

15 For earlier references to this connection, cf. G. Brunel,
Mém. Soc. Sci. Bordeaux (4) 5, 165 (1895); W. T. Tutte,
J. London Math. Soc. 22, 107 (1947).

16T, Muir, A Treatise on the Theory of Determinanis
(Cambridge University Press, New York, 1904), p. 92.
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(a)

Fie. 1. (a) Example of a lattice graph; (b) and (c) Close-
packed dimer configurations on this graph; (d) Representation
of the vanishing term in the corresponding Pfaffian.

(b) () (d)

where the second sum runs over all configurations C
with given values of N, (@ = 1, ---, h). If, e.g., L
is the lattice graph of Fig. la, and

0 2 25 0
-z 0 0 2,
-2z 0 0 2
0 -z -z 0
then
PED = €230 d(1, 2) d(3, 4) + €324 d(1, 3) d(2, 4)
+ euzs d(l,4) d(2,3) = +22 — 2, + 0;

the three terms correspond successively to Figs. 1b
and lc (representing dimer configurations on L) and
1d (not representing a dimer configuration on L).

The crux of the problem lies in condition (c).
For an arbitrary choice of signs in Eq. (5b), the
terms in Eq. (6) will not have equal signs, owing
to the occurrence of the signature ep in Eq. (2)
and the skew symmetry of D. It is formally possible,
of course, to avoid all minus signs by working with
a symmetric matrix, and its hafnian and permanent'”
(in whose definitions ep does not occur). However,
this is of no use if we want to evaluate the partition
function for a large periodic lattice, since we do
not have a ‘‘permanent calculus” by which to calcu-
late permanents of cyclic matrices. Therefore it
has to be investigated whether it is possible to
choose the signs in Eq. (5b) such as to satisfy
condition (c). To facilitate the discussion, we repre-
sent the signs of the matrix elements by arrows along
the bonds of L: an arrow pointing from site k to
site k' will indicate that d(k, k') > 0, and hence
d(k’, k) < 0. To each choice of signs in Eq. (5b),
then, corresponds an orientation of the lattice
graph L.

Consider two configurations, C and C’, and further
the graph consisting of the sites of L, the bonds of L
occupied by C, and the bonds occupied by C’
(Fig. 2); it is made up of double bonds and cycles
(closed paths without double points). Clearly, C’
can be obtained from C (and vice versa) by shifting,

17 E. R. Caianiello, Nuovo Cimento 10, 1634 (1953).
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[]

HH 2

(a) (b)

Fra. 2. (c¢) Transition graph of two close-packed dimer
configurations (a) and (b).

in each of these eycles, all dimers by one step in
either direction; therefore we call this graph the
transition graph of C and C’, and its cycles transition
cycles. As each cycle contains an even number of
sites, the transition from C to C’ involves as many
odd permutations of lattice sites as there are cycles
in the transition graph. Now the sign of a term in
Pf D is the product of the signature of a permutation
and the signs of M/ matrix elements. From this, one
readily sees that the terms representing C and C’
have equal signs if in all cycles of the transition graph
the number of bonds oriented in either direction is odd.
If, for'a cycle of even length (even cycle), the parity
of the number of bonds oriented in either direction
is called the orientation parity, we thus have the
following theorem:

(A) If the orientation of L which corresponds
to D is such that the orientation parity of all
transition cycles is odd, then |Pf D| = Z,,.

From now on, the discussion will be restricted
to planar lattice graphs, although for the next
theorem a more general formulation can be given
which holds for nonplanar graphs as well. A plane
representation of a planar graph L is a net whose
meshes are bounded by cycles (mesh cycles). The
following theorems can easily be proved:

(B) A planar graph can be oriented in such a
way that for all even mesh cycles the orienta-~
tion parity is odd.

If in an oriented planar graph the orientation
parity of all even mesh cycles is odd, then the
orientation parity of an arbitrary even cycle
enclosing an even (odd) number of sites is
odd (even).

In a planar graph all transition cycles en-
close an even number of sites.

From (A), (B), (C) and (D) we conclude that for
planar lattice graphs, a matrix D can be defined
such that [Pf D| = Z,. It is only in the proof of
(C) and (D) that the planarity of the graph plays
an essential role: if a nonplanar graph is represented
in a plane (with intersecting lines, of course),
neither (C) nor (D) is true.

When the dimers do not completely fill the lattice,
i.e. when vacancies or monomers are present, the

(©)

(D)
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theory also ceases to be true. It is not difficult to
construct a matrix whose Pfaffian generates all
monomer—dimer configurations on a lattice graph.
However, except for graphs such as that of Fig.
1(a), which have no ““interior points,”” it is impossible
to get all configurations correctly counted. The
reason is that in this case a transition cycle may
enclose an odd number of sites, e.g. one site occupied
by a monomer, contrary to Theorem (D).

As in the case of the Ising model, the above
method can be extended formally to cover nonplanar
lattice graphs as well. For a toroidal graph, however,
the partition function is a linear combination of
four Pfaffians, etc., and for lattice graphs of infinite
genus the method fails completely. The only use
of this extension lies in the application to two-
dimensional lattice graphs with periodic boundary
conditions."®

III. THE QUADRATIC LATTICE

For a quadratic m X = lattice graph with N = mn
even, (suppose: m is even), the orientation sketched
in Fig. 3 satisfies the condition of Theorem (A).
According to (3), the evaluation of Pf D can be
reduced to that of det D. If the class C,; contains
all “horizontal” and C, all “vertical” bonds, the
matrix D has a periodic structure, so that it can
be diagonalized, and its determinant evaluated.
For the total partition function (generation function)
Z (21, 2;) and the partition function per site for
the infinite quadratic lattice, Z(z,, 2,), we then find

Z mn(zl ’ zZ)

im n k

m 2 2

= ” || 2|:zzcosz——+z cos
k=1 1=1 ' m+1 ’

Z(z,2;) = lim [Zmn(zuzz)]l/m

moo
n—o

Ir |t
=] g

= exp {(Zvr)"zfo dwlfo dw, In 2[22 + 2

+ 2} cosw, + 22 cos 0)2]}. (8)

Fre. 3. Orientation of the m X n quadratic lattice graph,
(m even).
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The molecular freedom ¢, of dimers in an infinite
lattice defined as the number of arrangements per
dimer, is given by

= Z%1,1) = exp (2G/x) = 1.791 622 812 --- |

9

where G = 172 — 372 + 572 - 7% 4+ ... =
0.915 965 594 - - - (Catalan’s constant).

The expression (8) has a remarkable resemblance
to Onsager’s expression for the Ising partition func-
tion per site for an infinite rectangular lattice.” In
fact, when 2z, and z, are replaced by sinh (2J/kT)
and sinh (2J'/kT), where J and J' are the hori-
zontal and vertical Ising coupling constants, Eq. (8)
reduces, apart from uninteresting factors, to the
Ising partition function at the critical point (which
varies with J and J’). This is consistent with the
fact that for no values of z,/2;, has Eq. (8) a singular
point.**

It is possible to extend the dimer problem on a
quadratic lattice so that a correspondence to the
Ising problem at all temperatures is established. To
achieve this, make a further distinction between
various types of horizontal and vertical bonds, e.g.
by introducing four activities, z,, 2., z; and z,, as
indicated in Fig. 4. The dimer partition has then,
for real values of the activities, a singularity at
2, = 2, 2 = 2;. The mathematical form of the
singularity is the same as in the Ising partition
function. If 2,/2, = 23/2z, = u, and if u is increased
from 0 to =, a “phase transition” takes place at

= 1. We are used to relate such a transition to
the appearance or disappearance of a certain order-
ing. It is not immediately evident, however, in
which respect the phase with v > 1 or that with
u < 1 is ordered. What is more, the symmetry of
the system with respect to the transformation
u — u~' seems to exclude the possibility that one
phase is ordered, and the other disordered. The
solution to this dilemma is simple. It is possible to
find two order criteria such that the phase with
u > 1 is ordered with respect to the first criterion,
but disordered with respect to the second, whereas

ey
2

NN,

4 Zy 2 24
3

F1a. 4. Generalized quad-
ratic lattice exhibiting a
phase transition.
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Fic. 5. The four
phases of a close-
packed system of
dimers on a hexagonal
lattice.

the phase with 4 < 1 is disordered with respect to
the first criterion, but ordered with respect to the
second. A full discussion of these two kinds of order
would take us too far, but it is intended to publish
the details elsewhere.

IV. THE HEXAGONAL LATTICE

When in the infinite hexagonal lattice graph three
classes of bonds are distinguished, each one contain-
ing all bonds parallel to one of the three principal
directions, a close-packed system of dimers on this
lattice shows an interesting behavior.'® The partition
function per site, Z(z,, 2,, 25), is a smoothly varying
function of the activities 2, 2, and 2, if these are
in a ‘“triangle relation”, ie. if 2, < 2, + 23; 2, <
2 + 2, 23 < 2, + 2. If, on the other hand, one
of the activities is larger than the sum of the other
two, Z is identically equal to the square root of
the largest activity, e.g., for 2, > 2, 4 2; we find
Z(z,, 2, 2) = 2!, independent of 2z; and z. In
words, when “‘z; bonds” are favored strongly enough,
only one dimer conﬁguratlon, viz. that with dimers
only on 2; bonds is realized. This is related to the
fact that all transition cycles connecting this ordered
configuration with other configurations have infinite
length, i.e. that no configurations exist which deviate
from it in the position of only a finite number of
dimers. Obviously, a phase transition takes place
when z, = 2, + 2;; it can be shown that at the transi-
tion point Z(2,, 2., zs) behaves as 24 [1+a(z,+2:—2,)}].
Likewise we find a phase transition when z, = z; + 2,
and when z; = 2z + 2. The four phases of this
system of dimers are best represented in a triangular
diagram where the distances of a point to the three
axes are proportional to z,, 2, and 2z;. In Fig. 5, the
regions I, II and III represent successively the

18 A gimilar behavior is found for a dimer system on a
quadratic lattice graph if a suitable, but somewhat more

artificial classification of bonds is introduced. This is not
surprising, as the hexagonal lattice graph can be considered
as a quadratic lattice graph with certain bonds removed
(or having zero activity). On the other hand, there is also
an (again less ‘“‘natural’’) classification of the bonds of the
hexagonal lattice graph for which the partition function

shows the analytical behavior sketched in the previous
section.
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Fic. 6. Part of a finite simple quadratic lattice graph Q
and the corresponding part of the cluster lattice graph Q’

ordered phases in which Z is identically equal to
2}, 2} and 2}; region IV represents the disordered
phase, in which Z is a more complicated, continuous
function of all three activities. It is interesting to
compare this behavior of a system of dimers on a
hexagonal lattice with the peculiar properties of the
Ising antiferromagnetic triangular lattice.'

A system like this will be realized when diatomic
molecules with an electric dipole moment p fixed to
the axis are adsorbed on a hexagonal surface (leaving
no vacancies) in the presence of an electric field E.
This system exhibits a phase transition at a tempera-
ture T, given by pE/kT, = 2 In [3(1 + 3! 4 213})].
A remarkable feature of this phase transition is
that at the transition point the system shows a perfect
(directional) ordering; when the temperature is
lowered from T = T, to T = 0, this ordering exhibits
no further change.

V. THE ISING PROBLEM

In Sec. I, we have seen that the dimer problem
is analogous to the Ising problem in that it admits
of a combinatorial solution involving one single
determinant for planar lattices only. The relation
between the two problems is much clarified by the
fact that the Ising problem can be formulated as a
dimer problem. This was implied already in the
recent approach to the Ising problem by Hurst
and Green.”” Whereas these authors arrived at a
Pfaffian by an algebraic method,” and did not
introduce dimers at all, we shall reduce the Ising
problem directly to a (generalized) dimer problem,
which can then be solved by the method developed
in Sec. II. In this way another purely combinatorial
solution of the Ising problem is obtained.

It is well known' that the solution of the Ising
problem for a simple quadratic lattice graph Q can
be reduced to the determination of the number of
ways in which a given number of horizontal and of
vertical bonds can be selected so as to form closed

19 R. M. F. Houtappel, Physica 16, 425 (1950).

20 C. A. Hurst and H. 8. Green, J. Chem. Phys. 33,
1059 (1960).

2 Essentially the same method has been used by Fisher!¢
in his solution of the dimer problem.
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polygons, i.e. configurations in which the number of
selected bonds incident with any site is even (0,
2 or 4).

Now associate with Q another lattice graph Q'
in the following way: replace each site of Q by a
cluster containing four sites, and each bond between
two sites of Q by a bond between the opposite sites
of two corresponding clusters; within the cluster,
connect any site with any other (Fig. 6).

Consider a dimer configuration on the “cluster
lattice” Q. Since each cluster contains an even
number of sites, the total number of dimers con-
necting it to neighboring clusters is even (0, 2 or 4).
The analogy of these dimer configurations with the
polygon configurations on Q, and therefore the
possibility of translating them into each other, is
obvious. More precisely, we have the following
correspondence: (1) With each dimer configuration
on Q, we can uniquely associate a polygon con-
figuration on Q. (2) With each polygon configuration
on Q we can associate a dimer configuration on Q';
this association, however, ts mot unique. For a site
of Q, where four or two bonds of a polygon meet,
there is only one way of translating this local con-
figuration with the aid of dimers, placed on the
corresponding cluster of sites of Q' (cf. Fig. 7(a),
7(b); in the latter case an extra dimer has to be
introduced to connect the two sites which are not
connected by a dimer to the sites of neighboring
clusters. For a site of Q that does not lie on any
polygon, on the other hand, there are three ways
of translating, ie. of connecting the four corre-
sponding sites of Q' [Fig. 7(c)].

If this correspondence had been purely one-to-one
or purely one-to-three, we should have been able
to enumerate polygon configurations on Q by

(a)

(b)

(c) t i i
(eo) (c2) (c3)

Fig. 7. Correspondence between local polygon configurations
on Q and local dimer configurations on Q.
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enumerating dimer configurations on Q’. Still, the
mixed character of the correspondence is an ad-
vantage rather than a disadvantage. This becomes
evident when we try to apply the method developed
in Seec. II to the lattice graph Q. It turns out that
we cannot find the proper generating function for
dimer configurations on Q’. Q' is nonplanar (unless
it is a 2 X n lattice, but this restriction is not
essential to what follows), and no orientation
satisfying the condition of theorem (A) can be
found. We can, however, easily orient the bonds
of Q' in such a way that the orientation parity of
all even cycles without self-intersections is odd
(Fig. 8). Then, the orientation parity of the transi-
tion cycles connecting the local dimer configurations
(c;) and (e3), and (c;) and (c;), of Fig. 7 is even.
This implies that the configuration (c;) is ecounted
with a different sign from that of (e,) and (cs).
If then we put z, = 1 for all bonds connecting sites
of the same cluster, the three local configurations
on Q' corresponding to a single isolated site in the
polygon configuration on Q, are counted as 1 +
1 — 1 = 1. So the nonplanarity of Q’ just compen-
sates for the one-to-three correspondence between
isolated sites on Q and isolated clusters on Q.
Apart from this effect, all dimer configurations on Q'
are correctly counted.

Therefore, if we let |d(k, k') be equal toz, 3, 1 or 0,
accordingly as k and %’ are connected by a hori-
zontal intercluster bond, a vertical intercluster bond,
an intracluster bond, or no bond, and we choose
the signs of the d(k, k') in accordance with the
orientation of Fig. 8, |Pf D| ¢s the generating function
for polygon configurations on Q. D is then equivalent
to the matrix introduced by Hurst and Green.*
The Pfaffian, and hence the Ising partition function,
can, in prineiple, be calculated in the standard way.
However, there is no simple way of diagonalizing D
when the lattice graph has edges, i.e., is planar.
For a toroidal lattice graph (lattice with periodic
boundary conditions), on the other hand, the
calculation is easy, although, of course, four Pfaffians
(ie., four matrices) must be introduced. Instead
of carrying out the calculations, one may equally
well prove that the four corresponding determinants
are equal to those introduced by Potts and Ward*
in their analysis of the Ising model.

The generalization of the above to arbitrary
planar (toroidal) graphs is straightforward. The only
care to be taken is that a site where an odd number
of bonds, say p, meet, is replaced by a cluster of
p + 1 sites in order that the number of dimers
connecting the cluster to neighboring clusters be
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even. The addition of fwo extra sites has no effect.

Finally, the Ising partition function of a lattice
graph L in the presence of a magnetic field involves
the enumeration of configurations of polygons and
open chains on L. This is equivalent to the enumera-
tion of configurations of dimers and monomers on
the cluster lattice L/, for which the present method
is not adequate. Only if the ends of the open chains
are fixed to certain lattice sites of L, can the above
method be used; the clusters of L’ corresponding
to these sites should then consist of an odd number
of sites. This is important for the calculation of the

correlations and the spontaneous magnetization of an
infinite lattice.

F1a. 8. An orientation of the
cluster lattice graph Q.

VI. CONCLUDING REMARKS

It has been shown that the dimer problem has
many features in common with the Ising problem.
Like the latter, it can only be solved for planar (or
toroidal) lattices, under a restrictive condition (no
monomers present). It should be added that, here
too, the partition function for a one-dimensional
lattice can be exactly calculated even if this condition
is not fulfilled.'''* Morevover, it has been shown
that the Ising problem is a special case of a general-
ized dimer problem (where dimer configurations are
not counted as different when they differ within a
“cluster’’). This approach to the Ising problem has
the advantage of making more natural the ap-
pearance of square roots of determinants as the
fundamental quantities (e.g. in the analysis of
toroidal lattices, where linear combinations of
Pfaffians rather than of determinants occur).

The question of why the genus plays a part in
these problems and not in others, has not been
answered. The form of the singularity in the parti-
tion function, however, has been found to be of the
well-known type again, although in particular cases
(e.g. the hexagonal lattice), the specific form of the
problem may lead to the appearance of additional
singularities of a different mathematical form.
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Time-Dependent Statistics of the Ising Model*

Roy J. GLAUBER
Lyman Laboratory of Physics, Harvard University, Cambridge, M assachusetls

The individual spins of the Ising model are assumed to interact with an external agency (e.g., a heat
reservoir) which causes them to change their states randomly with time. Coupling between the spins
is introduced through the assumption that the transition probabilities for any one spin depend on
the values of the neighboring spins. This dependence is determined, in part, by the detailed balancing
condition obeyed by the equilibrium state of the model. The Markoff process which describes the
spin functions is analyzed in detail for the case of a closed N-member chain. The expectation values
of the individual spins and of the products of pairs of spins, each of the pair evaluated at a different
time, are found explicitly. The influence of a uniform, time-varying magnetic field upon the model
is discussed, and the frequency-dependent magnetic susceptibility is found in the weak-field limit.
Some fluctuation—dissipation theorems are derived which relate the susceptibility to the Fourier
transform of the time-dependent correlation function of the magnetization at equilibrium.

INTRODUCTION

HE statistical study of systems of strongly

interacting particles is beset by many problems,
largely mathematical in nature. These difficulties
have motivated theorists to devote a great deal of
effort to devising and studying the simplest sorts
of model systems which show any resemblance to
those occurring in nature. The property most desired
in these models is mathematical transparency. The
deeper insights offered by the possibility of exact
treatment are intended to compensate for any un-
realistic simplifications in the formulation. The first,
and most successful of these models is one intro-
duced by Ising' in an attempt to explain the ferro-
magnetic phase transition. While many generaliza-
tions of this model have been studied, we may note
that the first true understanding of a phase transi-
tion in an interacting system was reached by
Onsager” for the case of the two-dimensional Ising
model.

If the mathematical problems of equilibrium sta-
tistical mechanics are great, they are at least rela-
tively well-defined. The situation is quite otherwise
in dealing with systems which undergo large-scale
changes with time. The principles of nonequilibrium
statistical mechanics remain in largest measure un-
formulated. While this lack persists, it may be useful
to have in hand whatever precise statements can
be made about the time-dependent hehavior of
statistical systems, however simple they may be.

* A brief account of this work was given at the Washington,
D. C. meeting of the American Physical Society, 1960 [R. J.
Glauber, Bull. Am. Phys. Soc. 5, 206 (1960)).

L E. Ising, Z. Physik 31, 253 (1925).

2 L. Onsager, Phys. Rev. 65, 117 (1944).

We have attempted, therefore, to devise a form of
the Ising model whose behavior can be followed
exactly, in statistical terms, as a function of time.
While certain of the assumptions underlying the
model are to a degree arbitrary, it is surely one of
the simplest ones involving N coupled particles for
which exact time-dependent solutions can be found.

The model we shall discuss is a stochastic one.
The spins of N fixed particles are represented as
stochastic functions of time ¢;(t), (j = 1, --- N),
which are restricted to the values 41, and make
transitions randomly between these two wvalues.
These transitions take place because of the inter-
action of the spins with an external agency which
may be regarded as a heat reservoir. The transition
probabilities of the individual spins, however, are
assumed to depend on the momentary values of the
neighboring spins as well as on the influence of
the heat bath. It is for this reason that statistical
correlations arise between the values of neighboring
spins. The coupling of the spins through their transi-
tion probabilities makes it necessary, in mathe-
matical terms, to deal with the entire N-spin system
as a unit. The spin functions form a Markoff process
of N discrete random variables with a continuous
time variable as argument. Fortunately, if the coupl-
ing of the spins is not too complicated, the dif-
ferential equations governing the probabilities may
be simplified greatly, making it possible to solve for
all of the quantities of immediate physical interest
by elementary means.

In the sections that follow, we introduce first the
individual spins interacting with the heat bath,
then the means by which they are coupled to one
another. The description of the behavior of the model
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is then formulated as a matter of solving for the
expectation values of the spin functions and of their
products. We center the subsequent discussion
largely upon explicit solutions for the single-spin
and two-spin averages, since most of the interesting
properties of the system may be constructed in
terms of these. In addition we find the time-delayed
spin correlation function, i.e. the average product
of two spin variables, each evaluated at a different
time. We then describe the model in the presence
of a uniform, time-varying magnetic field. Two results
of this generalization are a derivation of the complex
frequency-dependent magnetic susceptibility for
weak fields, and a discussion of fluctuation—dissipa-
tion relations which hold when the field-induced
departures from equilibrium are small. Our efforts,
in the present paper, are confined to treating a one-
dimensional model which, as already indicated by
the treatment of the Ising model at equilibrium,’
appears to be a great deal simpler than dealing with
the model in two or more dimensions.

SINGLE-SPIN SYSTEM

It may be helpful in introducing our model to
begin by discussing the most simple of such systems:
a single particle whose interaction with a heat
reservoir of some sort causes its spin to flip between
the values ¢ = 1 and ¢ = —1 randomly, but at a
known rate. We assume that no magnetic field is
present so that neither of the states ¢ = =1 is
preferred. Then, if the rate per unit time at which
the particle makes transitions from either state to
the opposite one is written as «/2, the probability
p(s, t) that the spin takes on the value o at time ¢
obeys the equation

@/dtp(o, t) = —%op(o, §) + jop(—c, 8. ()

This equation, or more properly, this pair of equa-
tions for ¢ = =1, preserves the normalization condi-
tion

The pair of equations is therefore immediately
reducible to a single equation for a single unknown
function. A convenient choice of the latter function
is the difference of the two probabilities

= Z ap(a, t);

o=}

6]

which is simply the expectation value of the spin
as a function of time, i.e. if we think of the time-
dependent spin variable as a stochastic function

MODEL 205
o(t) taking on the values ¢ = 21 we have
q(t) = {(o(®)). 4

The equation obeyed by the mean spin is seen
from (1) to be

d/dn)q(t) = —aq(d), (5

so that the mean spin simply decays exponentially
with a relaxation time 1/a from whatever value it
is known to have initially,

g(t) = q@)"". (6)

We may regain the individual probabilities p(Z1, ?)
from a knowledge of ¢(f) by means of the identities
(2) and (3) which together yield

MANY-SPIN SYSTEM

Particles such as the one we have just discussed,
each of them responding to a random spin-flipping
agency, will form the basic units of the model we
wish to describe. We shall assume that these par-
ticles are arranged in a regularly spaced linear array
which may be closed to form an N-particle ring.
The dynamical resemblance between this model and
the Ising model rests on the assumption that the indi-
vidual spins of the ring are not wholly independent
stochastic functions. We may, for example, introduce
a tendency for a particular spineg; (j =1 :-- N) to
correlate with its neighboring spins by assuming
that its transition probabilities between the states
+1 depend appropriately on the momentary
spin values of the other particles. To treat any such
model we must consider the entire ring as a unit
and introduce a set of 2" probability functions
p(oy, --- ont), one for each complexion, i.e. each
set o,, -+ oy for the ring.

If we let w;(o;) be the probability per unit time
that the jth spin flips from the value ¢; to —o;,
while the others remain momentarily fixed, then we
may write the time derivative of the function

g; =

p(alr e G'Nt) as
ditp((ﬁ, <o opl) = —[Z wi("'i)]p(ﬂly )
+ X w—o)plon, - =y, - owd), ()

i.e., the complexion ¢,, -:- ox is destroyed by a
flip of any of the spins ¢;, but it may also be created
by spin flip from any complexion of the form
ay, - oy. We shall refer to Eq. (8) as
the master equation since its solution would con-

C =gy, e
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tain the most complete description of the system
available.

CORRESPONDENCE WITH THE ISING MODEL

We have already mentioned that the transition
probabilities w;(¢s;) may be chosen to depend on
neighboring spin values as well as on ¢;. If we want,
for example, to describe a tendency for each spin
to align itself parallel to its nearest neighbors we
may choose the probabilities w;(s;) to be of the form

(9)
which may be seen to take on three possible values
3ol + 7). (10)

The value }a corresponds to the case in which the
neighboring spins are antiparallel, o;., = —o;.;.
When the neighboring spins are parallel to each
other the transition probability takes on the value
$a(l — v) for ¢; parallel to the two of them or
2a(l + v) for ¢; antiparallel. Clearly as long as y
is positive the parallel configurations will be longer-
lived than the antiparallel ones and we shall be
dealing with a model having ferromagnetic tenden-
cies. Conversely negative v will mean a tendency
of neighboring spins to remain aligned oppositely,
and will describe the antiferromagnetic case. We
note, incidently, that |y] may not exceed unity.
The parameter a which occurs in the transition
probabilities simply describes the time scale on
which all transitions take place. It has, of course,
no analog in the familiar discussions of the Ising
model at equilibrium. The parameter v, however,
describes the tendency of spins toward alignment
and thereby determines the equilibrium state of
the present model much as the exchange interaction
does in the Ising model. To indicate the quantitative
correspondence between the models we write the
Hamiltonian for the linear Ising model as

_J Z 10141
i

w;(o;) = 3afl — Ivoi(o;-y + cis1)},

wi(o) = 3ol — ), e,

g = an

When the Ising model has reached equilibrium at
temperature T, the probability that the jth spin
will take on the value ¢, as opposed to —o; (for a
given set of values of the neighboring spins) is just
proportional to the Maxwell-Boltzmann factor
exp (—3¢/kT). The ratio of the probabilities p;(—;)
and p;(o;) corresponding to the two states for the
jth spin is therefore

pi(—o;) _ exp [—(J/kT)o,(o;4 + 0i+1)].

@) e [ MDofmr o] | 12
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If the spins other than ¢; are considered as fixed,
the stochastic model described by (8) and (9) will
approach an equilibrium in which

pi(—a;) _ w;(a;)

pie)  wi(—oy) (13)

- 1 — 3vo;(0;-1 + °':'+1).
1 + %‘ya',-(oi_l + ‘71'+1)

The exponentials which occur in the ratio (12) may
be written in the forms

€xp [:!:(J/kT)”i(o'i—l + a'i-u)]

(14)

cosh [% (0ja1 + 0i+1):|

=+ o, sinh [ic'—;’— (o521 + ffi+1)] (15)

= cosh [% (@11 + )]

X {1 + %0’,'(0’,'_1 + 0','+1) ta«nh %%}, (16)

the latter of which is readily checked for the three
values the function can take on. The correspondence
between the ratios of the equilibrium probabilities
(12) and (14) may evidently be made precise by
identifying the constant v as

v = tanh (2J/kT). a7

We should mention that the particular choice we
have made for the way in which the transition
probabilities (9) depend on neighboring spin values
is motivated more by the desire for simplicity than
for generality. There exist other, but less simple,
coupling schemes which also yield the same equilib-
rium states as the Ising model with nearest-neighbor
interactions. Some of these are discussed in the
Appendix. There exists, furthermore, the possibility
that each spin is coupled through the transition
probabilities to some or all of its more distant
neighbors. We shall mention this possibility further
at a later point. For the present we shall continue
to deal with the transition probabilities (9) and
discuss the mathematical treatment of the master
equation based on them.

REDUCTION OF THE PROBABILITY FUNCTION

The functions p(s,, -+ oyt) which satisfy the
master equation (8) furnish, as we have noted earlier,
the fullest possible description of the system. While
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we cannot deny that it would be desirable to know
these functions in their entirety we must neverthe-
less point out that, for N large, they contain vastly
more information than we usually require in practice.
To answer the most familiar physical questions about
the system, in fact, it suffices to know just the
probabilities that individual spins or pairs of spins
occupy specified states. Alternatively, we need know
only the expectation values of spins or the average
products of pairs of spins. Most of our attention
in the present paper will be devoted to discussing
just these functions. However before proceeding to
the discussion, it may be helpful to indicate some
general relations between the probability functions
and the expectation values of products of spin
variables.

We define the functions g;(f) to be the expectation
values of the spins o;(t) regarded as stochastic func-
tions of time:

g;() = (o;()

2 oplo, -+

{o}

(18)

G'Nt).

Here and in future work we designate by a sum
over {¢}, a sum carried out over the 2" values of
the set o,, -+« on. The functions r; ,(f) are defined,
likewise, as the expectation values of the products

o;(a(t):
= {o;(Dox(?))
= Z oioploy, - - -

{e}

r; (8

g Nt). (19)
We note in particular that the “diagonal”’ expecta-
tion values r; ; are identically unity:

) = 1. (20)
We next construct a general identity relating the
probability to the expectation values as follows:
Let o; and o/ be two possibly different values of the
jth spin. Then the function (1 + ¢,¢}) equals unity
for ¢! = ¢; and zero for o/ = —o;. We may therefore
construct an identity expressing p(s,, --- ont) as
a sum over all spins by writing

1
ploy, -+« anl) = e

X E A+4+a0)) --- (1 + oyoq)plet, - -

fo’}

If we expand the product in the summand of this
relation and carry out the indicated summations,
we find
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1
ploy, -+ o, ) = 5; {1+ Z ;q(%)
+ Eka'fa'kri.k(t) + -} (22
i=

which exhibits a general expansion of the probability
functions in terms of the expectation values of the
spins and their products taken two at a time, three
at a time, etc., i.e. the functions 1 and ¢ form a
complete orthogonal basis for the expansion of any
function of ¢, and (22) is just such an expansion
with N independent variables. The relation (7) for
a single spin is a trivial example of the expansion.

The reduced probability functions which furnish
the probabilities that individual spins or pairs of
spins occupy specified states, whatever may be the
states of the remaining spins, are defined by

pi(ai: t) = Z P(Un cr

{oas}

Z p(“l} tee

{ovtas, ok)

(23)

T ONy t))

Pinloj, on, 1) = on, ), (24)
where the notation is intended to indicate summation
over all the spin variables save ¢; in (23) and o,
and o in (24). If these summations are carried out

upon the form (22) for p(ey, - -+ ow, t) we find

pi(os, 1) = 3{1 + 0;0:(D}, (25)
piloi, on, 1) = {1 + 0;4,(8)
+ U'ka(t) + Ui”kri.k(t)}- (26)

It should be clear that by solving for the expectation
values of the spins and their products we are begin-
ning a systematic expansion of the probability
functions as well as finding the quantities of greatest
physical interest.

As a preliminary step to finding the time-depen-
dent equations satisfied by the expectation values,
we may write the master equation (8) in the more
compact form

oN, t)

a
dar P
= - Z OTm Z o'n’awm(a'rr,:)p(o'l; e o'r:u ‘0N, t)' (27)

If we multiply both sides of this relation by ¢, and
sum over all values of the ¢ variables we obtain

(d/dt)q(t) = —2 Z awi(onploy, - - ow, 1)
= —2ax(Dwi[o:(D]). (28)

Similarly, if both sides of (27) are multiplied by the
product o;0, (where j ¥ k) and summed over the
o variables we obtain
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d
d—t ;{8

CONy t)

= -2 Z gionfw;(o;) + wlor) }ploy, *

= —o;()a(D{w;lo;()] + wilou(H]})- (29)

If we substitute the form (9) for the transition
probabilities in (28) we obtain a recursive system
of differential equations for the expectation values
a:(t):

@/detyg(®) = —al®) + $ia-() + 6@} (30)

An analogous system of equations for the expecta-
tion values of products of pairs of spins results from
the substitution of (9) in (29). For j # &k we have

(d/dab)r; i(8) = —2r; () +‘ v{ri ()
+ riea(f) Fris () k(D) (31)

while for j = k, the functions obey the identity (20).

These equations, as we shall see, may be solved
quite readily. It is worth noting, however, that the
assumption of forms different from (9) for the
trapsition probabilities leads, in many cases, to
systems of equations in which the expectation values
of produets of differing numbers of spins are coupled
in each equation. Such systems are considerably less
tractable than the present one.

SOLUTION FOR THE AVERAGE SPINS:
INFINITE RING

The coupled differential equations (30) are par-
ticularly easy to solve for the case of an infinite
ring, N — . It is convenient, for this case, to
alter slightly the scheme for numbering the spins
by labeling a particular spin as the zeroth and
designating those to one side of it with positive
integers and those to the other side with negative
ones. We then construct the generating function

PO D = 3 N,

[
which, according to Eq. (30), satisfies the differential
equation

(8/3at)F(\, ) = —F(\, ) + 2y(\ + X)F (N, £). (33)
The solution for the generating function is evidently
FO\, 0 = F(\,0) exp [—at + 3v(X + A Nat], (39)

which furnishes us an implicit solution for the g, (z)
in terms of the initial values ¢.(0). To make the
solution an explicit one we note that one of the
factors in (34) is just the generating function for

(32)
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the Bessel functions of imaginary argument,’

exp ol + N\ = 2 NL@), (35
where
L(x) = "/, (x). (36)

Hence the time-dependent generating function is
given by

FO, ) = PO, 00 S M),

-

@37

We consider first the case in which all of the spin
expectations ¢, vanish initially except for one, which
we may choose to be the one at the origin

:(0) = &u.o. (38)
Then the initial value of the generating function is
just unity, and at later times it is

F\ &) = e X Nyai),
k

=~—c0

(39)

from which we conclude, by comparing with (32),
that the spin expectations are given by

o(t) = e *'Ii(yat). (40)

An examination of the functions I, shows that g,
decreases steadily to zero as time increases, while
the neighboring spin expectations rise from zero to
positive values for a while as a form of transient
polarization induced by the positive spin at the
origin. The functions ¢, for spins neighboring the
origin rise for times { < k/ya as

a(t) & (1/ k) Grat) "™ 1)

They then reach a maximum® at a time given, for
k> 1, by at & k(1 — %)™}, and, for much larger
times, decrease as

a(t) ~ @mryaty te 2T, (42)

The most general solution for the spin expecta-
tion values, corresponding to an arbitrary set of
initial values ¢,(0), may clearly be obtained from
(40) by linear superposition,

G = Y GOLntvad),

¢
m—=o

(43)
where we note that the functions I, for negative

*See, for example, G. N. Watson, Bessel Functions
(Cambridge University Press, Cambridge, England, 1958),
pp. 14 and 77.

¢ The locations of the maxima and various other properties
of the functions e~22I,(z) for 2 > 1 are discussed by E. W.
Montroll, J. Math and Phys. 25, 37 (1946).
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order are the same as those for positive order,
I, =1,

AVERAGE SPINS: FINITE RING

A somewhat more general means of treating the
set of equations (30) for arbitrary N may be based
on a system of normal modes for the spin expecta-
tion values ¢,. If we seek solutions to Egs. (30)
in the form

@) = Afe™, (44)
where A is a constant, then we have
=a{l — 5™ + O} (45)

The closure of the N-spin ring requires that the
solution (44) be periodic in k& with period N, i.e.,
that ¢¥ = 1. Hence there are N roots for ¢ of the
form

tm = €xp 2mim/N), m=0,1,--- N — 1, (46)
and for these the eigenvalues »,, are

vy = a{l — v cos (2rm/N)}. 47
The system of mode functions ¢;™ = exp (2rimk/N)

forms a complete orthogonal basis on the ring.
Hence any solution to (30) may be written in the
form

N~-1
qk(t) — ZAme(i.’rimk/N)—rmt’

m=Q

(48)

where the constants A,, may be solved for in terms
of the ¢i(0) by using the orthogonality theorem.
These constants are

N
A4, = % > q(0)e i, (49)
I=1

The solution for the spin expectation values in terms
of their initial values is thus

1 rim, —1)=vm
() = ¥ IZ_Qz(O)e("’ IN) (k=1)—rmt

N

= ¢ Z i 00—y ;n(yat).

I=1 j=-w

(50)

The latter form of the solution is obtained from the
former by carrying out the summation over m
explicitly. That the solutions may be expressed in
this way is obvious from the fact that the problem
for a finite ring may be solved by inserting periodic
initial values in (43).

A particular consequence of the solution (50) is
the fact that the total magnetization always de-
creases exponentially,
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; g(t) = e =7 ; 2:(0), (51)
a result which corresponds to the known absence
of permanent magnetization in the linear Ising model
(with interactions restricted to a finite number of
neighbors). The net effect of the spin interactions
is to reduce the coefficient in the exponent from the
a of Eq. (6) to a(1 — ¥).

SOLUTION FOR ONE SPIN FIXED

It is interesting to investigate the behavior of
the spin system when one of the spins is assumed
somehow to be fixed or frozen. We shall, for sim-
plicity, consider the infinite ring and let the zeroth
spin, the one at the origin, take on the fixed value
o; = 1. Then the differential equations derived
earlier for the ¢,(¢) still hold for k 5 0. In particular,
for £ = 1, we have

@/det)g() = —q:() + {1 + ()},  (52)

while the equations for &k > 1 assume precisely the
form (30). This sequence of equations for k¥ > 1 is
an inhomogeneous one because of the constant term
on the right-hand side of (52). It possesses a non-
vanishing equilibrium solution, which satisfies the
recursion relation

@ = i@ + G}, k#0, (63)

where g, = 1. The solution to such a linear difference
equation may be written as

& = 77””) (54)
where 7 satisfies the quadratic equation
" =2+ 1=0. (55)

It is worth noting that the same quadratic equa-
tion for 5 holds for negative values of k as for posi-
tive values of k, i.e., the equation is unchanged by
the substitution of 5~ for n. The roots of (55),
which are always real, form a reciprocal pair. One
member of the pair, v '{1 4+ (1 — %)}, always
has absolute value greater than unity for |y| < 1
and therefore is of no use in solving the problem for
an infinite ring. The correct root for 4 has absolute
value less than unity and is given by

7 =1 -0 - (56)

For this value, using the correspondence (17) with
the static Ising model, we find

n = tanh (J/kT). (57)

The solution (54) exhibits clearly the tendency
of any spin, in this case a fixed one, to surround itself
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with a “polarization cloud.” (In the antiferro-
magnetic case, v < 0, the signs of the induced spins
will alternate.) The value of 5 given by (57) is just
the familiar short-range order parameter of the
Ising model.

To complete the solution of the time-dependent
equations for the ¢.(f), with the zeroth spin fixed,
we need only note that (54) constitutes a particular
solution of the inhomogeneous system. We may add
to it any solution to the homogeneous system of
equations obtained by requiring g, to vanish at all
times. Such a boundary condition may easily be
satisfied by using the method of images, since the
requirement g, = 0 separates the system into two
halves which do not influence each other. (The
infinite ring need not be imagined as closed.) If we
seek a solution to the homogeneous system of equa-
tions in which the g, assume a particular set of initial
values, say v; for £ > 0, we may reach a solution
for the positive-k half of the system by using the
general solution (43) and imagining that the initial
values of the g, at the negative sites are given by
g-:(0) = —u, for k > 0, and that we have ¢,(0) = 0.
Interpreted in this way for & > 0, the solution (43)
may be made to fit the correct initial conditions and
yet, since it remains odd at k at all times, meet the
boundary condition g,(f) = 0 as well. An analogous
imaging procedure solves the equations for negative
k as well.

To find the general solution to the time-dependent
equations with the zeroth spin fixed we must add
together the particular solution (54) for the inhomo-
geneous system and the general solution, constructed
by the method of images, for the homogeneous
system, i.e., we add to the solution n* the solution
to the homogeneous system which corresponds for
k > 0 to the set of initial values ¢,(0) — 5*. The
resulting solution for k > 0 is

a(® = o'+ ¢ 3 (@0 ~ )

X {Lioi(yat) — I, (vat)}. (58)

An analogous solution exists for negative &k values.
For times ¢ >> (ya)™!, the solutions in all cases
decay exponentially to the equilibrium form.

SOLUTION FOR THE SPIN CORRELATIONS

We next turn our attention to the average values
of products of pairs of spin variables. The functions
r;.x(t) which express these averages obey the two-
index system of Egs. (31) for j % k, and for j = &
obey the identity r; ; = 1. We can secure a rapid
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insight into the behavior of these functions by
simplifying the problem so that they depend, in
effect, on only one index. It often happens, in fact,
that our knowledge of the initial state of the system
is characterized by translational invariance, i.e.,
our initial knowledge about all of the spins is the
same. Then r; ,(0) can only depend on j — k, and
no other dependence on j or k can be present at
later times. In that case it becomes convenient to
introduce the abbreviation

(59)

for the spin correlation functions. We shall consider
this translationally invariant situation first and then
return to the more general one presently.

In the uniform case the functions r,, are seen to
obey the relations

@/dat)ra(t) = —2ra() + Y{rm-(d) + rma()}
for m £ 0, and

Tm = Thk+m

(60)

ro(f) = 1. (61)

Aside from a trivial change of a factor of two in the
coefficients, this is precisely the sequence of equa-
tions we solved in the preceding section, for the
single-spin averages with the zeroth spin fixed. The
factor of two in the coefficients affects only the time
scale in which the functions change. In particular,
the equilibrium solution on the infinite chain is
again given by

Tm = 17", (62)

where 7 is the short-range order parameter mentioned
earlier. The time-dependent solution for arbitrary
initial correlations may be constructed immediately
from (58). For m > 0 we have

) = 0" 467 T O = o'

X {Tn-2vat) = Iniivat)}.  (63)

As a particular example of the type of problem
to which this result is applicable, we may suppose
that the spin system is suddenly subjected to a
change of temperature; i.e., after coming to equilib-
rium with a heat reservoir at temperature T, it is
suddenly placed in contact with another heat bath
at a different temperature 7'. In that case the initial
values of the r, are given by

r(0) = no = [tanh (J/RTV)]', (64)

and the way these relax into the equilibrium values
at temperature 7' is shown by (63).
We return now to the general problem of solving
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the two-index system of differential equations (31)
without the simplifying assumption of translational
invariance. The system is an inhomogeneous one
because of the condition 7, (f) = 1, which plays
a role similar to that of the fixed spin in the preceding
section. The translationally invariant equilibrium
solution r,; = 5'*™"', which we have just discussed,
clearly satisfies the system of equations. It can be
used as a particular solution to the inhomogeneous
system. To this particular solution, we must add a
general solution to the homogeneous system ob-
tained by supplementing (31) with the conditions
rs.x(t) = 0. The solutions to these equations may be
obtained and the boundary conditions met by
generalizing the methods of the preceding sections
to deal with a two-index array r; ,(t), i.e. a matrix,
rather than a linear sequence ¢;(t).

If, for the moment, we ignore the boundary con-
dition on 7 :(f) and assume that Egs. (31) hold
even for j = k, it becomes a simple matter to solve
the equations by using a two-parameter generating
function analogous to (39). We then find that if
all of the initial values of r; ,(0) vanish except one,
which is unity, i.e.,

70 = 8;18:m, (65)
the solution for r; ,(f) is
rid) = e_zatli—l(')’at)lk—m(')’at)- (66)

Such solutions may be superposed to secure the
appropriate initial values and to meet the condition
ro.x(f) = 0. To satisfy the latter condition, we must
generalize to a two-index array the method of images
used earlier.

The matrix r; .() is, or course, symmetric. How-
ever, it is quite convenient to think of it as if it were
antisymmetric. What we shall do is fix our attention,
for the moment, on the values of r; .(f) for j > k
and only attempt to deal correctly with these. We
assume that these matrix elements take on their
correct initial values but that the elements 7 ;(0)
are given by —r; (0) for j > k, and that r; ;(0) = 0.
The matrix r; , which is thus assumed initially
antisymmetric, maintains its antisymmetry at later
times and, therefore, always meets the condition
r; (&) = 0. In fact, it satisfies the sequence of
equations (31) including, in virtue of its antisym-
metry, the equation of the same form for j = k.
We need not be embarrassed, therefore, by our in-
clusion of the j = k equations in the arguments
leading to (66).

The basic set of solutions we seek, which meets
the initial condition (65) and the boundary condition
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r;.:(f) = 0, is just the solution (66) antisymmetrized
in the two indices [ and m, i.e.,forj > kandl > m

riall) = e‘“‘{l,--x o) I, m(yat)
— I;_(yat) I, (yat)}. (67)

The general solution to the homogeneous system is
obtained by superposing the solutions (67). In order
to solve the inhomogeneous system with which we
began, we must add the particular solution 5'~* to
the solutions we have just found. The form which
satisfies the correct initial conditions for j > k is

ralt) = 07" e DZ [r.m©) — 277

X {Ii—z(’Yat)Ik—m('Yat) - Ii—m(’Yat)Ik-z(’Yat)}: (68)

which is the general solution for the expectation
values of the spin products. When translational in-
variance holds, this solution may be seen to reduce
to (63) by applying the relation

I,,(Zx) = i Ib+m(m)1m(x)1

mm=—co

(69)

which is a special case of the addition theorem for
Bessel functions.®

TIME-DELAYED SPIN CORRELATION FUNCTIONS

The functions r; .(f), which we have discussed up
to this point, describe whatever tendency the pairs
of spins o; and ¢, may have to be correlated in
direction, on the average, at a particular instant
of time ¢. Not all of the spin correlations of interest,
however, have this instantaneous character. In
particular, variation of any one spin at a given
instant induces polarizations among its neighbors
which only become appreciable after finite intervals
of time. To describe correlation effects extending
over an interval of length ¢', we shall discuss the
functions (o;{f)s,(t 4+ t')), i.e. the expectation values
of the products of the stochastic spin functions o,
evaluated at time ¢, and o, evgluated at time ¢ + ¢'.

To evaluate these more general correlation fune-
tions we represent the values assumed by the spins
at time ¢ as o, +++ oy and at the later time £ + ¢
as of, * -+ of. The probability associated with the
spin values ¢, * -+ oy at time ¢ is p(ey, + -+ ow, 1),
i.e., the solution to the master equation which satis-
fies whatever initial conditions our physical knowl-
edge imposes. In order to carry out the averaging
correctly, we must also know the probability asso-
ciated with the final configuration ¢, --- o} at
time ¢ + ¢’. The question we ask in determining that

§ Reference 3, p. 361.
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probability is rather different from the one answered
by pley, - - on, t), since we assume that the spins
are known to have the values ¢y, -+« oy at time £.
The values oy, -+ oy are thus to be regarded as
initial spin values in determining the probability
of finding o}, - - - o at a time ¢’ later. We shall write
this conditional probability for finding of, -+ o}
asg play, -+ on | o, - -+ o). The expectation value
we seek for the product of two spins may then be
constructed by summing over all possible values

of the sets oy, -+ ox and of, - - o} as follows:

(o:Dart + ¢))

= W%q Do, -+ - oxb)oploy, -+ ox | o, -+ - oat)ol.
(70)

The part of this summation which is to be carried
out over the variables ¢, - -+ o} may be regarded
simply as the expectation value of the kth spin
when the spins are initially oy, - -+ oy. We may
then write

Zp("l: rtroN [ ‘7{)

{e'}

(), (71)

4 N ! o
e of, ol =

where it is understood that the initial values of the
g: are given by ¢.(0) = ;. For the case of an infinite
chain, the functions g,(¢') are given in terms of these
initial values by the general solution (43) as
@(t) = e Z ol (yat’).

By substituting (71) and (72) into (70) we find
(Us(f“)ﬁ‘k(t + t’))

= ¢ " i I i(yal’) Zp(ﬂ'n

Im—c fe}

72)

O'Nt)a,-o',. (73)
The summation over o,, --- oy, however, is just
the instantaneous correlation r;,,(f) defined by (19).
The time-delayed correlation function, therefore,
reduces to

©

‘Z 7 (D i (yet’),

-3

{e(Da(t + ¥)) = e (74)
where the functions r; ,(f) are given, in general,
by the results of the preceding section.

For the particular case of a system in thermal
equilibrium at temperature 7, the correlation func-
tion depends only on the interval ¢/, i.e.,

(aj(f)a'k(f/ + )y = et zf: 'yt (75)

The term corresponding to I = k — j is the only
contribution which would be present if there were
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no correlations between spins in the initial state,
as would be true, for example, for infinite tempera-
ture. The remaining terms of the series describe
the stabilizing effects upon the kth spin of the
polarizations which exist about it in the initial state:
For either sign of v, the addition of the effects of
neighboring spins in (75) makes the correlation func-
tion decrease in magnitude more slowly with in-
creasing ',

In all of our work to date, we have assumed that
we are in possession of some knowledge about the
system at an initial time ¢ = 0, and have sought, in
a probabilistic sense, to answer questions about the
bebavior of the system at later times. Of course,
the same questions may be asked in a reversed
sense. What may we say, on the basis of knowledge
at ¢ = 0, about the behavior of the system at
negative times? Since the dynamical properties of
our model are presumably reversible, there is no
need to construct or solve a new master equation.
The probabilities are simply even functions of time.
The time £ is to be construed more generally as |f|
in all of the probability functions we have calcu-
lated thus far. In particular, the time-dependent
spin correlation function (75) may be written for
t = 0 and arbitrary ¢ as

(Ot = 1 3 W e ). (70

SINGLE SPIN IN A MAGNETIC FIELD

It is not difficult to formulate the equations which
describe the behavior of our model when it is placed
in a uniform magnetic field, The influence of the
magnetic field H, which we suppose is parallel to
the axis of spin quantization, is to introduce a pre-
ference of the spins for either the & = 1 or the
o = —1 state. For the most simple case, in which
only a single spin is present, the transition proba-
bility from ¢ to —o may be written as

wle) = 3a(l — Bo).

If we equate the ratios of the equilibrium probabili-
ties calculated according to the stochastic model
and according to statistical mechanics, we find

=) _ we) _1—8c
(o) w(—~e) 1+ Bo
exp [—(uH /kT)o]
exp [(uH /kT)o]
— 1 — otanh (wH/KT)
1 + o tanh (uH/ET) *

@7
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where p is the magnetic moment associated with the
spins or, more concisely, we find the correspondence

B = tanhq(;zH /kT). (78)

The equation satisfied by the expectation value
of the spin is then

(d/dat)q(l) = B — a(D).

In the work that follows, it will be interesting to be
able to discuss the behavior of the spins in time-
dependent magnetic fields. Since the arguments of
statistical mechanics used in treating the Ising model
deal only with constant magnetic fields, we are free
in defining the stochastic model to choose any time-
dependence of the parameter 8 which yields (78)
when H is constant. The simplest way of defining
a time-dependent B is to retain the relation (78)
when H depends on time. The solution for the
average spins is then

(79)

t
a) = a0 + [ e pWadr,  (80)
where ¢, is a time at which ¢ is known initially.

SPIN SYSTEM IN A MAGNETIC FIELD

To construct a stochastic analog of the Ising model
in a magnetic field, we must first find an appropriate
set of transition probabilities. To this end we note
that the Hamiltonian of the Ising model is

= —pH D 0n—J 2 0ntns, (81)
so that, if the spins other than ¢; are considered as
fixed, the ratio of equilibrium probabilities for the
states —o; and o; is

pi(_a'i) _ €Xp {_(1/kT)°'i[J(0'i—x + 0;41) + MH]}
pi(o;) exp {(1/kT)o;[J(o;-1 + 041) + pH]}

_ (o) exp [~ uH/kT)o,]
w;(—o;) exp [(uH/kT)o;]’

where the identities (12) and (13) were used in
securing the latter relation. If we write the transi-
tion probabilities for the model in a magnetic field
as w/(s;), the detailed balancing condition at equilib-
rium requires

(82)

— &("01')

Pilo;)
_ _wi(ep[t — o, tanh (uH/KT)]
~ wi(—o)[1 + o, tanh (uH/kT)]

wi(ey)
w:’(_ai)

83)

Hence our model will approach the same equilibrium
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state as the Ising model if we choose
wi(o;) = wi(e)[l — o; tanh (wH/KT)]
= w;(e)(1 — Boy)
= 3ol —Bo; + 37 — 0))(0;1 F 0,01)}. (89)

The difference-differential equations satisfied by
the average spins and the average products are
easily constructed by means of (28) and (29). For
the average spins we find the sequence of equations

(d/dat)qi(t) = —qu() + B
+ 37[e () + @a(D)]
- %57[7'&—1,1:(15) + rk,k+l(t)];

which differs from the sequence (30) considered
earlier by the inclusion of the inhomogeneous term
B and, more importantly, through the inclusion of
the pair-correlation terms r,_,; and 74 ,,;. The
equations for the pair correlation are likewise found
to contain terms proportional to other correlation
functions, i.e., the single-spin expectations and the
expectation of the product of three spins. Such
equations appear, because of their mixed structure,
to be essentially more difficult to solve than those
treated earlier. It is not difficult, however, to solve
them in the limit of weak magnetic fields, ulH < kT,
and by doing so we are able to discuss the time-
dependent magnetic susceptibility of the system.

In the weak-field limit, the parameter 8 is pro-
portional to the magnetic field, 8 = uwH/kT. The
first-order changes of the averages ¢.(tf) may be
found from Eqs. (85) by using as a zeroth approxi-
mation for the functions r,., ; and ry 1., the solution
(68) derived for them in our earlier work. The equa-
tions for the ¢.(f) become in this way an inhomo-
geneous sequence, with the inhomogeneous terms
proportioned to H. The solution of these equations
is simplified considerably if we assume that the
model is in thermal equilibrium to zeroth order
in H, i.e., that the field induces only small departures
from equilibrium. In that case we have

(85)

(86)

which is independent of k, and Egs. (85) reduce to
the sequence

Pe-16 = e 41 = 9,

d
dal &= — @+ (G + @) + B0 — ). (87)
We shall assume, as before, that the definition of
B holds for time-dependent magnetic fields as well
as stationary ones. The inhomogeneous term in (87)
may also be written, by using Eq. (55), as
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_eHO)1 -7
3(1_7’7)— kT 1_}_172

The sequence of Eqgs. (87) differs from the sequence
(52), which we solved earlier, only by the inclusion
of this inhomogeneous term. Since the term is inde-
pendent of k, the particular solution required may
be chosen independent of k as well. Finding the
particular solution is then a matter of treating the
simplest of first-order linear differential equations.
The general solution to the sequence (87) for an
infinite chain is

() = e T ; Qi) i [ye(t — )]

(88)

2 ¢
+ i [ T Wy, 8)
where again we have let {, be the initial time. Since
the model is assumed to be in thermal equilibrium
before the magnetic field is turned on at time i,
the initial values of the ¢, may be taken to vanish.
The spin expectations therefore all have the value
given by the integral term of (89).

We now introduce the stochastic magnetization
function

M) = ; ox(8), (90)
whose average value is given by the sum
M) = u T a). (o)

If we let the initial time recede into the past,
lp, —» — o, the average magnetization obtained by
summing (89) becomes

KN1—qy r
KT 147" )_a

M) = e TV H(a dE . (92)
For the case of a magnetic field which varies har-
monically, H(f) = Hee '“‘, we may define a com-
plex, frequency-dependent magnetic susceptibility
x(w) via the relation

(M) = x(@He ™" (93)
The susceptibility is then given by
_#N1—7 a
X = T ol =) — i
_#Nl+17 ol —v (04)

KT 1 —nal —v) — iw

In particular, in the low-frequency limit w — 0, we
find the static susceptibility
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2J
kT’
which is the familiar resylt furnished by the Ising
model.

FLUCTUATION-DISSIPATION THEOREMS

It is interesting to note that our result (94) for the
magnetic susceptibility is closely related to the result
(76) for the time-dependent correlation function. If
we sum the correlation functions (76) over the indices
j and k by means of the generating function (35),
and multiply by u®, we find the time-dependent
correlation function for the magnetization,

(95)

MOUE)r = N L0100 (96)
The Fourier transform of this function is
(MO)M()) et dt’
_ ey ltn 201 —1)
= Il-Nl — na2(l —7)2+w2
= 2% 1 ), (97)

i.e., the imaginary, or dissipative part of the mag-
netic susceptibility is proportional to the Fourier
transform of the time-dependent magnetization cor-
relation function. We thus have in hand a par-
ticularly simple example of a fluctuation—dissipation
relation. Although the derivation we have given
depends on the explicit evaluation of the functions
involved, analogous relations are known to hold for
a wide class of mechanical systems. These relations
are derived from statistical mechanics by discussing
the way in which perturbations of the Liouville
equation affect the distribution function or density
matrix and the expectation values derived from
them. Since the model we are discussing, on the
other hand, is a stochastic one, our equations do
not follow the dynamiecs of the spin variables in
detail. In place of the quantum-mechanical Liouville
equation we have the master equation, which has
altogether different properties. Our model, neverthe-
less, does permit the statement of a number of
simple identities analogous to the fluctuation—dis-
sipation theorems of statistical mechanics, but dif-
fering from them slightly in form. Since these
relations may be of use in finding the effect of a
weak field upon the average values of quite general
functions of the spin variables, we shall derive them
here.

We denote the change of any quantity A induced
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by the presence of the weak magnetic field by the
increment symbol AA. The change of the transition
probabilities according to (84) is then

Aw;(o;) = wi(e;) — wilo;)

= —(uH/kT)o;w;(o;). (98)

The first-order changes of the quantities involved
in the master equation (27) are related by

- of, t)

d
d_t Ap(”{i *
= — 2o} 2 o {Awi(al)p(at, - -
1] ay!’
+ w,(o}’)Ap(at, - ai, D}

Now if p(sf, -+ af | 1, *++ oxt) is a conditioned
probability function in the sense described earlier,
i.e., it satisfies the unperturbed master equation
and reduces to J]; 8.,,,- for ¢t = 0, then it con-
stitutes a Green’s function for the sequence of Egs.
(99). If the initial time is — =, the solution to (99)
may be written as

on, b)) = =2 Dol 2 ot
at’’

e’} 1

4
a-;’, s Ox, t)

(99)

7
cay,

Ap(a»‘, cee

t
X f A'w,(a{’, t')p(a{, e 0'{,, e

o, )

X p(af, - -- s oy, b — V) dt. (100)

o | ou, o+

We next substitute the expression (98) for the
increment of the transition probabilities into (100)
and sum explicitly over the values of ¢”, finding

Ap(”l) tctON, t) = ﬁ(,z,; 120{

1
x [ H@) ot 0], -+ ol -+ i, V)
+ wl(_afy t')p(U{, e =i, o ow, t,)}

X plof, -+ cowy t— 1) dY. (101)

Ul\’rlal; .

The detailed balancing relation (83) assures us
that the two products within the curly brackets of
(101) are equal, i.e. that the probability increment
may be simplified to the form

oN, t)

Ap(oy, -+
t
= BT T [ O, - ok, e, 1)

X ploi, -+ o, £t — ) db. (102)

To evaluate the change induced by the magnetic
field in the expectation value of any function of the

'W\”la'l, toe
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o variables, F(oy, +* - on), we have only to multiply
Eq. (102) through by F and sum over spins o;.
The integrand on the right-hand side may then
be recognized as an equilibrium-state average of a
product of three stochastic functions. Expressed in
this way, the change of the average value of F
becomes

A(F[ai(8), «+ - an(D]

B 762?# j:‘w IE <Ul(tl)w‘ [o:(DIF[on(®), - - on(O)r

X H(t') dt’.

In particular, when the transition probabilities are
given by (9) we find more simply

A(F[oy(2), - -+ an(D])
= ﬁa(l - ) f_‘m ,Z () Flos(8), - - on(®)Dr

X H(') dt'. (104)

If the function F is taken to be the magnetization,
we find that it obeys the relation

MM () = (M)

(103)

- %“(1 - f_ ; (M@E)M(e)H) dv’. (105)

Since the equilibrium state is stationary, the thermal
average in the integrand can only depend on ¢ — #'.
Hence for the case of a harmonic field H(f) =
Hoe ", we find

xw) = kl?‘”(l -7 fo i (M@O)M(t))e'“* dt.  (106)

The foregoing relations are rather similar in
structure to the complex forms of the fluctuation—
dissipation theorems of statistical mechanics, and
furnish us with similar information. They differ
from those relations, however, in two respects
illustrated by comparing (97) and (106). The former
equation relates the imaginary part of the suscepti-
bility to the transform of the correlation funection,
while the latter relates the real part to it with a
different proportionality constant. Although both
types of relation hold true for the model at hand,
it is interesting to see how the difference between
them arises. For this purpose let us consider the
stochastic function

L(t) = —2u Z a'm(t)wm(a'm: t)’

(107)

The expectation value of L is the time derivative
of the average magnetization. To see this, we use
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(28) to write

L0y = w T %0 = L 01@). (0g)

The function L(f) itself, however, is not the time
derivative of M(t). If it were, the substitution of
M) for it in (103) would lead to precisely the
relations furnished by discussions based on the
Liouville equation. The relations we find instead
are evidently quite similar in content.

ALTERNATIVE METHOD AND GENERALIZATION

It may be of interest to mention briefly another
way of studying Markoff processes, one rather dif-
ferent from the preceding discussion. The 2" values
of the probability function p(ei, - - - ow, {) may be
regarded as the components of a vector p. Then by
suitably defining the elements of a matrix M, we
may write the master equation (27) in the form

(d/dt)p = Mp, (109)

which suggests that p is a superposition of eigen-
vectors p*’ which satisfy

Mp(n) = —V.p'(')- (110)

One eigenvector, at least, is quite well-known to us.
The probability distribution for the Ising model at
equilibrium, the normalized Maxwell-Boltzmann dis-
tribution, corresponds to the eigenvalue » = 0. It is
p oy, -+ o) = Z7" exp [(J/kT) IZ 710141], (111)
where Z, the normalizing factor, is the partition
function.

Other eigenvectors may be sought by multi-
plying p’ by sums of products of spin variables
with undetermined coefficients. For example, if we
write

pu)(o'ly Tt Oy t) = Z ai(t)aipw)(o'n e

i

O’N), (112)

we find that the condition that this form satisfy
(109) is that the functions a;(t) satisfy the same
sequence of equations (30) as we discussed earlier
in connection with ¢;({). The mode functions {f,
where (. is given by (46) therefore furnish us with
N different eigenvectors corresponding to roots »,,
given by (47).

The eigenvectors which are constructed by multi-
plying p‘®’ by higher-order polynomials in oy, - - - ow,
are somewhat more complicated in form, and will
be discussed in a later publication. The eigenvalues
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to which they correspond are fairly simple, however.
The eigenvectors which are formed from the products
of rth degree polynomials with p© have eigen-
values

V=Vp, F+ V. + - T, (113)

where the »,,, are given by (47), and the set of inte-
gers m,, -+ m, is selected from 0, 1 --- N — 1
with no repetitions. The number of such eigenvalues

is given by the binomial coefficient (J:’) . The full

set of 2V eigenvalues is obtained by allowing r to
range from 0 to N.

In particular, the largest eigenvalue is obtained
for r = N and is v = N. The eigenvector for this
case is simply proportional to

N
p(m(an ceeon, B) = H a7 (114)
=1

All of the foregoing discussion has been restricted
to the case of nearest-neighbor coupling among spins
in order to make contact with the familiar studies
of the Ising model. The coupling may be extended
to include the first n nearest neighbors by intro-
ducing the transition probability

w;(o;) = %‘1{1 — 30; Z;'Yt(‘fi—l + Ui+z)}y (115)

where Zl lvil € 1. The methods of the preceding
sections deal equally with the equations which follow
from this more general type of coupling. The only
significant change is that the quadratic equation,
(55), for the short-range order is replaced by an
equation of 2nth degree which has n roots #,, - -+ 1,
with absolute value less than unity. The equilibrium
solution for the average spins, when the zeroth spin
is fixed, is then an expression of the form

% = _Z:Cm’;) (116)
where the coefficients ¢; must be determined from the
condition g, = 1 and the equations for ¢;, -+ - ¢,_;.
These spin averages then determine the equilibrium

spin correlations r; , in precisely the way described
earlier.
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APPENDIX

We have already noted that other forms of the
transition probability than (9) are capable of bring-
ing the stochastic model to the same equilibrium
state as the Ising model. The condition that such a
transition probability w;(¢;) must satisfy is that the
ratio w;(s;)/w;(—e;) be equal to the equilibrium
probability ratio (12). If we assume that w;(s;)
depends symmetrically on the two neighboring spins
o;-1 and o;,, as well as on o;, then the condition
just mentioned may be regarded as a functional
equation for the transition probability. Its most
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general solution is given by the form
wi(o;) = 3afl + do;_10,0
— 31 + 8oi(o;n + o}, (117)

in the absence of any magnetic field. In this form
the parameter ¥ must still be identified with the
constant (17), but the parameter § has no analog
in the discussions of the Ising model at equilibrium,
and may evidently be chosen arbitrarily. It was
assumed to vanish in our discussions of the time-
dependent model since its presence materially com-
plicates the equations for the spin expectation values.
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In this paper we rederive, by simpler methods, the Onsager-Kaufman formulas for the correlations
and the Onsager formula for the spontaneous magnetization of the rectangular two-dimensional
Ising lattice. The Pfaffian approach is used to derive the correlations in terms of Pfaffians, and for
the correlations in a row a single Toeplitz determinant is obtained which is proved equivalent to the
Onsager-Kaufman result. The spontaneous magnetization is obtained as the limiting value of an
infinite Toeplitz determinant and its evaluation is facilitated by use of the generalization of a result

first published by Szego.

N the days of Kepler and Galileo it was fashion-

able to announce a new scientific result through
the circulation of a cryptogram which gave the
author priority and his colleagues headaches. Onsager
is one of the few moderns who operates in this
tradition.

This paper concerns, among other things, the
Onsager formula'

M=Q1-k ©)

with
k = [sinh (2J,/kT) sinh (2J,/kT)]™,

for the spontaneous magnetization of a two-dimen-
sional Ising ferromagnet. This famous Onsager
cryptogram required four years for its decipherment.
It was first exposed to the public on 23 August 1948
on a blackboard at Cornell University on the oe-
casion of a conference on phase transitions. Lazlo
Tisza had just presented a paper on the General
Theory of Phase Transitions. Gregory Wannier
opened the discussion with a question concerning
the compatability of the theory with some properties
of the Ising model.” Onsager continued this discussion
and then remarked that—incidentally the formula
for the spontaneous magnetization of the two-
dimensional model is just that given by (0). To
tease a wider audience, the formula was again
exhibited during the discussion which followed a
paper by Rushbrooke at the first postwar IUPAP

* Part of this work was done while two of the authors
(Elliott W. Montroll and John C. Ward) were visitors at
the Brookhaven National Laboratories.

t Onleave from the University of Adelaide, South Australia.

U L. Onsager, Nuovo Cimento, Suppl. 6, 261 (1949).

2 Onsager’s celebrated derivation of the partition function
of the two-dimensional model is in Phys. Rev. 65, 117 (1944).

statistical mechanics meeting in Florence in 1948;
it finally appeared in print as a discussion remark
in reference (1). However, Onsager never published
his derivation. The puzzle was finally solved by
C. N. Yang® and its solution published in 1952.

Yang’s analysis is very complicated. While many
derivations of Onsager’s thermodynamic formulas
exist and are often presented in statistical mechanics
courses, no new derivation of (0) appears in the
literature nor is it considered to be appropriate as
a classroom exercise.

In the main part of this paper we use the Pfaffian
approach to derive the results of Kaufman and
Onsager* and of Potts and Ward® on Ising spin
correlations; we also show the equivalence of the
apparently different formulas obtained in these two
papers. This paper is essentially a continuation of
the preceding one by P. Kasteleyn® on the Pfaffian
approach to the dimer and Ising problems where
it is shown that various combinatorial problems of
the Kac and Ward’ formulation of the Ising problem
are avoided in the use of Pfaffians. The connection
between the Ising problem and Pfaffians (and the
“bathroom tile” lattice) was first noticed by Hurst
and Green.*® A rather detailed exposition of the
Kasteleyn work is included in a survey of “Lattice

3 C. N. Yang, Phys. Rev. 85, 808 (1952). See also C. H.
Chang, Phys. Rev. 88, 1422 (1952), where the result for
the rectangular lattice (different vertical and horizontal
interactions) is obtained.

¢ B. Kaufman and L. Onsager, Phys. Rev. 76, 1244 (1949).

§R. B. Potts and J. C. Ward, Progr. Theoret. Phys.
(Kyoto) 13, 38 (1955).

s P, W. Kasteleyn, J. Math. Phys. 4, 287 1963.

7M. Kac and J. C. Ward, Phys. Rev. 88, 1332 (1952).
(19:5 8 A. Hurst and H. 8. Green, J. Chem. Phys. 33, 1059

9 See also A. M. Dykhne and Yu B. Rumer, Soviet
Phys—Usp. (English transl.) 75, 698 (1962).
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Statistics” which has been prepared by one of the
authors.'

We also present the details of a decipherment of
the Onsager cryptogram (0) using a theorem on the
evaluation of the determinant of a certain class of
Toeplitz matrices. Evidentally, this is one of the
methods used by Onsager himself. Mark Kac alerted
the authors to a limit formula for the calculation of
large Toeplitz determinants which happen to be of
a type which appear naturally in the theory of
spin correlations of a two-dimensional Ising lattice.
This formula was first discussed by Szego."* Perusal
of the Szego paper shows that the problem was
proposed to Szego by the Yale mathematician S.
Kakutani who apparently heard of it from Onsager.
So, we wish to complete the circle from Onsager to
Kakutani to Szego to Kac to us and now back to
Onsager in this Onsager anniversary issue of the
Journal of Mathematical Physics. Incidentally,
Onsager promised the editor of this journal a manu-
seript on Toeplitz matrices for its inaugural issue.
It has not yet arrived but we know it will be worth
waiting for.

1. THE PARTITION FUNCTION

The partition function of a two-dimensional
rectangular Ising lattice of N spins is given by

Z = E H exp (K10'a,pﬂ'a,ﬁ+1 + Kza'a,ﬁa'aﬂ.ﬁ); (1)

o==]1 n.n.

where ¢.,; = =1 signifies the state of the spin at
lattice site (@, 8), &=kTK, is the energy of inter-
action between horizontal pairs of neighboring spins,
and =kTK, that between vertical pairs [see Fig.
1(a)]. The product is taken over all nearest-neighbor
pairs and the summation over all N spins. If one
defines

21 = taunh Kl; g2 = ta:nh Kz, (2)

10 E. W. Montroll, ‘“Lattice Statistics,”” to appear as a
chapter in a book entitled Applied Combinatorial Mathe-
matics, edited by E. F. Beckenbach.

11 G, Szego, “On Certain Hermitian forms associated with
the Fourier series of s positive function,” Communications
du seminaire mathematique de l'université de Lund, tome
supplementaire (1952) dedié a Marcel Riesz p. 228-238.
See also V. Grenander and G. Szego, Toeplitz Forms and
their Applications (Universiﬁr of California Press, Berkeley,
California, 1958), as well as M. Kac, Duke Math. J. 21 (1954).

12 In general, the notation of this paper will follow that
of the review article by Newell and Montroll.1® The variables
K, and K; are chosen instead of K and K’ to avoid an in-
consistency in the use of this notation in the review article
and in Kaufman’s paper.!t To compare our results with
Kaufman and Onsager’s! it is necessary to take K; = H’ and
K, = H, and to compare with the results of Potts and Ward,*
take K, = Hg and Kz = H;.

13 3, F. Newell and E, W. Montroll, Rev. Mod. Phys. 25,
353 (1953).

14 B, Kaufman, Phys. Rev. 76, 1232 (1949).
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F1e. 1. The rectangular Ising lattice. (a) A typical site
(a, B) and its neighbors; the spin at (g, 8) interacts with
the spins at the nearest neighbor sitesa = 1, 8and a, 8 & 1.
(b) By giving structure to the lattice sites, the “bathroom
tile”” lattice is obtained. The arrows give a ible set of
directions which force a correct counting of polygons on
the lattice.

then the partition function may be written
Z = (cosh K, cosh K,)" Z H (14200,400.801)

X (1 + zzo'a.ﬁanﬁ-l.ﬁ)' (3)

As shown by Kasteleyn,® this partition function
can be evaluated by constructing a Pfaffian P(A)
which counts dimer configurations on the ‘“‘bathroom
tile” lattice obtained from the rectangular lattice by
giving structure to the corners as illustrated in
Fig. 1(b). The value of the Pfaffian is calculated
from the property that its square is the determinant
of a skew-symmetric matrix A so that

Z® = (2 cosh K, cosh K, |A|. @

The 4N X 4N matrix A has the usual doubly cyclic
structure reflecting the symmetry of the rectangular
lattice and its nonvanishing elements are 4 X 4
matrices with the explicit values

R L U D
R 0 1 -1 -1
L 1 —
Ale, B;a, B) = 0 1 =11
U 1 -1 0 1
D 1 1 -1 0
0 2 0 0
A, B0, + 1) = 0 0 0
0 0 0
0 0 0 0
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0o 0 o0 0]
Mes+Lap= |72 0 0 O q
0 0 0 0
0 0 0 0.
0 0 0 0]
0
A, Bia+1,8) = 0 0 0 0
0 0 0 2,
L 0 0 0 )|
0 0 O |
Aa+1,808= | ° 0 0 Q)
' 0 0 0
(. 0 0 "’22 0.

The arrow directions in Fig. 1(b), which are chosen
to force a correct counting of the dimer configura-
tions, enable one to write down these 4 X 4 matrices
by inspection; it is only necessary to remember to
use positive signs when a bond from a Right, Left,
Up, or Down corner to another corner is in the
direction of the arrowhead and negative signs other-
wise. The value of [A] is easily determined from the
determinant of

A(¢17 ¢’2) = A(O; O; 0; 0)
+ AQ,0; 1, 0)e™ + A, 0; —1, 0)~**
+ A0, 0; 0, 1)e** + A(0, 0;0, —1)e***

0 142" -1 -1

_ -1 —ze” 0 1 -1
1 ~1 0 14 2™ -

1 1 —1—ze 0
(10)

In fact, for large N,
N ~
In &1 ~ s [ 1n 1AGy, 691 dbu dew, (1)

where
IA(¢1; ¢2)‘ = A(¢y, ¢2) =1+ zf)(l + zg)
— 22,(1 — 20) cos ¢ — 22,(1 — 23) cos ¢,. (12)

In view of Eq. (2), these equations immediately
lead to Onsager’s celebrated formula®

N'lmZ~1In2+ (—2;1;)—, ff In (cosh 2K, cosh 2K,

— sinh 2K, cos ¢,

— sinh 2K, cos ¢,) d¢, ds @13)
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for the partition function of the rectangular Ising
lattice.

2. CORRELATION FUNCTIONS

The two spin correlation functions for a pair
of spins located at sites (1, 1) and (1 + I, 1 + m)
is defined to be

(01.10141,14m) = Z_I(COSh K, cosh Kz)N
X Z 01,101+1,1+m

gms]

X I @ + 20200801 + 200 500010 (14)

Since boundary effects can be neglected for an infinite
lattice, the correlations depend only on the relative
separation of the spins and {oi/.m'Cirsi.mem) =
(01,16141,14m). The extra factor in (14) is advan-
tageously written as

01,10141,14m = (0'1,10'1.2)(0'1.27:.3) fee (Vl.mo'l,um)

X ("'1.1+m¢72,1+m)(0'2.1+m03.1+m) e (0'1,1+m0'1+z.1+m)

m 1
= I,_Il (Ul.m'ﬂ'x,um') 11]1: (0'1',1+m0'1+z'.1+m), (15)

a consequence of ¢° = 1, which also implies identi-
ties'® such as

0up0a.p+1(l + 2104.004,541)

= z(1 + zl_la'a.ﬁﬂ'a.ﬁn)- (16)

Equation (14) can then be written

Zzl_mzz_z(o’l,10'1+z.1+m>

= (cosh K, cosh Kp)¥ X JI (1 + #'c1.mr10m?)

gma] miw]

l
x H (1 + zz_xa'l’.l+m‘71+l'.1+m)

(AR 3%

X II' (1 + zlo'a,ﬁo'a.ﬂ+l)(1 + Zzﬂ'a.aa’an.ﬁ); (17)

where J]’ ... is the product over all nearest-neighbor
pairs not included in the first two products. The

16 The importance of these identities in the simplification
of the Potts and Ward analysis of correlations has been
observed independently by H. S. Green. While this paper
was being prepared, we received a copy of a manuseript b
H. S. Green and C. A. Hurst on the same subject. Althoug
their treatment of correlation is similar to ours they have not
taken advantage of the theorems on Toeplitz forms which
are so helpful in spontaneous magnetization calculations.
Their paper is to be published in a Max Born Festschrift
issue of Z. Physik. :
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right-hand side of (17) is now precisely the expression
(3) for the partition function Z, except that z, is
replaced by z;* for all factors corresponding to the
horizontal pairs between (1, 1) and (1, 1 + m)
and z, by z;* for vertical pairs between (1, 1 + m)
and (1 + I, 1 + m). The correlations can therefore
be evaluated by constructing a skew-symmetric
matrix A 4+ § and using (4) to give

A| 2772 " (o1 1014104m)” = |A + 8],  (18)

or

(01.10101.14m)” = 21725 [T+ A8 (19)

All elements of the skew-symmetric matrix § are
zero except those at which 2, or z, are replaced by
27! or z;', and there are in all 2] 4+ 2m nonzero
elements with values (27" — 2,) and +£(5;' — 2z.).
Since most of the 4N X 4N elements of d are zeros,
(19) can be much simplified.

To illustrate this simplification, suppose that the
only nonzero elements of § are d,, and &,;, so that
(a7; representing an element of A™")

(o o o
I + A—la — I+ a;ll a;21 a;31
az 03_21 aa_sl
(0 &2 O
% 0y O 0
0O 0 O
14+ a8 auds, O
- a§§6m 1+ a_2:612 0
a;;aﬂ 0_3;512 1
1
Then,
]I + A—lsl — 1+ a_ul»azl 011512
a;;621 1+ a;;alz
_ [1 0} +[a:i azé}[o an}
01 an aplé, 0
= [I + Qyl, (20)

where y is the submatrix of & obtained by taking
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only those rows and columns which contain nonzero
elements and Q is the submatrix of A™' obtained by
taking these same rows and columns. It is important
to note that on the left-hand side of (20), I refers
to the unit matrix of order 4N; while on the right-
hand side it refers to the unit matrix of order 2.
This should not cause confusion, of course, as I
must be of the same order as the matrix to which
it is added.

Returning to a consideration of Eq. (19), we can
now replace it by

2 2m_ 21
<01.1¢T1+1.1+m> =2 22

I+ Qyl,

where y is the skew-symmetric matrix of order
2l + 2m which is the submatrix obtained from &
by choosing only those rows and columns in which
nonzero elements appear, and Q is the skew-sym-
metric matrix of order 2l + 2m which is the sub-
matrix of A™' formed with these same rows and
columns.
If now we write

I+ Qyl = Iy + Q| lyl

and observe that since y is skew symmetric, as is
y ' and hence y™' + Q, we can write

(21)

(22)

I+ Qy| = [PG" + QPWT, (23)
and hence
(0110141, 14m) = :EZTZ;P(Y-! + Q)P(y). (24)

The appropriate sign is chosen to make the cor-
relation positive. '

In general, of course, it is easiest to calculate the
Pfafians as the square roots of the determinants
of the skew-symmetric matrices; but it will be seen
that P(y) is simple to determine as is P(y™* 4 Q)
when either I or m is zero. Before proceeding to an
illustrative example we shall determine A~ as re-
quired for the evaluation of Q.

3. THE INVERSE MATRIX

Because of the simple structure of A, its inverse
can be easily obtained as

1

Yo ’. o
A", B ja, B) = (21r)2
X ff gt EDRIATIG, | 6,) déy dib,, (25)

where A™'(¢1, ¢,) is the inverse of the matrix
A(p, ¢,) given by -
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R L U D
R 24z, sin ¢, b + b* — abb* 2 — ab* 2 —ab
- 1 L|-b*~—0b-+a*d*d —2izsin -2 4 a*b* 2 — a*b
A7 (g1, 62) = 2. 4) + 1 S 1 + ¢ , (26)
BAGA —2 + a*b 2 - ab — 24z, 8in ¢, a + a* — aa*b
D —2 4+ o*b* -2 4+ gb*  —g* — g 4 a*ab* 2z sin ¢,
with _ . RL element of 8(1, 1;1,2) = 2! — 2z,
a=1+ze" b=1+2z", LR element of §(1, 2; 1, 1) = —(2;* — 2z,).

b+ b* — abb* =1 — 25 — z,e’*(1 -+ 23 + 22, cos &),

and

Ay, ¢2) = (1 + (A + 2) @7

— 22,(1 — 2}) cos ¢, — 2z,(1 — 23) COS .

It will be seen that A™'(¢/, 8'; a, 8) is a function of

the differences &« — o’ and 8 — §’ and we shall find

it convenient to introduce the abbreviated notation
A_'(a', B’; e, Brr = fe — a8 — B8lze (28)

and so on. Because A(gy, ¢:) is an even function of

¢, and ¢a,

[0: Blrr = [O, ﬁ}LL = {Gfx Olpy = [05; Olop = 0. (29)

To prove these relations we can show, for example,
that

o iz [T —iggs [T o SiING
[0: ﬁ}}l}t - (21!')2 o d¢23 e d¢1 A(¢1,¢2) 0'
Also, since b + b* — abb* = — (—b* — b + a*b*b)¥,
[0, 5]m. = _[0, “'mm
and similarly
[Ol, O]UD = - [—ay O]DUs (30)

and other such identities. The matrix elements can
be expressed in terms of complete elliptic integrals
by using the F functions discussed in Appendix A.

4, THE CORRELATION (61,1471,1)

We are ready to begin calculation of the correla-
tion functions and by way of illustration we shall
carry through the computation of {(¢,,,0y,2) in detail.
In this case one can write down the nonzero ele-
ments of & from inspection of Fig. 2 and the matrices
(6) and (7):

4 4
g% L2 %
R L
{a} (b}

Fra. 2. The altersed bond used in ealeulating (¢1,101,2): (8) on
the Ising lattice, and (b) on the “bathroom tile'’ lattice.

From 8 we now form the submatrix y, using only
the rows and columns of & which contain nonzero
elements, obtaining the skew-symmetric matrix

1,DR 1, 2L
;= (DR

[ 0 2t - zl]
(1,2L L—G" —a) 0

= (zfl —z,)[ 0 1:}.
-1 0

The 2 X 2 matrix Q obtained from A™ by omitting
all rows and columns except those labeled (1, 1)R

and (1, 9)Lis
0,0z [0, llm}

Q =
—{07 _I]LR {Or O}LL

which, by use of (29) and (30), reduces to the skew-
symmetric form

(31)

(32)

0= 0 D 1}“} (33)
~ [0) ”RL 0
To obtain the correlation
(61.101.2) = :*:zlp(y-x + Q)P(y) (34

as given by (24), we require the Pfaffian of y and
the Pfaffian of

y'+Q
- [ 0 — @' =z)"+[0, IJRL]
@' —2)" 10, 1]as 0
(35)
Since the Pfaffian'® is the square root of the de-
terminant of the associated antisymmetric matrix

P(y) = z' — 2, (36)
and

1% There is more than one rule for evaluating Pfaffians,
Perhaps the mathematical physicist should prefer that
suggested by Thomson and Tait in their Treatise on Natural
Philosophy (Cambridge University Press, Cambridge, Eng-
land, (1879). In the 1962 Dover republication under the title
Pnggzplea} g a%efhaégs ac]zsnd é)y%amics,uthelee appears on

. o . o E. Caianello, Nuove Ci
Buppl. 14, 177 (19509, imento,
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PG+ Q = —G"'—2)" + 0,1l (&7
Substitution into (34) gives

(01.101.2) = :bzl(z;l - 21){_(21_l - 21)_1 + [0, 1]RL}
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= x{z — (1 - zf)[O, I]RL}- (38)

If now we introduce the double-integral expression

for the inverse matrix element [0, 1]gy, this formula

becomes

e_w’[l _ ZZ _ 2161'4“(1 + zg + 22, cos ¢,)]

1 * 2
Craa) = gy ff_, 4= A~ TTAAF 2 = 25l — 2) cosdn — 25(1 — 2) oos g5 0

22,1 + 25) — 41 — Be™** — (1 — 25)e ™

1 ~
= :i:(21r)2 f 1+ 2)°A +2) — 20 — 2) cosg, — 22:(1 — 23) cos ¢, dey dos,  (39)
_ _!_ T
- or f_, € dw; (40)
where 8*(w) is the function introduced by Onsager.’ for T<T,
It can be expressed in terms of 2, and 3 (44)
- (1£%) {k—-‘ Lrw + l}
2=0-2)/1+2) (41) k 4 )
as for T >T,,
. ) where :
- z2%e’” — 1)(ze’” — 2% shh? ;
2 = ((el.v.. ., z*))(i*e"w —z) 42) k= { 1/sink” 2K) if T <T.
A ! sinh’® (2K) if T>T..

The positive sign is chosen in (40) since it is known
that as T — 0, * — 0 and (0'1.10'1_2> — 1.

The explicit evaluation of (39) can be carried
out as shown in Appendix A, since in the notation
used there,

(0'1.101.2> = 221(1 + Zz)Fo.o

- Zf(l - z:)FD.l -1 - zg)Fo.—l- (43)
For the special case when 2, = 2,, the following
results, in agreement with those of Kaufman and
Onsager,™ are obtained:

1 —

m

(0'1.10'1.2> = (1 + k)*{ b K(k) + ‘;‘}

R
G, @2

an [ o 0

Rl @2 0 0

y =@ —2). (1, m) 0 0
1,2 -1 0

Li @ 3) 0o -1

@, 1+mL o0 0

In these formulas, K(k) is the elliptic integral of
the first kind.

5. THE CORRELATION (0'1'161'1.},,,.)

The above analysis can be easily generalized to
obtain the correlation {s;,101,1+=) for any two spins
in the same row. The nonzero elements of & are
obtained from an inspection of Fig. 3 and the
matrices (6), (7):

RL element of 8(1, m’; 1, 1 4+ m') = z;* — 2,

LR element of 8(1, 1 + m/; 1, m’) = — (5! — 2,),

m =12 --- m.

The 2m X 2m skew-symmetric matrix y is therefore
given by

L
ad,m 1,2 (@,3) 1,1+ m)
0 1 o - - 0
0 0 1
0
) (45)
0 0
-1 0 0 o
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or (46)

y=(@" — z;)[ 0 I}

-1 0
in obvious generalization of (31). The 2m X 2m
matrix Q obtained from A~ by omitting all rows
and columns except those in y is

(b) B 0 S (47)
F1a. 3. The altered bonds used in calculating {o1,101,14m): (a) on Q= ’
the Ising lattice; and (b) on the “bathroom tile’ lattice. —-S 0
where S is the m X m matrix
i [0, 1]rL [0, 2] [0, 3]ar [0, m]ry,
[0, Olre [0, 1]z [0, 2]aL [0, m — 1]gL
5= 0, -1 0,0 0, 1lxs 0, m — 2 |- 48)
L[0,2 — mlar [0,3 — mlay [0,4 — mlar 0, e

To obtain the correlation
(01.101.14m) = E2TP(Y + QP()
as given by (24), we require
P(y) = (@' —2)",
and
PG+ Q = |~G" ~2)7T+ 8|
In deriving (51), we have obtained from (46),

_ zl)-llio ——I}.
1 0

Substitution into (49) gives the result
(01.101.05m) = £l — (1 — 2D)8|.

By defining

z — (1 = 2)[0, sz,

-1 ~1

y = (=1

(49)

(50)

(61

(52)

(83)
(54)

(55)

am—l

Q2

Om—3 ]

a, =
a, = —(1 = 2)[0,1 + rlas,
a, = —(1 = 20,1 — rla
r=1,2,---,m—1,

the correlation can be written as the Toeplitz
determinant

Qo a, [+ 23

a., G a,
(01101 14m) = | Gz Gy Qo

Gomr1i G-myz Gemas

Qo

(56)

where the plus sign is chosen to render the correla-
tion positive. The value of g, in terms of the function
8*(w) has been found in (40) and, by an integration
similar to that performed, there are obtained

a, = 21—7r f_' e e’ ) dy, (57
so that the @, are the coefficients in a series ex-
pansion of e**".

The form (56) for the correlation is the same as
that obtained by Potts and Ward;® yet in the
Kaufman-Onsager* result, two Toeplitz determi-
nants appear. The identification of these two appar-
ently different results is carried out in Appendix B.

6. THE CORRELATION ({(o;,102,2)

Before calculating the general correlation function
we shall sketch the derivation of the correlation
(01,102,2). Inspection of Fig. 4 assists one in writing
down the nonzero elements of & as

RL element of 8(1,1;1,2) = 2z — 2,
LR element of 8(1, 2; 1, 1) = —(z* — z),
UD element of 3(1, 2; 2, 2) = z;* — 2,
DU element of $(2, 2;1,2) = —(2;' — 2,).

()
£ % \
" u
IR 12| / 7]
_ [

(o ®)

F1c. 4. The altered bonds used in caleulating (01,102,2): (a) on
the Ising lattice, and (b) on the “bathroom tile’ lattice.
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The matrix y is, therefore, and
0 0,1 0,1 11
(1’ I)R (1, 2)L (1’ 2)U (2, 2)D [ ]RL [ ]RU [ ]RD
1, DR 0 - 0 0 Q= —[0, 1]as 0 [0, 0]y [1,0]p
s 2 —z '
(1 2)L ( -1 ) l 0 1 0 0 _[0' I]RU _[07 O]LU 0 [1: O]UD
s —(z ' —z
y= o ) —[1, 1o —[1,0l0 —[1,0lcn O
(1,2U 0 0 0 %' —2 (59)
2,2D 0 —('—2) O Since P(y) = (¢ — 2)(5" — 22) (60)
(58) and
0 —(& — 2! 0 0
y—l = (Zl_l - 21)—1 0 0 | 0 ’ (61)
0o 0 0 —@' —z)"
0 0 (a' — 2)7" 0
substitution into (24) gives .
<0'1.10'2.2> = (1 - 2?)(1 - 23) X I_(zl-l - 21)-1 + [O: l]RL [0; 1]RU [1, I]RD
[O) O]LU [1) 0]LD y (62)

the last factor on the right-hand side being the
symbol for the Pfaffian P(y™" + Q). We shall not
evaluate this explicitly but proceed to the general
correlation.

7. THE CORRELATION (01,10141,14m)
In the general case, the nonzero elements of § are:

RL element of 5(1, m’; 1 + m') = z' — z,
LR element of (1, 1 + m/; 1, m) = — (27" — 2z,),
UD element of 3(', 1 + m; 1 + V', 1 + m) =

2t — 2,
DU element of (1 + I/, 1 + m; I/, 1 + m) =
_(zﬁ;l - 22),
where m’ = 1, 2’ e, mand I! = 1’ 2’ SRR l
[see Fig. 5].

The matrix y is obtained by choosing from § the
21 + 2m rows and columns ordered as

1, DR, 1, 2R, --- , (1, mR,
then

1, 2L, 1,3L, ---,1,1 + mL,
then

‘(1; 1+ m)Uy (2; 1+ m)U) e ;(l; 1 + m)U7

_(3;1 - zz)_l + [1: Olup

and finally
(271 + m)D’(311 + m)D; e )(1+l:1+m)D
In generalization of (58), (60), and (61),

1+L)¢mo
1+L1+m

D

z'; <U

PR b

Z
P
Wl 2 et tpem
(a)

Z

éé_«ﬂ\
c c\l/c

N
LNR

{b)

AN
\]RL[/R

Fia. 5. The altered bonds used in calculationg (o1,10141,14m):
(a) on the Ising lattice, and (b) the “bathroom tile” lattice.
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R L U D
R 0 (' — 21, 0 0
— 1 —
y = L (2 FA) . 0 0 0 (63)
U 0 0 0 (' — z), |,
D 0 0 —@' — 2 0
Py = @' — 2)"@ — 2), (64)
and
0 - — 2) ', 0 0
-1 _ -1
y'l = (&1 2) 1, 0 0 0 ) (65)
0 0 0 —@' — 2L
0 0 (&2' — 20)7'1, 0
The correlation is therefore given by where
— 2™ - A\ -1 T
<0'1.1‘71+l.1+n> - :E(l zl) (1 22) P(Y + Q)' (66) G(f) —_ exp 2L f ln f(w) dw, (69)
As the matrix Q is quite complicated in the general Gl
case, we shall not proceed further with this calcula- and
tion except to make one remark. It is not necessary © v
to go from 1, 1to 1 + [, 1 4 m along the horizontal In flw) = _E_m ko™ (70)
line and then the vertical line; any other path con- o
necting the two sites may be chosen. In certain In the present problem, f(w) = €' and hence
cases other paths may give a simpler matrix y* + Q 1 7.
whose Pfaffian has to be determined. For example, G(f) = exp o f_ 1% dw = 1, (71)

for caleulating (o, 10y,:,:+:) it is convenient to pro-
ceed from site (1, 1) to (1, 2) than to (2, 2), (2, 3),
(3, 3) and so on in a staircase fashion.

8. SPONTANEOUS MAGNETIZATION

The spontaneous magnetization of the Ising model
can be obtained from the formula

]lf2 = lim (0'1,10'1,1+m); (67)

and the representation of the correlation function
as the Toeplitz determinant given by (56). The
method we use is that alluded to in the footnote in
the Potts—=Ward paper.” It is known from the
theory of these determinants' that if D,(f) is the
determinant of a Toeplitz matrix'’ whose elements
are the coefficients in the Laurent expansion of a
function f(w) then

. Du(f) ( > )
= k.,
}nl_i-; G(f)m+l eXp 12 n n )

17 Actua.] Eq. (68) has not appeared in the literature.
The work 027 Szego!! is restricted to the case of Hermitian
Toeplitz forms so that the k.k_. of (68) appears as knk.*
in his paper. However, the methods discussed in the Kac
article can be applied immediately in the general case to
derive (68).

(68)

5* being an odd function of w.
To determine &, we require the Fourier expansion
of

(zlz — 1D)(z,e'* — 2%)

D e — 228 (2%’ —z)
where we use the formula (42). Different expansions
are required depending on whether the temperature

is less than or greater than the critical temperature
since

In f(w) = ‘L6*(w) == (72)

<z <1 for T<T, (73)

and

z<z3<1 for T>T,. (74)

For temperatures below the critical temperature
. 2% .
(1 — zz%“) 1 — —ze"“)
%
—fw z‘z‘ @
1 — zz%e )(1 - = )

2

In f() = %m

1 1w Z’; —
=3 In(1 —2z2%") + In{1 — ¢
2
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*
—In(1 — 22%'“) — In (1 - ?e"")]

1

[—@25)" + (/20 "1™

+ [~ Ca)" + @l

Hence
k, = 51; [(%/20" — (@2%)"] = —~k_., (75)
and
Y nkko = 3 2L [—@aa)" + 28 — @)
1 1
1y = @) — Gy
4 1 - z¥7
_1 _a-= zf)’%“”]
=ik [1 (1 —-z%]
Substitution into (68) gives
. D, .
lim é(—fg‘—);f = lim (01.10'1.1+m>

- [1 _ (= zf)zzf]*
LT a-av4
- [1 _a—ada - z:f]*, -

162225
and finally, for the spontaneous magnetization below
the critical temperature,

M=|:1—(1

= [l — (sinh 2K, sinh 2K,)*]}, T < T., (78), (0)

the Onsager cryptogram (0). Our circle is now closed.
However, for completeness we must show that M = 0
for T > T.. Now z, < 2% < 1 and hence, from (72),

1 (1 — z2%" )1 — (z1/2%)e'“]
Te® (1 — 2zt ™)1 ~ (ai/e)e "]

- 23)2(1 - Zg)z]i (77)

162322

In flw) =
[ln (1 — z2%'™) + In (1 — ‘ '")

—In(1 ~ 22%*“) — In (1 - -z—’ "")] - fw,

2

where the w in the last term —iw is the sawtooth
function of period 27. Then

In f(w) = % g’lll [_(zlz*;)" —_ (f%)n + 2(_1)1:]6-‘"@

Ao+ @ -}
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since
- ;i (—nl)" (e.'m., — einu).

Hence

= L e - @+ A=) = ke, (79)
and
- _w_1, = (a)
lznk»k—n— Z—n-!- p [(z) (zlz)]

— o /2" + @ad'P

as ., (1/n) is divergent. Hence

lim (0'1'10'1_1+m> = 0 fOI‘ T > T‘,, (80)
and
M=0 T>T.. (81)
ACKNOWLEDGMENT

The authors wish to thank Professor Mark Kac
for several informative discussions concerning Toe-
plitz matrices and especially for bringing the work
of Szego as well as his own to their attention.

APPENDIX A: SQUARE LATTICE
GREEN’S FUNCTIONS

We derived formulas for correlation functions as
Pfaffians and determinants whose elements were
expressed in terms of the functions

1
Fm;.m, - (21!')2
* exp igmy + dam,) doy d¢'2.
X ff—r @ — v, COS ¢, — 7Yz COS ¢y (AD)
The parameters are
a=(1+2)1+2) with 2; = tanh K;, (A2a)
vo = 22(1 — 23) and 7, = 22,(1 — 2). (A2b)

An alternative representation of these functions is

Fo, .. = fo o e

2

X H{ f_: exp (ip;m; + v; cos ¢,) dd’:}

=1

- | T eI @) (@) dr, (A3)
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I.(zy) being the mth Bessel function of purely
imaginary argument.

One special clags of F’s is those with m, = m,.
Then'®
1 (a2 — v~ 72)
mm m— A4
oot A | Gy (S

where Q.(z) is the nth Legendre function of the
second kind. Now

Q-j(cosh 7) = 2e7"K(e™), (A5)

where K(k) is the complete elliptic integral of the
first kind. With the choice of parameters (A2) it is
eagily shown that

2 2 2
@ — % — Y

27172
_1 a- Z?)(l - 22) 4212,
= 2{ 2m T A=A z“;)} - (49

Foo= {21:' tanh K, tanh K,)'K([sinh 2K, sinh 2K,]™)
0,0 —
(2/x) cosh® K, cosh® K, K(sinh 2K, sinh 2K,)

Since the Legendre functions satisfy the recurrence
formulas

@ — DO = n2Qu(?) — n Qu-i(3),

Q-;3(2) can be obtained from Q_;(z) by setting
n = —3%. Then, if z = cosh 4,

Sinhz " dQ—i(COSh ’7) =

4 cosh 7 ~3 cosh 7 Q_y(cosh n)

+ 3Q-y(cosh m),  (AlLD)

where also

.12 dQ_y(cosh ) . dQ-_4(cosh )
sinh” dcoshyg sinh dn (A12)

Since
dK(k)/dk = E(k)/[k(1 — k) ~ K(k)/k,

where E(k) is a complete elliptic integral of the
second kind, we find from (A12),

. 12 dQ_y(cosh x)
sinh” 5 d cosh %

= (sinh n)e *{K(™") ~ ¢"'E(¢”") cosh 7},
so that (A11) implies
18 A, Erdelyi, W. Magnus, F. Oberhettinger, and F.

Tricomi, Tables of Integral Transforms (McGraw Hill Book
Company, Inc., New York, 1954), Vol. 1, p. 183.
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If we set this expression equal to coshy, then
1 = 2 — £)/(4az)
Yy if (1 —2)1 —2) < 422
42,2,/(1 — )1 — 2)
if (1 —2HA — z3) > 422,.

(A7)

Since the phase transition occurs at the tempera-
ture T defined by

sinh 2K, sinh 2K, = 1, (A8)
and since z; = tanh K;, (A7) is equivalent to
o {sinh 2K,sich 2K, if T>T. 0
(sinh 2K, sinh 2K,)~' if T < T..
We then find from (A4), (A5), and (A9)
if T<T, (A10)
if T>T,.
Q-y(cosh 1) = 2¢"°[K(e™") — E(e™")
= Qy(cosh n).  (A13)
The equality of Q_, and @, follows from setting
n = —1% in the recurrence formula
(20 + 02,0 = (0 + D@un@ + nQus@.  (AL4)

Then returning to (A4) and noting from (A1) that

By = Fmims = Foi ooy = Fopy -,y (Al5)
we find
Fl.l = Fl,—l = F-—x,x =F_,
2e'lf2
= o) [K@€™) — E€™]. (Al6)

As in the case of F,, two forms exist for F,,,
one for T > T, and the other for T < T,. These
follow immediately from combining (A16) with
(A9).

Now set # = } in (A14). Then

Q;(cosh n) = 3"*(2¢" + ¢ HK(e™")
— 3"°E(e™), (A17)
so that
= 1 2,200 1 -1 -
F,, m{ye (2¢" + e K™
— 3¢"°E(e™}. (A18)
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One can continue step by step to find each F,, .,
by repeated use of the recursion relation (Al14).

Our Green’s function (A1) also satisfies the dif-
ference equation

aFm,,m, - %’YI[FmH-l.m. + Fm;—l.m,]

- %VB[Fm;.m. + Fm,,m,—l] = 67’11.06’"1.0'

Physically these F’s are connected to random-walk
generating functions. Consider a walker who walks
at random from lattice point to lattice point on
a square lattice in such a manner that p(l,, L) = p(l)
is the probability at any step he displaces himself
by the vector (I, l,) from his position before the
step was taken. If his initial location is the origin
and if P,(m,, m,;) = P,(m) represents the probability
of arrival at m = (m,, m,) after ¢ steps, then the
generating function for the walk is'

(A19)

Um,z) = ZzP (m) = (2 %
" oexp — lopymy + damy) doy de,
X f f - 1 — 2\(¢1, ¢2) , (A20)
where
Nogs) = 2 p(bh) exp il + ¢ak).  (A2D)

U(m, 2) is related to (Al) in a walk in which at
each opportunity for a step the walker moves only
to a nearest-neighbor point or remains stationary
until the next opportunity for a step arises. Suppose
the probability of a step to the right, p,, equals the
probability of a step to the left and that the prob-
ability of a step upward, p,, equals that of a step
downward; and that p is the probability of remaining
stationary. Then

2p, +2p, +p =1,

and

Aoy, ¢2) = p + 2p, cos ¢, + 2p, cos ¢,
so that U(—m, 2) is exactly F,,, .., if one sets
a=1- 2p,

71 = 22p, and v, = 2zp,.

We now obtain explicit expressions for a few
more F’s in the symmetrical case v, = v = «
by employing the difference equation (A19). In this

case Fi10 = Fo,1 = F_, o = F,,_,. Hence,
aFo'o — 2‘YF1‘0 = 1,
so that
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Fio = (1/2v)(@Fo,0 — 1), (A22)
F,., being given by (A10). All other F’s can be

obtained as linear combinations of £ and K by suc-
cessive application of the difference equation (A19).
For example,

alfy, — y(F,, + Fl.z) =0,

so that
F,.= (aF1.1 — vF,, /Y
= (aF,,, — 3aF,,, + 3)/v, (A23)
where F,, is given by (A4) and (A5) and F,, by
(A16).

To indicate how these formulas can be used for
the calculation of correlation functions we find
(01,101,2) in a symmetric lattice with K, = K. = K.
Then, from Eq. (43),

(0'1,10'1,2> = 22(1 + zz)Fo.o -1 - 32)(1 + zz)Fl.o-
(A24)
But from (A22),

= [42(1 — D] + &)°F,,, — 1].
Hence

1+ 2
4z

<0'1.10'1,2> =

X {@ +2 — DA + 22 — )F,, + 1}

_ cosh 2K {(sinhz 2K — 1
"~ 2sinh 2K cosh* K

Substituting (A10) into (A25) we find

) o+ 1}. (A25)

1+ B {(1 Y g@ + }

with %k = 1/sinb® 2K for T < T,

(14};19){@ D ke + }

| with k =sink® 2K for T > T,

a result first obtained by B. Kaufman and L.
Onsager.

For completeness we make a few remarks con-
cerning asymptotic formulas for F,, .. Some of
these have been discussed in reference 19. Others
can be derived by methods discussed in connection
with the three-dimensional Green’s function of
reference 20. When m; and m, are very large, the

<0'1,10'1.2>={

13 K. W. Montroll, Proceedings of the Third Berkeley

- Symposium on M athematical Statistics and Probability (Uni-

versity of California Press, 1956), Vol. III, p. 209

20 A, Maradudin, E. W. Montroll, G. H. Weiss, R.
Herman, a.nd H. L. Milnes, Mem. Acad. Prog. de Belgique
XIV, No. 1709 (1960).
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integrand of (Al) oscillates very rapidly except in
the neighborhood of (¢, ¢,) = 0. If, in the rep-
resentation following (A2b), one expands cos ¢, and
€0S ¢, in a power series and only quadratic terms are
retained, he obtains

J— 1 z —~z(a—y1—72)
Fo = —(2‘”)2-[0 dr e

X f f : exp {—3z(vip1 + 7262)

+ ipym;, + damy)} doy dop,.

The limits (—, 7) can be extended to (— », =)
since the ¢ integrand diminishes rapidly as one
moves away from the origin. Hence

Fm:.m: ~

1 fm —3R%/z _~z(a—7v1—7a)
e (3 Y dr
2"'(71’)’2) 0

1

=—7 K.R[2(a — v, — '72)]})’

7 (yry2) (A26)

where

R = (mi/v)) + (mi/vs),

and K,(2) is the modified Bessel function of the
second kind of order zero. As z — o,

Ko@) ~ (x/22)% .

Corrections to (A26) can be obtained by following
reference 20.

In the limit @ — ¥, <+ 7,, one combines (A4)
with the asymptotic formula for the Legendre
function (as e — 0):

Quyl+o9~—3logld —v—¢¥(m+3H+---,
where v is Euler’s gamma = 0.57721 and

¥(z) = d log I'(z)/dx,
T'(z) being the well-known gamma function. One

property of y(z) is

'P(n+x)—¢(~’v)=i+aTll+ +ﬁ7lz_ﬁ

If welet @ = v, + 72 + € where ¢ is very small,

(02 - ‘Yf - 7:)/2’7172 ~ 14+ ey, + ¥2) /Y12,
so that

_ 1
- 7"(71')’2)

has a logarithmic divergence as ¢ — 0. Note that
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Fm,m - FO.O

1,1 1 }
=2{1+§+‘5‘+ +2m_1}/7"(7172);

while it is easy to show that for large m,, m,, ms,
end m,, one has the limit result'® as ¢ — 0:

1 ‘Yzmz + 'nmi
= ¥ 10 2 3).
7(Y1Y2) Yy + vim;
APPENDIX B. IDENTIFICATION OF TWO FORMULAS
FOR ROW CORRELATIONS
There are two formulas for the correlations which
are different in form but will be proved to be the
same. The first is that obtained by Kaufman and
Onsager,” in the form™
(_1) (0'1.10'1.1+m>

le.m- - Fm-.m.

b b, b b-m

bo b—] b—2 bl—m
=c’lb, b b, bz-m

bm—2 bm—3 bm—4 b-l

bl bz ba ‘ . ¢ b,,.

bo bl bz bm—l
- 82*2 b...1 bo bl bm—Z ] (Bl)

b2—m b3—m b4—m b-l

where

¢% = cosh K%, s% =sinh K%, tanh K, =¢ %", (B2)

b =1 [ eoslo@) —rlde,  ®3
o
sin §'(w) sinh 2K*% = sin 8*(w) sinh 2K, BH
cos 8’ (w) = sin 0*(w) sin © cosh 2K*
— c08 0*(w) cos w. (B5)

The second formula is that obtained by Potts
and Ward® and given by (56) and (57) above:

Qo a, Qs Ay

d_y Qo a Ap—3
(0'1.171".) = 182 A1 Qg an-s|, (B6)

dBr-m O2-m Qd3-m °* * * Qg

2%t Equation (43) of their paper contains a misprinted sign.
To change from their notation to ours note that ¥, = b_,;
1

==K2’ 7 =



TWO-DIMENSIONAL ISING MODEL

with
1 [ P
—i L
____f e ifwei (w) d(l)
-
or

a =2 [ cos[*@) —relde.  (BD)
o

It seems surprising that formula (B1), containing

two determinants, should give the same result as

the simpler formula (B6), a single determinant. We

show this to be true by establishing the following

matrix identity:

321
with the following notation: ‘
8§ = Si.nh Kl, C, = COSh Kl, (BlO)
? = elements which are irrelevant, (B11)
I,, = unit matrix of order m, (B12)
- X
0 1
R, = m X m matrix , (B13)
1 0
L1 .
and A,.., and B,,,, are the Toeplitz matrices
_ao aQ A i
A ) = a_, Qq am—l
m+1 ’
La—n a‘1~m ao =
—bo b1 bm i
By = |0t D e A
Lb—m b1-a bO —
To establish the identity we use the relations
stex(b., — b,) = siei(a-, — a,), (B15)
b, — s’b-, = sia,., — dla,_,,  (B16)

which follow from identities between &’ and &*.
These relations imply therefore that

10 - - - 0 O]
0
s, 1, — eR.,
0 0
L0 0 0 1l
10 0 0 ¢t O 8% ]
0 s%
% 0
© 3l + 3Runn B..1
LO JL—ex i
1 0 0‘(1 0 0 0]
0 0 0
X
=83 ni1 iRy al, + sk,
0 0
LO _Lo 0 - - - 0 1l
0 0 17
?
= A, ? , (BS)
?
0 ?
-1 ? ? ? ? 2
or briefly

P1P2P3P4P5 = po )

(B9Y)

s*zc’;(B;nl - Bu+1) = 8161(A,',.+1 - AIH-I) (Bl7)
(6;23’”“ - sngmn)Rmn
?
?
= | (slA. — GAJR, |, (BI§)
?
? ? ? ?

where the prime denotes matrix transposition.

Then

P2P3P4 =

o

’

(B19)
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where

X= (C*zlmn + S*;Rm-&l)Bmi-l(—S*zImi-l + c‘;Rm-x)

= 8*20*; a’n+l - Bm) + (c§2Bn+l - s;anwl)Rmﬂ.
?
?
= Y ,
?
? 2 2 2
and where

Y = sia(A) — A,) + siA, ~ GADR,. (B20)

In deriving this result, (B17) and (B18) have been
used, as well as

RM = M'R, (B21)

for any matrix M. The matrix identity is finally
proved from

(311,,, - clkm)Y(CIIm + ism)
= (s8I, — cR)(—s,A. — cA/R,)
= A,.

We can now take determinants of the identity
(B8), (BY), giving

|P1P2P3P4P5I = IPGI’
or
(Plpsl [P2P4| IPal = (P,[,

MONTROLL, POTTS, AND WARD

10 0
0
so that -~R,, Rn.| [Ps| = |Pd,
0
or simply
lpsl = Ipﬁl'
But
b, b, b
Bl = (- o b "
bm—2 bm—~l b—l
b, b, b
T Ll >
bz—m bl-m ‘ ° bl

which is the Kaufman—Onsager formula (B1) for
(al,161,1+m>, a:nd

2 a, Apm—1

a_ a L
Pel = [Anl = /7 "7

Qr-m T2-m * * Go

which is the Potts-Ward formula. And hence the
two formulas are the same.
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